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Abstract: The three-dimensional problem of elasticity concerning inhomogeneous half-space under normal and tangential loading applied 
in circular region was considered. The half-space is composed of the homogeneous body and double-layer coating which includes a ho-
mogeneous top coat and a gradient interlayer. The solution method is based on the two-dimensional integral Fourier transform. The influ-
ence of mechanical properties of coatings component and coefficient of friction on the first principal stress distribution was considered.  
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1. INTRODUCTION 

To improve the tribological properties of the surface of fric-
tionally cooperating elements the coatings are used. Coatings 
enable to reduce coefficient of friction and increase resistance to 
adverse chemical and thermal influence of cooperating elements. 
Usually Young’s modulus of the coating is greater than the modu-
lus of the base. The stress analysis is required for appropriate 
selection of the coating. The maximum tensile stress is often 
regarded as the factor which initiates the cracking. In homogene-
ous coating it could occurs at the interface between coating and 
base Schwarzer et al. (1999); Bragallini et al. (2003); Kulchytsky-
Zhyhailo and Rogowski (2010). To decrease these stresses we 
can insert the interlayer between top coat and base. The interlayer 
has Young’s modulus between base and top coating moduli. 
Solution for homogeneous half-space with inhomogeneous coat-
ing which properties (Young’s modulus) were changing according 
to power or exponential law is shown in papers: Giannakopoulos 
and Suresh (1997); Giannakopoulos and Pallot (2000); Aizikovich 
et al. (2002); Fischer-Cripps (2003); Guler and Erdogan (2004, 
2006, 2007); Ke and Wang (2006, 2007); Liu and Wang (2008, 
2009); Liu et al. (2008); Choi (2009); Kulchytsky-Zhyhailo and 
Rogowski (2009). Research describing influence of homogeneous 
interlayer was carried out by Diao et al. (1996); Lijesh and 
Amirthagadeswaran (2010). These articles concern one-
dimensional, two-dimensional or axis-symmetrical problems. 
Kashtalyan and Menshykova (2009), Kashtalyan et al. (2009) 
analysed the stresses in three-dimensional problem of loading 
plate with coating which includes gradient interlayer using the 
Finite Element Method. 

The aim of this work is to carry out the first principal stress 1 
analysis in three dimensional problem of elasticity concerning 
normal and tangential loading applied in surface of inhomogene-
ous half-space. Considered half-space is composed of homoge-
neous isotropic linear-elastic half-space and double-layer which 
contains homogeneous top coat and gradient interlayer (Fig. 1). 
The mechanical properties of the base and top coat were de-
scribed respectively by Young’s moduli E0 and E2, and constant 

Poisson’s ratios 0 and 2. Interlayer’s mechanical properties are 

described by Poisson’s ratio (z) and Young’s modulus E1(z), 
which are changing with distance to surface according to deter-
mined dependence. 

Between components of considered half-space the ideal con-
tact condition was satisfied. The surface is under normal p and 
tangential (t = fp, f – coefficient of friction) loading applied in 

circular area , described by radius a. We assume that the load-
ing distribution is elliptical: 

  2 2

max, 1p x y p x y     (1) 

where: x, y, z – dimensionless Cartesian coordinates related to 
radius of loading area. 

 
Fig. 1. Scheme of the problem 

2. MATHEMATICAL FORMULATION AND METHOD  
OF SOLUTION  

The equations of theory of elasticity in interlayer are differen-
tial partial equations with various coefficients which analytic solu-
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tions are known only in special cases. Because of it, the gradient 
coating was replaced by package of homogeneous layers. 
Young’s modulus and Poisson’s ratio of each layer are specified 
through their average in every layer by its thickness. In Kulchyt-
skyy and Bajkowski (2011, 2012) papers this approach was pre-
sented for cases of one-layer gradient coating which Young’s 
modulus is described respectively by the exponential and power 
functions. Results obtained using package of the layer were com-
pared with analytical results. Good agreement between results 
were obtained. 

 
Fig. 2. Modelling of the inhomogeneous coating by package  
            of homogeneous layers 

Usage of the Kulchytskyy and Bajkowski (2011, 2012) ap-
proach to the problem based on solving the elasticity equations in 
every component of analysing inhomogeneous half-space (Fig. 2). 

     
1 2 grad div 0

i i

i   u u  (2) 

Solution of the equations (2) should satisfy the boundary con-
ditions: 

 loading the surface of the considered half-space  

     ( ) , , , ,n

xz xx y z h t x y H x y    (3) 

   , , 0
n

yz x y z h    (4) 

       , , , ,
n

zz x y z h p x y H x y     (5) 

 perfect contact condition between components of half-space 

       1
, , , ,

i i

i ix y z z x y z z


  u u , i = 0, …, n – 1 (6) 

       1
, , , ,

i i

i ix y z z x y z z


    σ n σ n , i = 0, …, n – 1 (7) 

 decline the value of the components of displacements 
in infinity 

    2 2 2, , 0,
i

x y z x y z   u , i = 0, 1, …,n.  (8) 

In equations (2)-(8) we introduce symbols = 
2
/x

2
 + 

2
/y

2
, 

u
(i)

 – dimensionless vector of displacement related to a parame-

ter; (i)
 – stress tensor; indexes i = 0, 1, …, n characterize 

parameters and functions respectively in base, in the layers of the 
package i = 1, 2, …, n – 1 and in the top layer i = n; 

n = (0, 0, 1); H(x,y) – Heaviside step function (H(x,y) = 1, 

when (x,y)   and H(x,y) = 0, when (x,y)  ); h – z coordi-
nate of the surface of the inhomogeneous half-space ( relation of 
the coating thickness to the radius of loading area), z0 = 0, zi – z 

coordinate of upper surface of i layer of the package. 
The solution of the boundary problem was constructed using 

the two-dimensional integral Fourier transform, similar to the 
described in the Kulchytskyy and Bajkowski (2011, 2012) works. 
General solution in a transform space contains 6n + 3 unknown 
functions of integral transformation parameters. These functions 
were obtained computing the results of the system of the linear 
equations formed through fulfilment of the boundary conditions 
(3)-(7) in a transform space. Using the inverse integral Fourier 
transform the relationships between described components 
of stress tensor were obtained in two-dimensional integrals form. 
These integrals were calculated introducing polar coordinate 
in the space of integral transform parameters. Integrals along 
angular coordinate were calculated analytically. Integrals along 
radial coordinate in internal points of considered inhomogeneous 
half-space were calculated numerically using the Gaussian quad-
rature. During calculating the integrals which described stresses 
in the surface (z = h) we took into consideration the asymptotic 
behaviour of the integrand while the radial coordinate was ap-
proaching infinity. 

3. RESULTS ANALYSIS  

The results depend on dimensionless parameters: coefficient 
of friction f, thickness of coating h to thickness of interlayer h1 

ratio, Young’s modulus ratio E2/E0, Poisson’s ratio 0 and 2, and 
functions described change of Young’s modulus and Poisson’s 
ratio in interlayer. To reduce number of parameters we assume 
that Poisson’s ratio in the whole considered half-space is constant 

and equals 1/3, therefore 0 = 2 = 1/3, 1(z)  1/3. Moreover 
we assume relative high difference between base and top coat 
Young’s modulus E2/E0 = 4.  

 
Fig. 3. Diagram of the functions described change of Young’s modulus 
            in considered coating. 1 – coating without interlayer;  
            2-4 – Young’s modulus described respectively  
            by the equations (9)-(11) 
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Fig. 4. Distribution of first principal stress 1/pmax in the xz plane, f = 0. 1-4 – like in Fig. 3.,  
            Fig. 4.1-4.4: h = 0.4; Fig. 4.1′-4.4′: h = 0.8 (z` = h – z). 

 

Fig. 5. Distribution of first principal stress 1/pmax in the xz plane, f = 0,25. 1-4 – like in Fig. 3.,  
            Fig. 5.1-5.4: h = 0.4; Fig.5.1′-5.4′: h = 0,8 (z` = h – z). 

For analysis we take following values: coefficient of friction f = 

0 and f = 0,25; Thickness of components of the coating h1/h = 

1/4, h = h1 + h2 = 0.4 or 0.8. We consider the coatings (Fig. 3): 

without interlayer (E1 = E2) and when its Young’s modulus is 
described by the relationships: 
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   

1/2
2

1 0 2 0

2z z
E z E E E

h h

  
        

 (9) 

   1 0 2 0

z
E z E E E

h
    (10) 

   

1/2
2

1 2 2 01
z

E z E E E
h

  
        

 (11) 

Dependences (9)-(11) were chosen so that Young’s modulus 
at the interface between components does not discretely change. 

During analysis we have focused at the distribution of first 

principal stress 1 in coating in xz plane (Fig. 4 and Fig. 5), in-
cluding at the surface on the line y = 0, z = h (Fig. 6). In the Fig. 

4 and Fig. 5 the tensile stress with values 1/pmax > 0,1 was 
shown. 

 

 

Fig. 6. 1/pmax stress in the external surface of the considered  

            half-space. Lines 1-4 – like in Fig. 3. 

4. SUMMARY 

In the considered coatings, like in homogeneous coatings, 
tensile stresses may mostly occur in two areas (Fig. 4 and Fig. 5): 

1) in the unbiased surface of considered inhomogeneous half-
space, 2) in the surroundings of boundary between coatings and 
base. At some mechanical properties the area of the tensile 
stresses was displaced from interface to internal zone of the 
coating (Fig. 4.2′). The tangential loading causes appreciable 
increase of level of the tensile stresses in the surface z = h (Fig. 
6), the area of tensile stress in surface occurs on the left side 
(x < 0) (Fig. 5). In surroundings of boundary between coatings 
and base the influence of friction is small (Fig. 4 and Fig. 5). 

Occurrence of the interlayer and its properties have significant 
influence on tensile stress distribution in considered medium. The 
highest tensile stress at the interface between a coating and a 
base occurs in cases without the interlayer (Fig. 4.1 and Fig. 5.1). 
The highest reduction of this stress is when interlayers Young’s 
modulus is described by the (10) and (11) equations (Fig. 4.3; 4.4; 
5.3 and 5.4). 

For all of analysing coatings the tensile stress distribution 
in the external surface was similar. For coatings of greater thick-
ness stresses in the external surface have smaller values. Occur-
rence of the gradient interlayer causes insignificant increase of 
tensile stress in this surface (Fig. 6). Highest increase is when 
Young’s modulus of interlayer is described by the equation (11).  
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