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Summary 

The main scientific topic of the presented paper concerns the method of the 
determination of the optimum net for numerical solutions of partial recurrence 
Reynolds equations occurring in the hydrodynamic theory of lubrication. The 
abovementioned optimum of recurrence numerical calculation net refers to the 
stability of particular and general numerical solutions of partial recurrence mod-
ified Reynolds equations in curvilinear coordinates. 

                                                 
* Koszalin University of Technology,Institute of Technology and Education, PL 75-453, 

Koszalin, Śniadeckich 2, Poland; ; krzysztof.wierzcholski@wp.pl. 



 T R I B O L O G I A 1-2014 
 
 

108

INTRODUCTION   

From the mathematical point, the presented method of the solution of the 
modified Reynolds equation occurring in tribology leads to the problem 
of resolving the partial recurrence non-homogeneous equation of the second 
order with variable coefficients [L. 1–4]. Furthermore, taking into account the 
UOS method [L. 5], the topology of solutions presented in this paper on the 
space of the discrete values for partial recurrence equations makes it possible to 
select  optimum numerical methods [L.6–10]. Hence, this paper considers an 
optimum scheme of recurrent performances and an optimum net for recurrent 
calculations from among many methods in relation to the stability of solutions, 
and the convergence of obtained calculations occurring in the hydrodynamic 
theory of lubrication [L. 8]. 

In this paper, we will assume an optimum difference scheme which leads 
from the recurrent partial equation with known Dirichlet boundary conditions as 
a model to recurrent Reynolds equations as an application in tribology. To the 
author’s knowledge, such problems have not been considered in scientific 
researches in the field of the numerical methods of hydrodynamic theory of 
classical slide-bearing lubrication as well as in analytical and numerical theory 
of  microbearing lubrication occurring in computer HDD [L. 11–20]. 

 We consider the orthogonal, curvilinear coordinates (α1, α2, α3). Let  function 
P(x,z) of two variables α1= x, α3= z be determined on region A×A:Ω:{(x,z) for 
0≤x,z≤A}. The region is covered over the net created by the straight lines parallel to 
the axis α1=x, α3=z in the sub-intervals by distance h and k respectively. Such 
a division can be defined in the following form [L. 2, 19, 20]: 
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The cut points of the above-mentioned lines form the nod inside region  

A×A are presented in Fig. 1. 
Now we describe numerical hydrodynamic pressure distribution between 

two surfaces in orthogonal curvilinear coordinates (α1,α2,α3). The Reynolds 
equation for unknown pressure function p(α1,α3)  is formulated in the following 
form [L. 6] : 
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a) 
 

 
 

b)        

                                                                                                           
Fig. 1. Curvilinear orthogonal coordinate system: a) region ΩΩΩΩ, b) calculation nod 
Rys. 1. Układ współrzędnych krzywoliniowych: a) obszar Ω, b) węzeł obliczeniowy 
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whereas 

ε(α1,α3)  − various gap height between two cooperating surfaces,  
hs(α1,α3)  − Lame functions for s=1,3 depend on the kind of  

surface, 
ωωωω − angular velocity of in the case of rotational surface, 
η(α1,α2,α3) − dynamic fluid viscosity. 

 

THE RECURRENT TAYLOR MODEL  

The Taylor series are important for the application for the transformation to the 
recurrence form [L.6]. Function P(x,z) of two variables is expanded in the 
Taylor series in the neighbourhood (h.k) of point (x+h,z+k): 
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where 0<Θx ,Θz <1.We assume the following notation of the derived functions: 
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Making use of  Taylor formula (4) and taking into account notations (5), we 
lead function P(x,z) in neighbourhood (i,j) into the following difference form: 

 
Pi+h,j+k= Pij+ h(Px)ij+ k(Pz)ij+ 0,5 h2(Pxx)ij +  

         + hk(Pxz)ij+0,5 k2(Pzz)ij+O(h3
,k

3)                                 (6) 
 

After ordering, we can write Equation (6) in the following difference form [L. 2]. 
                     

0.5 {h2 pxx +k2 pzz} ij = pi+h,j+k  −pij− h(px)ij− 
  

          -k(pz)ij −  hk(pxz)ij+ O(h3)+ O(k3)                          (7) 



1-2014 T R I B O L O G I A 
 
 

111

FIRST AND SECOND MODEL OF UNIT NET REGION  

Into Eq. (7) we put the two sets of the following four ordered pair values h, k 
[L. 2, 17]. 

 
(h =1, k = 0), (h = −1, k = 0), (h = 0,k =+1), (h = 0,k = −1)            (8)  

                                     
(h = −1, k = −1), (h = 1, k = −1), (h = −1, k = +1), ( h= 1,k = +1)         (9) 
 
From each of the two-abovementioned sets of four pair values (8) and (9) 

substituted into Eq. (7) gives another form of equations. We add these four ob-
tained equations mutually. Thus, for (8), (9), we obtain the following recurrence 
UNR (Unit Net Region) forms [L. 2, 21]: 

  
∆1Pij≡ h2(Pxx+Pzz)ij= Pi+1,j+ Pi−1,j+Pi,j+1+Pi,j−1  −4Pi,j+O1(1)             (10) 

 
for         O1(1) ≡ −Θ(Pxxxx+Pzzzz)ij         

  
∆2Pij≡2h2(Pxx+Pzz)ij= Pi−1, j−1+ Pi+1, j−1+P i+1,j+1  +P i−1, j+1 −4Pi,j+O2  (11) 

 
for        O2=2O1−(Pxxzz)ij           

                                                                               
where Θ=1/12.Dimension conformability demands to multiply the l.h.s. of Eqs. 
(10-11) by h2 for h=k. Figs. 2a, b present the UNR net of nods for the difference 
form (10) and (11). For respective nods, the following coefficient values are 
ascribed: 1,1,1,1,−4 and 1,1,1,1,−4. Such coefficients occur by the appropriately 
indicated terms of recurrent formulas (10) and (11), respectively [L. 2, 7]. 
 
 

a)                                                            b)  

                
Fig. 2. The net with nods for a) first and b) second case of approximation difference form 

for UNR∆∆∆∆1 and ∆∆∆∆2 
Rys. 2. Siatka węzła numerycznego dla a) pierwszego oraz b) drugiego przypadku aproksymacji 

różnicowej UNR∆1 i ∆2 
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In the net presented in  Fig. 2, the internal nod is fourfold and the external 
nods are single. The fourfold nod denotes that, at the term Pi,j in recurrent Eqs. 
(10), (11) coefficient 4 occurs. The external nods and the internal nod form the 
geometry element of the UNR [L. 2, 7]. 

THIRD  AND  FOURTH  MODEL  OF  UNIT  NET  REGION  

The third case of the approximation difference form for UNR will be defined by 
the union of two foregoing forms and is described by the following formula 
[L.2, 7, 21]. 

 
         ∆3Pij≡(a ∆1+b ∆2) Pij  for a = 1 and b = 1                               (12)                                            

 
Putting approximation forms (10)+(11) into (12), we obtain 
 

∆3Pij≡3h2(Pxx+Pzz)ij=Pi−1, j−1+ Pi, j−1+ Pi+1, j−1+Pi−1, j+ 
 

      + Pi+1, j +P i+1,j+1+P i−1, j+1+Pi, j+1−8Pi,j+O3   for   O3 ≡ O1+O2                  (13) 
 

Fig. 3a presents the net of nods for difference form (13). To respective 
nods, the following coefficient values are ascribed: 1,1,1,1,1,1,1,1,−8  occurring 
by the appropriately indicated terms of recurrent formula (13). 

 
 
a)                                                                b)  

 

                   
 

Fig. 3.  The net with nods for a) third and b) fourth case of approximation difference form 
for UNR ∆∆∆∆3 and ∆∆∆∆4 

Rys. 3. Siatka węzła numerycznego dla a)trzeciego oraz b)czwartego przypadku aproksymacji 
różnicowej UNR ∆3 i ∆4 

 
In the presented net in Fig.3a, the internal nod is eightfold and the external 

nods are single. The eightfold nod denotes that, in recurrent equations (13) at 
term Pi,j the coefficient 8 occurs. The external nods and the internal nod form 
the element of the UNR.  
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The fourth case of the approximation difference form for UNR will be 
defined by the combination of two foregoing forms using the following formula 
[L. 2, 7, 21]. 

 
      ∆4Pij≡(a ∆1+b ∆2) Pij  for a = 4 for b = 1                                 (14)                                                       

                                               
We put approximation forms  (10)+(11) in Eq. (14). Thus, we obtain 
 
  ∆4Pij≡6h2(Pxx+Pzz)ij =4(Pi−1, j+Pi+1, j+ Pi, j−1+ Pi, j+1+Pi−1, j−1+ 
 

+ Pi+1, j−1+ P i+1,j+1+P i−1, j+1−20Pij+O4,        for  O4≡4O1+O2                        (15)   
                            
Fig. 3b presents the net of nods for difference form (14). 
For respective nods, the following coefficient values are ascribed: 

1,4,1,4,1,4,1,4,−20  occurring by the appropriately indicated terms of recurrent 
formula (15). In the net presented in Fig. 4, the internal centre nod is twenty 
fold and the four corner external nods are single; whereas, the remaining 
external nods are fourfold. The twenty fold centre nod denotes that, at term Pi,j 
coefficient 20 occurs in recurrent equations (14). The external nods and the 
internal nod form the element of the UNR. 

INDEX FOR NET OPTIMIZATION 

Now we show the way of the stability evaluation of numerical solutions for the 
individual difference approximations of UNR. We define the following optimi-
zation index: 

                                            
W

c
R

1r
r∑

≡

=

Π
                                              (16) 

where r − the index of movable nod in the element of net (r = 1,2,..,R), R − the 
quantity of possible movable nods in an element of the net, Wr − the multiplicity 
of coefficients in the r-th movable nod during the conversion step from one to 
the next position in the numerical calculations of the recurrence equation,  
Π −−−− the multiplicity of covering of non-zero coefficients in all the nods during 
the conversion step from one position to the next position in the numerical 
calculations of the recurrence equation. Index c denotes the ratio of the cover 
quantity of non-zero coefficients to the one movable coefficient during the 
conversion from one position to the next position of the net element in the 
numerical calculations. The stability of the calculation process increases if 
index c increases. 
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OPTIMIZATION  INDEX  FOR  NET  CONVERSION 

Now we calculate optimization index c for the above-mentioned recurrence 
UNR forms of approximation. 
•  Fig. 4 illustrates the conversion of the net element with movable nods from 

one position to the next position during the numerical process in the first 
case of the approximation difference form i.e. for UNR ∆1. 
In the mentioned case, we have R = 5, Π = 1 + 1 = 2, and 
 

                 ΣWr = 1 + 1 + 4 + 1 + 1 = 8  and  c = 2/8 = 0.25.                     (17) 
 

 
a)                                                           b)  

 

           
 

Fig. 4.  The covering geometry of nods during the conversion of the movable net element 
from one to the next position in numerical calculations for the first UNR ∆∆∆∆1 
approximation form: a) origin nods geometry , b) movement of the elements 

Rys. 4. Geometria pokrycia topologicznego węzła podczas konwersji ruchomej siatki z jednej 
do drugiej pozycji  w obliczeniach numerycznych pierwszej aproksymacji UNR ∆1,  

a) geometria węzła,b) ruch elementu 
 
•  Fig.5 illustrates the conversion of the net element with movable nods from 

one position to the next position during the numerical process in the second 
case of the approximation recurrence form for UNR ∆2. 

 
a)                                                                         b)  

 

                 
Fig. 5.  The covering geometry of nods during the conversion of the movable net element 

from one to the next position in numerical calculations for  second UNR ∆∆∆∆2 
approximation form: a) origin nods geometry , b) movement of the elements 

Rys. 5. Geometria pokrycia topologicznego węzła podczas konwersji ruchomej siatki z jednej 
do drugiej pozycji siatki w obliczeniach numerycznych drugiej aproksymacji  UNR ∆2, 

a) geometria węzła,b) ruch elementu 
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In the above-mentioned case, we have R = 5, Π = 0, and 
 

                ΣWr=1+1+4+1+1=8 and c=0/8=0                                     (18) 
 

•  Fig.6 illustrates the conversion of the net element with movable nods from 
one position to the next position during the numerical process in the third 
case of the approximation recurrence form for UNR ∆3. 

 
a)                                                                  b)  

 

                
 

Fig. 6. The covering geometry of nods during the conversion of the movable net element 
from one to the next position in numerical calculations for  third UNR ∆∆∆∆3 approxi-
mation form: a) origin nods geometry , b) movement of the elements 

Rys. 6. Geometria pokrycia topologicznego węzła podczas konwersji ruchomej siatki z jednej 
do drugiej pozycji siatki w obliczeniach numerycznych trzeciej aproksymacji UNR  ∆2, 

a) geometria węzła,b) ruch elementu 
 

In the above-mentioned case, we have: R=9, Π=6×1=6, 
 

ΣWr=1+1+1+1+8+1+1+1+1=16                                    (19) 
 

and optimization index equals c=6/16=0.375. 
 

•  Fig. 7 illustrates the conversion of the net element with movable nods from 
one position to the next position during the numerical process in the fourth 
case of the approximation recurrence form for UNR ∆4 [L. 2, 7, 22]. 

 

a)                                                                 b)  

              
 

Fig. 7.  The covering geometry of nods during the conversion of the movable net element 
from one to the next position in numerical calculations for  four UNR ∆∆∆∆4 approxima-
tion form: a) origin nods geometry, b) movement of the elements 

Rys. 7. Geometria pokrycia topologicznego węzła podczas konwersji ruchomej siatki z jednej do 
drugiej pozycji siatki w obliczeniach numerycznych czwartej aproksymacji UNR ∆2,  

a) geometria węzła, b) ruch elementu 
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In mentioned case, we have R=9, ΠΠΠΠ=1+1+4+4+1+1=12,  
 

ΣWr=1+4+1+4+20+4+1+4+1=40, c=12/40=0.300                    (20) 
 

•  COROLLARY. In the succeeding cases presented for numerical procedures, 
we have the following values of optimization coefficients: 0.25, 0.00, 0.375, 
and 0.300. In numerical calculations, the third case is the most stable, be-
cause optimization index c is the largest and has value 0.375. 

REYNOLDS  RECURRENCES  FOR  FIRST  UNR MODEL  

For first UNR step where nods are presented in Fig. 2a, we seek the unknown 
pressure solution p from equation (2b), taking into account progressive 
differences in the difference method and recurrence equations in lubrication 
region domain Ω(α1,α3). This curvilinear region ΩΩΩΩ indicated in Fig.1a contains 
NM nods, where there are 2M+2N−4 varies nods on the boundary of the region 
and NM−2(N+M)+4 internal nods. The values of the functions A, B, C,F, G,  in 
the nods wij= (α1= α1i, α3 = α3j ) of divided region ΩΩΩΩ for i=1,2,…,M−1,M; 
j=1,2,…,N−1,N we denote by the following formulae [L.4]. 

 

ij i, j ij i, j ij i, j ij i, j ij i, j

1 1i 3 3j ij i, j

A(w ) A , B(w ) B ,C(w ) C ,F(w ) F ,G(w ) G ,

p(α α ,α α ) p(w ) p

≡ ≡ ≡ ≡ ≡

= = = ≡
     (21) 

 
Taking into account steps of division (1) and progressive differences, then 

we obtain [L.7] the following: 
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The pressure function p(x,z) for α1≡x, α3≡z is expanded in the Taylor series 

in the neighbourhood of the point (x+h,z+k) in form (4). Taking into account 
the index differentiation (5) of the function p(x,z) in the neighbourhood of the 
point (i,j), the Taylor formula (4) tends to the dependence (6) and finally to 
expression (7). Accordingly to the assumption (8), we put h=1, k=0 and h= −1, 
k=0 into formula (7); thus, we obtain two equations, respectively. Next, we 
multiply both sides of the obtained equations by CA. If we sum up the obtained 
equations, after division by h2, we obtain the following: 
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Accordingly to the assumption (8), we put h=0, k=1 and h=0, k=−1 into 

formula (7); thus, we obtain two equations, respectively. Next, we multiply both 
sides of the obtained equations by FB. If we sum up the obtained equations, 
after division by k2, we obtain the following [L.7]: 
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If we put dependencies (22),(23),(24), and (25) into partial differential 

equation (2b), and taking into account formulas (21), then for each nod from 
Fig.2a, we obtain the following partial recurrence equations of the second order 
with variable coefficients, for the first UNR step [L.7]: 

 
 QpZpξpπpνpκ ji,ji,ji,j1,ij1,i1ji,1ji,1ji,1ji,j1,ij1,i =−+++ −−−−++++    (26)   

 
where for i=1,2,…,M−1,M; j=1,2,…,N−1,N, we have the following coefficients 
[L.4]: 
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 REMARK 1. Similar to the net presented in Fig.2a, the internal nod coefficient 
Z in Eq. (28) denotes the sum of external coefficients described in Eqs. (27). 

 
If we translate one step of index i and j in both sides of Eq. (26), we obtain 

a partial recurrence equation of the second order with variable coefficients in 
the standard form. The sequence of pressure values { pi,j} with unknown 
elements presenting the pressure values in nods of the region Ω  is the solution 
of the partial recurrence equation (26); however, the coefficients (27) and free 
term Qi,j are known. If we take the same number of steps in α1 and  α3 

directions, i.e. M=N, then the region Ω(α1,α3) presented in Fig. 1a has (N−2)2 
internal nods (i,j) illustrated in Fig. 2a for i=2,…,N−1; j=2,…,N−1. If we put 
index values i and j for the each internal nod into equation (26), then we obtain 
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an algebraic system of (N−2)2 linear, non-homogeneous equations with (N−2)2 
unknown. We assume known values Φ in 4N−4 external nods of the region 
Ω(α1,α3) in the form of the following boundary conditions: 
 

 pk,j= Φk,j,  pi,k= Φi,k,  for k=1,N ; i,j=1,…,N−1,N; Φi,j=Φ (αi, αj)       (29) 

REYNOLDS  RECURRENCES  FOR  THIRD  UNR MODEL  

For third Unit Net Region (UNR) step, where nods are presented in Fig. 3, we 
seek the unknown pressure solution p from Equation (3b), taking into account 
the difference method and recurrence equations in lubrication region domain 
Ω(α1,α3). Accordingly to the assumption (9), we put (h = −1, k = −1), (h = 1, 
k = −1), (h = −1,k = +1), (h = 1,k = +1) into formula (7); thus, we obtain the 
four equations, respectively. We mutually add the obtained equations; hence, 
we obtain [L.2, 7, 22] as follows: 

 
 4ppppp)pkp2(h ji,1j1,i1j1,i1j1,i1j1,izz
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   (30)     

 
From Eq. (30) for k=0 and for h=0, we obtain two expressions which we 

multiply by CA and FB and divide by h2 and k2, respectively. After ordering 
terms we obtain the following: 

( ) p
2h

AC
2pppp

2h
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x

p
CA ji,2

ji,ji,
1j1,i1j1,i1j1,i1j1,i2
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2

2

−+++=
∂
∂

+++−−+−−
   (31) 

 ( ) p
k

BF
2pppp

2k

BF

z

p
FB ji,2

ji,ji,
1j1,i1j1,i1j1,i1j1,i2

ji,ji,
2

2

−+++=
∂
∂

+++−−+−−
(32)     

 
Equations (22), (23), (30), and (31) we put into differential Eq. (3b). With 

the obtained equation, we mutually sum with equation (26). After ordering 
terms for each nod from Fig. 3, we obtain the following partial recurrence 
equations of the second order with variable coefficients for the third UNR step: 

 

( ), 1, 1 1, 1 1, 1 1, 1 1, 1, , 1 , 1

, 1 , 1 1, 1, , , ,2

i j i j i j i j i j i j i j i j i j

i j i j i j i j i j i j i j

p p p p p p

p p Y p Q

− − + − − + + + + + + +

− − − −

+ + + + + +

+ + − =

β δ χ

π ξ
    (33)       

 
where 

 ( ) 2,2,5,0 1j,i1j,i1j,ij,1ij,1ij,1i1j,ij,1ij,i −++−++−− π−ν≡χξ−κ≡δπ+ξ≡β     
(34)  
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( ) 1, ,
, 1, , 1 , 1 1, , ,2 2 , i j i j

i j ij i j i j i j i j i j i j

H H
Y Z Q G

h
+

+ + − −

−
≡ = + + + ≡κ ν π ξ       (35) 

 
 
After the foregoing considerations, we confirm that the abovementioned 

third UNR step approximation is the best, because, in this case, the optimization 
index is greatest. This case determines the optimum net for the recurrence 
Reynolds equation. 

 
REMARK 2. Similar to the net presented in Fig.3a, the internal nod coeffi-
cient Y in Eq.(33) denotes the sum of external coefficients described in Eqs. 
(34). 

To prove the above statement we have the following: 
 

  
1, , 1 , 1 1, , 1, , 1 , 1 1,

, ,

4 2 2 2 2

2

i j i j i j i j i j i j i j i j i j

i j i jZ Y

+ + − − + + − −+ + + + = + + + =

= =

δ χ π ξ β κ ν π ξ
   (36)        

NUMERICAL COMPARISON FOR PRESSURE AND CAPACITY  
IN THE FIRST AND THIRD UNR APPROXIMATION 

■ Cylindrical slide journal bearing. In this intersection, the hydrodynamic 
pressure is numerically examined for a microbearing with a cylindrical jour-
nal by virtue of partial recurrence Equation (26) in the first UNR step, and 
the  obtained results are compared with the pressure values obtained from 
recurrence Equation (36) in the third UNR step. Both recurrence equations 
(26) and (36) are simulated from Reynolds equations (2a), (2b) for continu-
ous functions. 

 
We consider the cylindrical microbearing in cylindrical coordinates α1 

=ϕ,α2 =r, α3 =z, for journal radius R = 0.001 [m], bearing dimensionless length 
Lcy=bcy/R=1, bcy−dimensional bearing length angular journal velocity 
ω=565.5[1/s], and eccentricity ratio λcy =0.4. We assume a constant value of oil 
dynamic viscosity η=η0 =0.03 [Pas], and obtain an angular coordinate of film 
end attains value ϕk =3.658 [rad]. For a thin layer, the Lame coefficients and 
gap height have the following values [L. 6] :  

 
                                      h1=hϕ= R, h3=hz=1                                       (37) 

 

ε(ϕ)=ε0(1+λcycosϕ)                                        (38) 
     

 Because characteristic pressure is assumed p0=16.96 [MPa], the radial 
clearance has the value the following [L. 23]: 
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1
0

0
0

565.5 0,03
0,001 1,3 .

16,96

s Pas
R m m

p MPa

−

= = ≈
ωηε µ                 (39)   

 
Numerical dimensional pressure values as the solutions of partial 

recurrence Equation (26) for first UNR step performed with the Mathcad 12 and 
Matlab 7.2 Professional Program are depicted on the cylindrical journal surface 
presented in Fig. 8a. The hydrodynamic pressure attains maximum value 
pmax = 21.73 [MPa] and load carrying capacity Ctot = 40.46N. 

 
a)                                                              b) 

a)                                             c)                                                   

 

Fig. 8.  Dimensional hydrodynamic pressure distribution in  microbearing gap obtained 
from recurrence equation (26) in first UNR step for various journal shapes:  
a) cylindrical , b) parabolic, c) conical 

Rys. 8. Wymiarowe ciśnienie hydrodynamiczne w szczelinie cylindrycznego mikrołożyska 
wyznaczone numerycznie z równania (26) w pierwszym kroku UNR dla różnych kształ-
tów czopów: a) walcowych, b) parabolicznych, c) stożkowych 

 
For the abovementioned cylindrical  microbearing, differences between 

pressure values obtained from recurrence Reynolds Equation (26) derived for 
the first UNR classical net and pressure values obtained from Equation (33) 
derived for the third UNR optimum net approximation, attain about 9 percent. 

 
■  Parabolic slide-journal bearing. In this intersection, the hydrodynamic 

pressure is numerically examined for  microbearings with a parabolic 
journal and sleeve by virtue of partial recurrence Equation (26) in the first 
UNR step, and the next obtained results are compared with the pressure 
values obtained from recurrence Equation (36) in third UNR step. Both 
recurrence equations (26) and (36) are simulated from Reynolds Equations 
(2a), (2b) for continuous functions. We consider parabolic  microbearing in 
parabolic coordinates α1 =ϕ, α2 =  yp, α3 = ξp, for journal largest radius  
a = 0.001 [m], the journal’s smallest radius a1 = 0.0008 [m] bearing 
dimensionless length Lp1=bp/a=1, bp−dimensional bearing length, angular 
journal velocity ω=741[1/s], eccentricity ratio λp =0.5. We assume a constant 
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value of oil dynamic viscosity η=η0 =0.030 [Pas], and obtain an angular coordinate 
of film end having a value of ϕk =3.665 [rad]. For a thin layer, the Lame 
coefficients and gap height have the following form [L. 6, 23]: 
 

( ) ( ) ( ) ( )22 2
1 p1 p1 3 p1 p1 p1 p1 p1 p1

p1 1
p1 p1 p1

p1 p

h acos Λ ζ , h 1 4 Λ / L sin Λ ζ cos Λ ζ

ζa a a1
ζ arccos ,Λ ,ζ

Λ a a b

= = +

−≤ ≡ =
     

(40)

 

 
                                       ε(ϕ) = ε0(1 + λpcosϕ)                                         (41) 

 
Because characteristic pressure is assumed p0 = 5.655 [MPa], the radial 

clearance has the following value: 
 

                
1

0
0

0

741 0,03
0,001 2,6

5,655

s Pas
a m m

p MPa

ωηε µ
−

= = ≈               (42) 

 
Numerical dimensional pressure values as the solutions of partial 

recurrence Equation (26) for first UNR step performed with the Mathcad 12 and 
Matlab 7.2 Professional Program are depicted on the parabolic journal surface 
presented in Fig. 8b. The hydrodynamic dimensional pressure attains 
a maximum value of pmax = 11.98 [MPa] and load carrying capacity Cy=20.16N. 

For the abovementioned parabolic microbearing, the differences between 
pressure values obtained from recurrence Reynolds Equation (26) derived for 
the first UNR classical net and pressure values obtained from Equation (33) 
derived for the third UNR optimum net approximation, attain about 10 percent. 

 
■  Conical slide-journal bearing. In this section, the hydrodynamic pres-

sure is numerically examined for microbearing with a conical journal and 
sleeve by virtue of partial recurrence Equation (26) in first UNR step, and 
the obtained results are compared with the pressure values obtained from 
recurrence Equation (36) in the third UNR step. Both recurrence equations 
(26) and (36) are simulated from Reynolds Equation (2a), (2b) for continu-
ous functions. We consider parabolic microbearings in parabolic coordi-
nates  α1 = ϕ,α2 =  yc, α3 = xc, for journal radius R = 0.001 [m], conical in-
clination angle γ = 700, bearing dimensionless length Lc1 = bc/R = 1,  
bc − dimensional bearing length, angular journal velocity ω = 754[1/s], and 
eccentricity ratio λc = 0.5. 
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We assume a constant value of oil dynamic viscosity η = η0 = 0.025 [Pas], 
and obtain an angular coordinate of film end having a value of  ϕk = 3.600 [rad]. 
The Lame coefficients and gap height have the following form [L. 6, 7, 23]: 

 
h1= hϕ = R+xccosγ, h3 = hy = 1                                     (43) 

 
ε(ϕ) = ε0(1 + λpcosϕ)sin−1γ                                         (44) 

 
Because characteristic pressure is assumed p0=4.713 [MPa], the radial 

clearance has the following value [L. 6, 23]: 
 

1
0

0
0

741 0.03
0.001 3,3

4.713

s Pas
a m m

p MPa

ωηε µ
−

= = ≈                    (45)   

 
Numerical dimensional pressure values as the solutions of partial 

recurrence Equation (26) for the first UNR step performed with the Mathcad 12 
and Matlab 7.2 Professional Program are depicted on the conical journal surface 
presented in Fig. 8c. The hydrodynamic pressure attains the maximum value 
pmax = 11.06 [MPa] and the load carrying capacity in y and z directions attain 
values Cy = 16.98N and Cz=6.18N, respectively. 

For the abovementioned conical microbearing, the differences between 
pressure values obtained from recurrence Reynolds Equation (26) derived for 
the first UNR classical net and pressure values obtained from Equation (33) 
derived for the third UNR optimum net approximation attain about 12 percent. 

CONCLUSIONS 

1. This paper has presented the various geometries of the nets with calculation 
nods for difference methods of partial recurrence numerical solutions. The 
dynamic changes and conversions of particular nets occurring during the 
numerical calculation process have been considered. The presented theory of 
optimum net difference calculation is valid for various orthogonal curviline-
ar coordinates. Hence, the optimum net and nods geometries are considered 
for Reynolds equations in cylindrical, spherical, and conical coordinates and 
are numerically examined (see sections: 8, 9, 10). 

2. As the result of the performed research, the optimum numerical net concern-
ing the stability and convergences of the obtained numerical calculations 
processes for partial difference and recurrence equations have been dis-
cussed. Next, for the optimum net, the convenient Reynolds recurrence equa-
tion was derived.  

3. The initial numerical calculations indicate that differences between pressure 
values obtained from experimental measurements and pressure values from 
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recurrence Reynolds Equation (26) derived for the first UNR classical net 
and pressure values obtained from Equation (33), derived for the third UNR 
optimum net approximation, attain about 7 and 3 percent, respectively. Dif-
ferences between pressure values calculated by using the first and third UNR 
nod [L.7] are equal to 9 percent Fig. 9. [L. 14, 15]. 
 

 

                  
 

Fig. 9.  Mutual differences between pressure values obtained from the first UNR nod, third 
UNR, Nod and Experimental measurements 

Rys. 9. Wzajemne różnice między wartościami ciśnienia uzyskanymi za pomocą siatek różnico-
wych Pierwszego i Trzeciego Typu oraz  z pomiarów doświadczalnych 
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Streszczenie 

Współczesne problemy obliczeń numerycznych  występujące w tribologicz-
nych problemach urządzeń napędowych oraz w problemach sprzętu  
transportowego a szczególnie w mikrołożyskach ślizgowych twardych dys-
ków komputerowych wymagają uzyskiwania coraz to większych dokładno-
ści wraz z zachowaniem własności inteligentnych. Ponadto w przeprowa-
dzanych obliczeniach istotną rolę odgrywa zbieżność, stabilność, a także 
niezawodność uzyskanych wartości numerycznych. Główny temat  nauko-
wy przedstawionego artykułu koncentruje się na metodzie identyfikowania 
optymalnej siatki różnicowej do numerycznych rozwiązań cząstkowych 
równań rekurencyjnych i różnicowych.  

Dlatego też została przeprowadzona optymalizacja  geometrycznej lo-
kalizacji węzłów obliczeniowych oraz ich dynamika zmian w trakcie obli-
czeń numerycznych. Wyprowadzony oraz zdefiniowany został indeks op-
tymalizacji określający najbardziej korzystną  geometrię lokalizacji wę-
złów obliczeniowych w trakcie przeprowadzanych obliczeń numerycznych. 
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Optymalnie dobrana siatka obliczeń w metodach różnicowo- 
-rekurencyjnych ma związek ze stabilnością uzyskiwanych  rozwiązań nu-
merycznych  oraz  zapewnia zbieżność procesu obliczeniowego dla różnych 
krzywoliniowych geometrii ortogonalnych. Zdefiniowana została tak zwana 
Jednostkowa Siatka Obszaru (UNR) dla różnych czterech typów aproksy-
macji różnicowej. Dla dwóch wybranych typów aproksymacji numerycznej 
opracowano schematy różnicowe, a następnie na ich podstawie przy wyko-
rzystaniu Programu Mathcad 12 wyznaczono wartości ciśnienia i siły no-
śnej ze zmodyfikowanego równania Reynoldsa w przypadku trzech najczę-
ściej występujących czopów w mikrołożyskach ślizgowych HDD, a miano-
wicie walcowych, parabolicznych oraz stożkowych. 

Porównane zostały odchylenia w zakresie uzyskanych wartości ciśnie-
nia hydrodynamicznego wyznaczonych przy wykorzystaniu dwóch różnych 
procesów aproksymacji różnicowej. Mianowicie porównano wyniki uzy-
skane dla pierwszego klasycznego  najczęściej spotykanego typu aproksy-
macji z wartościami wyznaczonymi z trzeciego bardziej zaawansowanego 
typu aproksymacji różnicowej. Wartości te mogą różnić się od kilku do 
dziesięciu procent. Następnie wyprowadzone zostały wnioski dotyczące 
tworzenia optymalnych lokalizacji geometrii węzłów dla innych  operato-
rów różnicowych rekurencyjnych  w przestrzeniach dyskretnych.  

 
 
 


