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Abstract. This paper presents the results of estimating method of the energy consumed by induction motors and the legal situation concerning 
the efficiency of electrical motors in the European Union. Three elements of a new method of induction motor efficiency determination are 
described: methodology of taking into account the influence of non-sinusoidal voltage and the voltage unbalance on the motor efficiency and 
the application of the interval arithmetic in order to determine the border error of the induction motor efficiency. It is proved that the middle 
of efficiency interval for the direct method of efficiency determination is always equal to or higher than the measurement result and the radius 
of interval is longer than the border error.
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methods will allow for determining efficiency increasingly sim-
ilar to the real efficiency.

In the present article, three elements of the new method of 
induction motor efficiency determination were described:

● methodology of taking into account the influence of volt-
age distortion on the efficiency,

● methodology of taking into account the influence of volt-
age unbalance on the efficiency,

● application of the interval arithmetic to determine the 
border error of induction motor efficiency.

Other elements of the presented method were described, 
among others, in the previous works [4–7].

2. Methodology of taking into account 
the influence of the voltage distortion 
on motor efficiency

Supply voltage from the grid as well as from devices suppling 
the motor in the laboratory under tests (e.g. from power convert-
ers, induction regulators, synchronous and asynchronous gen-
erators) can be non-sinusoidal. Such voltage can be expressed 
as the Fourier series:
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where U1, I1 are rms values of voltage and current fundamen-
tal harmonics; Uk, Ik are rms values of voltage and current kth 
harmonics; ϕk, θk are phase angles of voltage and current kth 
harmonics; ω1 = 2πf1 denotes angular frequency of the funda-
mental harmonic.

1. Introduction

In July 2009, the European Commission accepted the Reg-
ulation No. 640/2009 [1] on implementing the Directive of 
2005/32/EC of the European Parliament and of the Coun-
cil concerning requirements of the eco-project for electrical 
motors. It means that legally sanctioned requirements con-
cerning the energy efficiency of 3-phase, 2-, 4- and 6-pole 
induction motors were implemented on the EU market. En-
forced legal documents match the energy saving policy ad-
opted by the EU.

The regulation concerning this group of electric motors 
(3-phase induction motors) is justified. According to [2, 3] and 
to the author’s estimation, 3-phase induction motors with the 
power in range of 0.75–375 kW consume about 26% of the 
world’s electric energy delivered to recipients, which is equal 
to about 57% of the power consumption through all electric 
motors in the world, however 3-phase induction motors with 
power in range of 0.75–750 kW consume about 32% of the 
world’s electric energy delivered to recipients, which is equal 
to about 70% of the power consumption by all electric motors 
in the world.

Considering the above data, it is possible to state that this 
group of motors offers potential savings of electric energy. 
Therefore, the Regulation implements the obligation of de-
livering more and more high-efficient motors to the market 
(a growing number of classes of the IE efficiency). Simultane-
ously, determining the method of appointing the efficiency as 
a “reliable, accurate and reproducible method, which takes into 
account the generally recognized state-of-the-art methods, and 
whose results are deemed to be of low uncertainty” is neces-
sary. Hence, there is a need to create new and improve the old 
methods of determining efficiency in induction motors. These 
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The slip of rotor corresponding to the kth harmonic of stator 
current [11, 12] is expressed as:
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where ns is synchronous speed of the fundamental harmonic; s is 
the slip of rotor corresponding to the fundamental harmonic of 
stator current. The “–” sign refers to harmonics rotating accord-
ing to the 1st harmonic, and the “+” signs refers to harmonics 
rotating opposite to the 1st harmonic.

The frequency of kth harmonic of the stator current is equal 
to kf1 and kth harmonic of the rotor current is equal kf1sk. Syn-
chronous speed of the kth harmonic corresponding to the fre-
quency kf1 is equal kns, where

p
fns
106

= , (4)
and p is the number of pole pairs.
Voltage harmonics 1, 4, 7, 10, 13... [3n+1] contribute to a ro-
tating magnetomotive force in the direction of motion and pos-
itive torque, whereas the 2, 5, 8, 11, 14... [3n+2] contribute 
to a rotating magnetomotive force in the direction opposite of 
motion and negative torque. The 3, 6, 9, 12, 15... [3n+3] pro-
duce non-rotating magnetomotive force and therefore do not 
contribute to electromagnetic torque generation (n = 0, 1, 2, ...).

The influence of supply voltage on the motor characteristics 
is presented in [8]. The method of analysis of the motor supplied 
with that voltage was suggested, e.g. in [9] and [10]. It relies on 
the superposition of individual effects of the harmonic action, so 
it does not take the nonlinearity into account. Partly the effect of 
saturation is being taken into account in [11] by implementing 
the coefficient modifying the magnetizing reactance.

We assume that the motor is symmetrical and further con-
siderations are kept for the equivalent circuit of single phase 
of the motor. The circuit is typical (T), in addition, for higher 
harmonics a magnetizing branch is neglected, since its value 
(kXm) is much higher than the rotor leakage impedance. For 
a similar reason, resistances representing losses in the core and 
mechanical are neglected for both fundamental and higher har-
monics. The kth current harmonic is then given as:
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where Rsk and Rrk are the stator and rotor resistances; Xsk and Xrk 
are the stator and rotor reactances for the kth harmonic.
The total harmonic current is defined as:
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Based on [11], and neglecting the skin effect losses from 
individual harmonics in the winding of the stator, we can cal-
culate harmonic losses in stator as:

2
hswsh IRP =  (7)

and in the rotor, skin effect should be taken into account, so 
losses due to each harmonic must be calculated individually 
and added as:
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In [11] approximate formulas for estimating the core losses 
and stray-load losses in motor caused by voltage distortion are 
also given.

Other works, e.g. [19, 20], present analytical methods of 
slot leakage inductance for 3-phase induction motor winding 
and others inductances. These methods can be used for calcu-
lation of stator and rotor reactances (i.e. Xsk and Xrk) for higher 
harmonics.

The author of this paper calculated the decrease of efficien-
cy by higher harmonics for motor rated power PN = 15 kW, 
rated voltage UN = 380 V. The method described in this chapter 
was used. The results are presented in Fig. 1.

Fig. 1. The difference between the rated efficiency h and efficiency hh 
calculated with high harmonics k for different values of VDF (Voltage 
Distortion Factor, VDF = Uk/U1×100 %, p.p. means percentage points)
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From the results one can see that the function h-hh = f(k) is 
a decreasing function. One can also see a considerable influence 
of the harmonic amplitude on losses, e.g. for the 2nd harmonic 
difference between 5% and 15%, reducing the efficiency even 
about 2 percentage points in this motor.

In [12], authors presented interesting results of labora-
tory tests of 2.2 kW motor supplying from the source with 
the differently distorted voltage (harmonic from 1 to 13). The 
largest differences are appearing in the efficiency for 2nd har-
monic and are equal to 2.12 percentage points, 3.48 percentage 
points, 6.09 percentage points (respectively for VDF (Voltage 
Distortion Factor) = 5%, 10%, 15%). Harmonic order does 
not alwaysdetermine the size of additional losses. For exam-
ple for VFD = 10% order harmonic causing losses from largest 
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to smallest is as follows: 2, 4, 5, 7, 3, 8, 6, 10, 11, 9, 12, and 
13. One can also see a considerable influence of the harmonic 
amplitude on losses, e.g. for 2nd harmonic difference between 
5% and 15% reducing the efficiency even by 3.97 percentage 
points in this motor.

3. Methodology of taking into account 
the influence of the voltage unbalance 
on motor efficiency

The 3-phase unbalanced voltage with rms complex values UA, 
UB, UC can be represented by three systems of 3-phase sym-
metrical voltages [13]: positive-, negative- and zero-sequence:

positive: 1AU 1
2

1 AB UaU = 11 AC UaU = (9)

negative: 2AU 22 AB UaU = 2
2

2 AC UaU = (10)

zero: 0AU 00 AB UU = 00 AC UU = (11)

Where:
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Subscript:  1 – positive component 
2 – negative component 
0 – zero component

UAi, UBi, UCi – rms complex values of symmetrical component 
i (i2{1,2,0}) appropriately to phase A, B i and C.

The method of symmetrical components applies linear trans-
formation to the unbalanced systems of voltages resulting in 
three symmetrical systems of voltages. So we replace the un-
balanced power source with three balanced sources and by ap-
plying the superposition principle, we calculate the currents for 
every balanced system of voltages. Next, we add calculated 
currents excited by every source independently and we receive 
the resultant flow.

Since phase shifts between phase vectors of every balanced 
system (9–11) are well-known, there is no need to determine 
9 voltages (9–11). It will be sufficient to determine the basic 
vector of every system, that is 3-phase vectors. Basic phase 
vectors of every symmetrical system related, e.g. to the phase 
A and marked appropriately 210 ,, AAA UUU  will be called sym-
metrical components: zero-, positive- and negative-sequence.

Unbalanced voltage of every phase has to be equal to the 
sum of appropriate symmetrical components:

210 AAAA UUUU ++=

21
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2
2

10 AAAC UaUaUU ++= ,

 (14)

or presented in the matrix form

U = SUS , (15)
where:
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Usually, it is the determination of symmetrical components 
in asymmetrical system that characterizes the problem to be 
solved, as opposed to (15). For this reason we multiply both 
sides of equation (15) by reverse matrix S-1

S–1U = S–1SUS
and we obtain

US = S–1U , (17)

where
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and
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The author of this paper has proposed to present the system 
of supply voltages as:
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where

k, l, m 2 R+ are unbalanced factors of rms voltages 
U in appropriate phases,

α, β, γ 2 





−∈

3
2;

3
2,, ππγβα  are the phases which cause the phase un-

balance of voltage system (20).
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It stems from equation (20) that the following system coordi-
nates apply on the complex surface:

● real value axis with respect to phase A, e. g. directed ver-
tically to the top,

● complex value axis rotated 90° in counter-clockwise di-
rection, e. g. directed horizontally to the left side.

Let us determine the symmetrical components for the sys-
tem (20), taking into consideration (19, 12–13):














++=
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It is necessary to remind that UA0 (21) denotes complex rms 
value of the zero-sequence symmetrical component associated 
with the phase A. The other phase vectors of the zero-sequence 
symmetrical systems (UB0, UC0) are easy to determine because 
there are known the phase angles among them.

Similar remark concerns UA1 and UA2 in equations (22–23).
The above work concerns different phase vectors, e. g. un-

balanced system of line currents or phase currents, unbalanced 
system of impedance – it is enough then to replace UA1 in the 
above equations by appropriate symbol, i. e. IAB, IA, ZAB, ZA.

Let us assume that the motor is symmetrical with stator 
winding connected in star. Unbalanced system of line voltag-
es UAB, UBC, UCA is split to positive- and negative-sequence 
systems by (19). Zero-sequence system in this case equals 0.

Hence, we get

( )ACCBBABA UaUaUU 2
1 3

1
++=  (24)

( )ACCBBABA UaUaUU ++= 2
2 3

1
 (25)

and

UBC1 = a2UAB1 (26)

UBC2 = aUAB2 (27)

UCA1 = aUAB1 (28)

UCA2 = a2UAB2 (29)

that is two symmetrical systems: positive- UAB1, UBC1, UCA1 
and negative-sequence UAB2, UBC2, UCA2 components of line 
voltages.

Because of the motor winding symmetry, in the following 
considerations we are limited to only one phase. If voltages 
UAB1 = UAB1e

jα and UAB2 = UAB2e
jβ then positive- and nega-

tive-sequence components of phase voltage are equal
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The additional losses caused by negative-sequence system 
are expressed as [14]:
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where Z2 – rms complex value of negative-sequence component 
of impedance.
It can be determined experimentally for the motor by RRT (Re-
verse Rotation Test) under balanced supply and rated current. 
If the measurements of phase power PA2, phase current IA2 and 
phase voltage UA2 are known,

then 2j

2

2
2 e A

A

A

I
UZ θ=  and 

22
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Rs – phase resistance of stator winding.
Another way of Z2 determination is the algorithm presented 

in [14].
In the case, when the motor has the winding connected in 

the delta, there is an additional zero-sequence component which 
flows in the delta, increasing the losses. In [15] both experimen-
tal and calculated ways to determine zero-sequence currents and 
impedance are presented.

The author of this paper calculated the decrease of efficien-
cy under voltage unbalance for motor rated power PN = 15 kW, 
rated voltage UN = 380 V. The method described in this chapter 
was used. Two cases were taken into consideration:

● only voltage rms value unbalance in three phases for 
different VUF (Voltage Unbalance Factor, VUF = U2/
U1×100 %, U2 – negative-sequence component, U1 – pos-
itive-sequence component) (Fig. 2),

● only voltage angle unbalance in three phases, (Fig. 3).

Fig. 2. The difference between the rated efficiency h and efficiency 
hVUF calculated for different values of VUF (p.p. means percentage 

points)
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Even an insignificant asymmetry of voltage rms value, 
e.g. 5%, leads to decreasing efficiency by about 0.8 percent-
age points. Greater, e.g. 10%, leads to decreasing efficiency 
of about 3 percentage points. In the case of voltage angle un-
balance, the difference in efficiency is significant, too, e.g. for 
5° it amounts to 2.31 percentage points and for 8° – even 5.88 
percentage points in this motor.

In [17] very interesting results of tests of 2.2 kW motor sup-
plied in different asymmetrical conditions were presented. Max-
imal difference of motor efficiency (3.27 percentage points) 
appeared when the asymmetry occurred in all 3 phases and the 
rms values were decreased (as compared to rated values). When 
asymmetry of 1 phase is only 6.9º, the difference of efficien-
cy is equal to 0.76 percentage points, while asymmetry of 2 
phases are respectively 8,1º and 4º the difference of efficiency 
is equal to even 1.55 percentage points. Thus, the conclusion 
can be drawn that even relatively low asymmetry causes motor 
efficiency reduction.

4. Determination of the border error using  
the interval arithmetic for direct method  
of induction motor efficiency calculation

The direct method of efficiency determination consists of mea-
surements of output power Pout and input power Pin

ni

out

P
P

=η . (33)

Since output power Pout is determined based on measure-
ments of the motor torque M in Nm and rotational speed n in 
rev/min, the efficiency formula is (Pin in W):

ni03 P
nM ⋅

=
πη . (34)

Based on former works [7, 18], it can be stated that:

● the middle of the interval corresponds to the result of the 
measurement,

● the radius of the interval corresponds to the border error.
However, the resultant quantities received from calcula-

tions based on the specific processing function by intervallic 
and classic methods do not have to be identical. In this chapter, 
the author of the article conducted an analysis of these relations.

4.1. Definition of interval. For every pair of real numbers a–, 
a+, where a– ≤ a+, a set of real numbers a– ≤ x ≤ a+ is named 
interval.

[a] = [a–; a+] = {x2R│a– ≤ x ≤ a+}. (35)

In the case of the processing function (34), the middle of 
the interval ηmid is
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while in the classic method the result of the measurement is
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 (37)

where: M +, M –, n+, n–, P+
in, P–

in, – interval ends of torque [M], 
rotational speed [n], and input power [Pin], which are also the 
approximate border errors of these quantities.

4.2. Theorem. Coefficient b in (38) being a quotient of the 
middle of the interval (36) and the result of measurement (37) 
is equal to or greater than 1.
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4.3. Proof. Let us show (38) in the following form:

1≥
+++
+++

=
FEBA
DCBAb  i. e. C + D ≥ E + F,

so

0nininini
2

ni
2

ni ≥−−+ +−+−−++−+++−−− nMPPnMPPnMPnMP

Fig. 3. The difference between the rated efficiency h and efficiency 
hangle calculated for different values of angle unbalance (p.p. means 

percentage points)
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After transformations we get
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After transformations we obtain
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in ≥ 0 from the definition of interval (35), so
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so indeed, 1
ni

ni ≥−

+
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P
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n
n  ≥ 1 and it is proved that b ≥ 1.

Coefficient b is equal to 1 only when the intervals [Pin], 
[M] and [n] have the radius equal 0, i. e. (P–

in = P+
in, M – = M +, 

n– = n+). Coefficient b in (38), being a quotient of the middle 
of the interval (36) and of result of the measurement (37) is 
equal to or greater than 1. It means that for function (34), the 
middle of the interval is always equal to or higher than the 
result of the measurement.

The radius of interval for function (34) can be shown as:

2
ni

nini

1
)][(rad

P

PMnPMn
mid δ

δδδδδδ
ηη

−

⋅⋅+++
= , (39)

where δn, δM, δPin
 are relative border errors of individually mea-

sured quantities, while absolute border error of efficiency Δη

Δη = η(δM + δn + δPin
). (40)

From comparing formulas (39) and (40) it results that the 
radius of the interval for function (34) is higher than the 
border error, since the relative error determined for the inter-
val is bigger and the middle of the interval is greater than the 
result of the measurement. It is worth noticing, that in (39) omit-
ting the product of border errors and the square of the border 

error of the input power as negligibly small, one obtains formu-
la for the relative error border of efficiency the same as (40).

The author of this paper calculated the radius of the inter-
val and the border error as well as the middle of the interval 
and took the result of the measurement for motor rated power 
PN = 75 kW:

● radius = 0.586148 %
● border error = 0.586147 %
● middle = 95.063998 %
● result = 95.063364 %.

One can see that the radius of the interval is higher than the 
border error and the middle of the interval is higher than the 
result of the measurement. Practically, the efficiency results 
obtained with different methods are the same, i.e. 95.1 ± 0.6 %.

5. Conclusion

In this paper, methodologies of determining the influence of 
the supply voltages distortions (non-sinusoidal and unbalanced 
waveforms) on the induction motor efficiency and determina-
tion of the border error with intervallic arithmetic in the direct 
method of efficiency determination were described.

It was proved that the middle of the interval was in case 
of the direct method of the efficiency determination is always 
equal to or greater than the result of the measurement, whereas 
radius of the interval is longer than the border error.

Described elements of the new method of efficiency de-
termination are supposed to contribute to the improvement of 
efficiency determination of induction motors, allowing to deter-
mine efficiency as close to the real motor efficiency as possible.
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