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Abstract. A class of operators is introduced (u-Hankel operators, p is a complex parameter),
which generalizes the class of Hankel operators. Criteria for boundedness, compactness,
nuclearity, and finite dimensionality are obtained for operators of this class, and for the case
|e] = 1 their description in the Hardy space is given. Integral representations of u-Hankel
operators on the unit disk and on the Semi-Axis are also considered.
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1. INTRODUCTION

As is well known, classical Hankel operators form one of the most significant classes of
operators in spaces of analytic functions. This class has a lot of applications to various
parts of Analysis, Probability, Control Theory, etc. (see [11-13]). Therefore, it is not
surprising that there are a large number of generalizations and analogues of operators
of this class (see ibid, and also, e.g., [8], and the bibliography therein).

Hankel operators are significant, in particular, for an important class of Toeplitz
operators (see [11,13]). On the other hand, an interesting generalization of Toeplitz op-
erators (the “A-Toeplitz operators”) was given in [5] (see also [7]). In this paper, we
consider a new class of operators in Hilbert spaces (the “u-Hankel operators”; u is
a complex parameter), which are related to A-Toeplitz operators as well as Hankel
operators with Toeplitz ones. We give criteria for boundedness, compactness, nuclearity,
and finite dimensionality for u-Hankel operators. Operators of this class turned out
to be associated with the Hankel ones in the case |u| = 1, but a new feature is the
nuclearity of these operators for |u| # 1.

The last part of the paper can be considered as a contribution to the theory
of integral operators. We shaw that some natural classes of integral operators are
u-Hankel and apply our results obtained in an abstract setting to these operators.
In particular, y-Hankel operators are closely related to the complex moment problem.
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2. BOUNDEDNESS AND NUCLEARITY OF p-HANKEL OPERATORS

Definition 2.1. Let p, and v be complex numbers, a = {a;};>0 be a sequence of
complex numbers, and let H,H’ be separable Hilbert spaces. We call the operator
Appya + H — H' (p,v)-Hankel if for some orthonormal bases (ex)r>0 C H and
(€)j>0 C H' the matrix (a;x )k, j>0, of this operator (vecall that aji = (A(,,.) ek, €});
here and below, the angle brackets denote the dot product) consists of elements of the
form
aje = Pl .
In particular, A 1) o is a Hankel operator (for the latter see, e.g., [11,13]).

Remark 2.2. For accuracy one can assume that the operator A, ,) . is initially
defined on the linear span of the set {ey : k € Z4 }.

Instead of A, 1),q, we will further write A, , (or A,) and call such an operator
u-Hankel. To avoid the trivial case, for these operators we will assume that p # 0.
Thus, the matrix of a u-Hankel operator has the form (,Ukalc+j)k,j20; i.e.

ap pay prPag ptas ploy
o pon praz ploy
Q2 a3 M2a4
(ajp)rg>0 = | a3 pas ... : (2.1)

‘ z‘#»y)va
W T*ag1; (the bar denotes complex conjugation), and, therefore, Alinya = Aom e
In particular, Az,a = A(l,ﬁ),&'

For what follows, it is useful to note that the adjoint operator A has a matrix

Since p*riay; = (u/u)k (V¥ ) for v # 0, we have Ap)a = Apjvar, Where
o), = vFay,, and thus the consideration of (u,v)-Hankel operators is reduced to the
consideration of u-Hankel operators, what we are going to do in this paper.

Like for Hankel operators, u-Hankel operators can be characterized as operators
satisfying some commuting relation.

Theorem 2.3. A bounded operator A in the space (*(Z.) is u-Hankel if and only if
the following commuting relation is true:

AS = puS*A, (2.2)
where S is a shift in (*(Z.).
Proof. Let the operator A be u-Hankel. For all k, j € Z, we have

(ASey,e;) = (Aegt1,e5) = p* ™ lagyjn
= u(Aeg, ej11) = p(Aey, Se;)
= (uS™Aey, ej).

Due to the boundedness of the operator A, this implies (2.2).
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Conversely, let (2.2) be valid. Then for k,j € Z,, k > 0 we have

aji = (Aeg,ej) = (ASep_1,¢;)
= (S Aeg—1,¢e;) = p(Aep_1, Se;)
= p{Aer—1,€j11) = pag1y,(k-1)-

Iterating this equality, we have a;; = ,uka(kﬂ-),o. Since the last equality is obvious for
k = 0, the operator A is u-Hankel, and the theorem is proved. O

Corollary 2.4. If a bounded operator A is p-Hankel, then its kernel KerA is an
invariant subspace of the shift operator. Therefore, if A is defined in the Hardy space
H? = H*(T) (T is a unit circle), then KerA has the form 0H?, where 0 is an inner
Sfunction.

The next theorem gives, in particular, criteria for boundedness of operators of
the class under consideration. Below t(n) denotes the nth Fourier coefficient of the
function 1.

Theorem 2.5. Let H,H' be a separable infinite-dimensional Hilbert spaces, and
A, =4, o:H—H ap-Hankel operator. The following statements are true.

(1) Let |u| < 1. The operator A,, is bounded if and only if () € €*(Z4). In this case,
A, is nuclear with the Hilbert-Schmidt norm

00 00 1/2
[Aulls, = <Z Y Ian|2> (2.3)
k=0 n=k

and with a trace

o0
trd, = Z u" oy, (2.4)
n=0

(2) Let |u| > 1. The operator A, is bounded if and only if (uFay) € €3(Zy). Moreover,
in this case A, is nuclear, and its trace is represented by the formula (2.4).

(3) Let |p| = 1. Then A, = V,I'y, where I'), : H — H is Hankel with matriz
(Wi ;), and V,, : H — H' is a unitary operator.
In particular, the operator A, is bounded if and only if there is such a function

€ L®(T) that "o, = (n) for n € Zy. In addition,

[Aull = inf{[[¢]l L= : ¥ € L=(T), an = P(n)¥n € Zy }.

Proof. (1) Let |u] < 1. Notice that
Aeg = Zajoe;- = Zaje;-.
J J

Thus, if A, is bounded then ), loj|? = ||Apeo|* < ||AL %, which proves the necessity.
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Now let @ € ¢3(Z). We shall show that A, belongs to the Hilbert-Schmidt class
S, (and thus it is bounded). It is known (see, e.g., [14, p.152, Th. 6.22]), that for
an operator A with matrix (a;x) to belong to the Hilbert-Schmidt class So, it suffices

that
=Y Jaul? < oo,
ik
and its Hilbert—Schmidt norm is ||A|s, = C. In our case, « € £*(Z. ), and therefore

Do lal =303 ulPFlagal? = D16l D el
ik ik K i

o L@ el
=SS lanl? < fallh Y- = 1 < o0
k=0 n>k k=0 :

Hence, A, € Sy and

0o 0o 1/2
Al = (z s |) |
k=0 n=k

Moreover, the operator A, is nuclear, since under our assumptions

oo o
trd, = Za”” = Zu”agn < 00
n=0 n=0

(see, e.g., [4, Theorem 8.1]).

(2) Let |u| > 1. We denote «, := p¥ay. As proved above the 1/f-Hankel operator
A1/ is bounded if and only if (u*oy) = (al,) € €*(Zy). The operator A, , is
conjugate to the operator A;/; o since the matrices of these operators in the bases
(ex) and (€}) coincide. This, in turn, means that the operator A, , is bounded if and
only if (uFay) € £2(Z..). Moreover, this operator is nuclear together with A; /i (see,

e.g., [4]) and by the formula for the trace, proved in paragraph 1),

00 0o
- 1 o
trAp,,a = trAl/ﬁ,a/ = Z jnalzn = Z MnOZQn.
n=0 H n=0

(3) Let |u| = 1. Consider the operator V,, : H — H', V,z := Z;‘;o ﬂja:je;- for
reEH, x= Z;io xje;. Since |u| = 1, the operator V), is unitary. Then the operator
T, =V, A, is Hankel with the matrix (a},;)jr>0 = (4 ;) k>0, because
in view of A,e, = Z;’io pFayyje; we have T'pep = Vu_lAMek = Z;io wWHray, e;.
But A, . is bounded if and only if I',, is bounded, and by the Nehari Theorem (see,
e.g., [13, Theorem 1.1.1]) this is equivalent to the fact that there exists a function
W € L>(T), such that ¢ (n) = ol = p"a, for n € Z. Moreover, by virtue of the same
theorem

o~

[Apall = [ITull = mf{[l4)]| e : & € L(T), p"an = ¥(n)Vn € Zy },
which completes the proof. O
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Example 2.6 (the generalized Hilbert matrix). Let v, = n € Z4. The corre-

1
n+l>
sponding pi-Hankel operator in ¢2(Z,.) will be denoted by H,,. (Thus, the operator H;
is classical and has the Hilbert matrix, see, e.g., [13, p. 6]). According to Theorem 2.5
three cases are possible.

(1) |u| < 1. Then H,, is nuclear and

— " 1 1+
trH,, = o = log \/ﬁ
—2n+1 2/u 11—/

(2) |u| > 1. In this case H,, is unbounded in ¢*(Z).

(3) |u| =1, p = €. In this case, H, = V,,T',, where I', is Hankel in ¢(Z, ) with
matrix (uf*9/k + j 4+ 1), and V,, is unitary in ¢2(Z ). Consider the bounded function
g on T defined by

Yo(e™) = ie " (r — (t — 0)),t € [0, 2m).

It is easy to see that 1,//1;(71) = eme%(n) = ::1 = p"ay, for n € Z, . Thus, the operator

H,, is bounded in ¢*(Z,) and ||H,| = [T,

Corollary 2.7. The operator A, « is not left-Fredholm provided it is bounded.

Proof. In cases (1) and (2) of Theorem 2.5 this follows from the compactness of this
operator. In case (3) the failure of left-Fredholmness for A, o follows from the failure
of left-Fredholmness for Hankel operators (see, e.g., [13]). O

Recall the definition of the degree of a rational function R = P/Q (P and Q are
polynomials of degree degP and deg@). If the fraction P/Q is irreducible, then the
value degR = max{degP, deg@} is called the degree of the function R. It is equal to
the sum of the multiplicities of the poles R (taking into account the possible pole at
infinity).

Following [13], we associate with the sequence of complex numbers (ay)r>o the
formal power series

a(z) = Zakzk. (2.5)
k=0

Kronecker’s theorem for Hankel operators readily implies

Theorem 2.8. The matriz (2.1) of the operator A, o has finite rank if and only if
the series (2.5) defines a rational function. Moreover, the rank of the matriz (2.1) is

deg(za(z)).

Proof. From the form of the matrix (2.1) it immediately follows that the number of its
linearly independent columns is equal to the number of linearly independent columns
of the matrix (a1x);k>0. It remains to apply Kronecker’s theorem in the formulation
proposed in [13, Theorem 1.3.1]. O
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3. i-HANKEL OPERATORS IN THE HARDY SPACE

As is known (see, e.g., [11,13]) Hardy space consists of functions f analytic in the unit
disk D for which (f(n))nzo € (2(Z), where f(n) denotes the nth Taylor coefficient
of a function f, n € Zy. Moreover, ||f|lg2 = H(‘]/t\(n))nZ()”gZ. Thus, the mapping
[ (J?(n))nzo is an isomorphism of the Hilbert spaces H?(D) and ¢?(Z. ). Equivalently,

H?(D) consists of functions f analytic in D and satisfying the condition
[ do
91 = s [ 17Ge") P57 < oc.
0<r<1 U
—T

The space H?(D) can also be identified with the following subspace of the
space L?(T):
{f € LA(T) : f(n) = 0 for all n < 0},

where f(n) denotes the nth Fourier coefficient of the function f, n € Z (see, e.g., [11]).
The functions x,,(z) := 2" (n € Z,) form a standard orthonormal basis of H2. We also
put H? := L?(T) & H?. The functions X, 11 (n € Z) form the standard orthonormal
basis of this space.

The next theorem describes bounded u-Hankel operators in Hardy space for |u| = 1.

Theorem 3.1. Let || = 1. For the operator A: H*> — H? the following statements
are equivalent:

(1) A has a p-Hankel matriz in standard bases and is bounded.

(2) A = V,H,, where the operator V,f(z) = f(uz) is unitary in H?, operator
H, : H? — H? is Hankel with a symbol ¢ € L*(T), and $(—n) = p"an
(neZy).

(3) Operator A is bounded and satisfies the generalized Hankel equation

uP_SA = AS,

where Sf(2) := z2f(z) is the unilateral shift in H?, (Sg)(t) = tg(t) (t € T) is the
bilateral shift in L?(T), and P_ : L? — H? is the orthogonal projection.

(4) A= HyU,, where (U,f)(2) = f(uz) is unitary in H*>, and Hy : H> — H? is
Hankel with a symbol ¢ € L>=(T) and @(—n) =, (n€Zy).

Proof. The proof will be carried out according to the scheme (1)=(2)= (3)=(4)= (1).

(1)=>(2) Evidently, V, is unitary in H?. We shall consider the operator
B:=V,;'A: H> - H? and compute its matrix in standard bases. As V,X;71(2) =

B *xj41(2), we have
(Bxi, Xj+1) = (V;r " Axis X110 = (Axes ViXoo1) = /T (Axe, Xj41)
= Mj+1ﬂk04k+j+1 =t (Kot j41)-

This expression depends only on k + j, that is, the operator B is Hankel,
B=H,, ¢c L.
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Finally,
o(—n) = (Hypxn, 1) = (V; Axn, 1) = (Axn, V1) = (AXn, X0) = 1" an

forneZ,.
(2)=3) If A = V,H,, then A is bounded and, since Sxr = xr+1 and
V,, 'XG1 = WX 71, we have

(ASxk, X541) = (ViHpXkr1, X571) = (Hoxe+1, Vy 'X551)
= (HoXnr1, 17 %G51) = BT (Hoxe, Xgm1) = P @(—k — j — 2).

On the other hand, since P_X;11 = X;+1 and S*X;51 = X;+2, we have

(WP-SAXk, Xj71) = (S AXk, Xg+1) = SV H Xk, Xj+1)
= (Vi Hyo Xk, Xi42) = m{Hoxn, V, 'X572)
= wi? Y (Hoxe, Xor2) = 0 @(—k — j — 2).
Since both sides of the generalized Hankel equation contain bounded operators, they
coincide on the entire space H?.
(3)=-(4) Let the operator A be bounded and satisfy the generalized Hankel equation.
We consider the operator H := AU, ! = AUz and show that it satisfies the Hankel

equation P_SH = HS (for the latter see, e.g., [13, Theorem 1.1.8]).
Indeed, by virtue of the generalized Hankel equation P_SAU; = pASUy and thus

(P-SHxk, Xj11) = B{ASUz Xk, Xj41)- (3.1)

But SUpxx = I"Sxk = B*Xk+1, and VgSxk = Vaxesr = B Xpq1. Therefore,
SUzxr = pUgzSxk. Substituting the last expression in (3.1), we get that for all
k,jeZy

(P-SHxk,Xj+1) = Ip(AURS Xk, X5+1) = (HSXk, Xi41)-

It follows by the continuity that P_-SH = HS, and therefore (see, e.g.,
(13, Theorem 1.1.8]) H is Hankel, H = Hy, ¢ € L.
Moreover,

12;(_”) = <H¢Xm 1> = <AUﬁXm 1> = ﬁn<AXnaX0> = Qn

forneZ,.
(4)=(1) If A= HyU,, then it is obvious that the operator A is bounded. Let us
find its matrix in standard bases. Taking into account that U, xx = u¥xx, we have

(HpU,xi X5a1) = 1F (Hy X, Xo 1) = pF0(—k —j — 1)
and (1) follows. O

The previous theorem allows, in the case |u| = 1, to derive a number of properties
of u-Hankel operators from the corresponding properties of Hankel ones. Here are
some examples.



888 Adolf Mirotin, Ekaterina Kuzmenkova

Corollary 3.2. Let |u| =1, and A is u-Hankel, A : H?> — H?2. Operator A is compact
if and only if it can be represented in the form A = HyU,,, where p € C(T) + H>(T).

Proof. By Theorem 3.1, A = H,U,. Since U, is unitary, operator A is compact if and
only if Hy is compact. So, the corollary follows from the Hartman’s Theorem (see,
e.g., [13, Theorem 1.5.5]). O

Corollary 3.3. Let |u| =1, and A is p-Hankel, A : H?> — H?. Then A is an operator
of finite rank if and only if A = HyU, and P_1 is a rational function. Moreover,
rankA = degP_1).

Proof. In the notation of Theorem 3.1 operator A is an operator of finite rank if
and only if Hy = AU#_1 is of finite rank. This is equivalent to the fact that P_1) is
a rational function (see, e.g., [13, Corollary 1.3.2]) and rankA = rankH,, = degP_1),
as required. O

Corollary 3.4. Let |u| =1, and operators A, B : H?> — H? are p-Hankel and bounded,
A=H,U,, B=HyU,, o, € L*°. Then the operator A*B is unitarily equivalent
to the semi-commutator [Tz, Ty) = Tzy — T, Ty of Toeplitz operators. In particular,
the operator A*B is compact if @ or v belongs to H>®(T) + C(T).

Proof. We have
A*B =U;H HyU, = U, H HyU,, ¢,1 € L.

It remains to use the fact that the operator H;Hy is equal to [T, Ty) (see, e.g.,
[13, p. 89, (1.5)]). The compactness statement now follows from the corresponding
property of Toeplitz operators (see, e.g.,[11, p. 253]). O

Corollary 3.5. Let |u| = 1, ¢ € L*®. The following statements are equivalent for
the operator A =V, H,:

(1) A has a non-trivial kernel,
(2) the image ImA of the operator A is not dense in H?,
(3) ¢ = 01 for some inner function 6 and function @1 from H.

Proof. By virtue of the unitarity of the operator V), the fulfillment of properties
(1) (or (2)) for the operator A is equivalent to the fulfillment of the corresponding
property for the operator H,. The equivalence of statements (1)—(3) now follows from
[13, Theorem 1.2.3]. O

Remark 3.6. Let || = 1. Consider the unitary operator W, f(z) := f(pz) in L*(T).
The restrictions U, :== W,|H?*(T) and V,, := W,|H?2(T) are unitary in H*(T) and
HZ2(T) respectively. Let ¢ € L°(T) and T, denotes the Toeplitz operator with
symbol ¢. Then the operator T, , := U,T,, is called p-Toeplitz ([5], [7, Theorem 2.5]).
On the other hand, the operator A, =V, H, is u-Hankel by Theorem 4. It is easy to
verify that

Tuof +Auf = WuM,f, fe H*(T),

where M, stands for multiplication by ¢ on L?(T). This is the simplest relation
between p-Hankel and p-Toeplitz operators.
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4. INTEGRAL REPRESENTATIONS

In this section, we will consider two classes of integral operators that are u-Hankel.
4.1. ui-HANKEL OPERATORS AS INTEGRAL OPERATORS

ON THE UNIT DISK

Let p € C, u# 0, and ¢ is a bounded (generally speaking, complex) measure on the
closed unit disk I in complex plane. In the case |u| < 1, we will assume that o is
concentrated on the set {|¢| < |u|}. Consider the operator

Ty0f(2) /f do(¢) (|2 < 1)

and the sequence of moments of the measure o

_ / "do(() (n € Zy).

Theorem 4.1. For the operator I'y, , to be bounded in the Hardy space H?(D),

the condition
o0

sup E
S

2

Teti | < o (4.1)

ﬂ]

is necessary. Under this condition, this operator is p-Hankel in H?(D), has the matriz
(Yetj /1 )k jez, with respect to the standard basis of this space, and the following
statements are true.

(1) Let |u| < 1. Then the operator T',, , is nuclear and

2n do
Z Bon /u—(??' (4.2)

nOu
D

(2) Let |u| > 1. Then the operator T, , is bounded if and only if (v,) € (*(Z4).
Moreover, it is nuclear, and its trace is expressed by the formula (4.2).
(3) Let |u| = 1. Operator T}, , is bounded if and only if there is such function

Y € L(T), that v, = 12;(71) forn € Zy. Moreover

ITyoll = (|l oe v € L(T), 7 = $(n) Vn € Zy}.

Proof. Consider the standard orthonormal basis x,(z) = 2" (n € Z;) in H*(D).
Taking into account that |¢| < |u| and |z\ < 1, we have

uoel2) = o / R / Y > (%) aeto

v (4.3)

Z /g’““da ZiM: Yeti s (2).

j=0 w j=0 w
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(The term-by-term integration of the series is legal, since for all k € Z .
Z/ ‘d|a <Z|zv/d\a| 0) < 50.)

Thus, in order for the operator I',, , to act and to be bounded in H?(D), it is necessary
for the sequence (Y4;/1’)jez, to belong to (2(Zy) for all k > 0 and the equality

>

7=0

Z]

’Yk—&-j

7 ||Fp.,anH2 < ||FIL7<7H2'

to be valid. This proves the necessity of the condition (4.1). Under this condition, the
operator I', ; has a matrix

In

n’

Ve+j
'u]
with respect to the basis (xn)n>0, Which proves the first assertion of the theorem.
Now, by virtue of Theorem 2.5, we can assert the following.
(1) If |u| < 1, then the operator I', , is bounded if (and only if) (an)p>0 =
(Y /™) n>0 € €*(Zy), which is true by virtue of (4.1). Moreover, this operator is
nuclear, and

= ,ukakﬂ-, where o, =

a]k =

o0 N o0 n oo 1 "
trFu)(,:nZ_O,u a2nznz_012":nz_oun/<2 do(¢)
D
_ - C2>n _ do(¢)
B / Z( dg(o_ﬂ/u—@'

— \ i
{¢I1<uly "=0 D

The term-by-term integration of the series is legal, since

= ¢ n <P I\(ﬁ)
£ [ [ ano-Sor | Ko<
=01¢I<uly {KI<]pl}

(2) If |u| > 1, then T, , is bounded if and only if (u"a,,) = (7) € €3(Z4). Moreover,
this operator is nuclear, and

Yon 2n dU(C)
ZM%"Z nou/cd /u <

nO‘LL

(The term-by-term integration of the series is legal, since

nz—:o/‘ " dlol(¢) <
D

(3) Since in our case o, = ,/u™, this follows from part (3) of Theorem 2.5 with
Ap=T which completes the proof. O

1 n
> | / dlo|(¢) < o0.)
D

1,0
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For |p| = 1, the sufficient boundedness condition gives the next
Corollary 4.2. Let |u| = 1. If the function
— P,

\Z Y

(€eT)

belongs to L>°(T), the operator T, » is bounded in H*(D) and

IColl < lleollze

Proof. We check the fulfillment of the conditions of Theorem 4.1. It is shown in
[11, p. 314] that v, = p,(—n) for n € Z,.. Therefore we have by Parseval’s equality
that for all k € Z

>

=0

o0

= bl ZI% =P < Y @) = llesll2s,

7=0 n=—oo

Vi+j
0

and therefore the condition (4.1) is satisfied. Moreover, v, = @4 (n) for n € Z,, where
@(¢) := (¢ = ¢(C), and ¢’ € L>(T). Now it remains to apply assertion (3) of
Theorem 4.1. O

Corollary 4.3. Let the condition (4.1) be satisfied. The operator T, , has finite rank
if and only if the function '), ;1 is rational. In this case rankl',, , = deg(z(I'y,01)(2)).

Proof. As was shown in the proof of the previous theorem, «,, = 7, /u™ for the operator
I')..o. By Theorem 2.8, this operator has finite rank if and only if the function

iajza‘_ S L /Z(CZ) do(C) =T,
p

is rational (the validity of the term-by-term integration of the series was substantiated
in the proof of Theorem 4.1). The second statement of the corollary now also follows
from Theorem 2.8. O

We are going to show that the u-Hankel operators are related to the complex
moment problem (for the latter see [2, p. 117]). The main result for the unit disk
states ([2, p. 117, Theorem 4.4.12]) that for a sequence 7 : Zy x Z4 — C there is
a bounded positive measure ¢ on I such that

snm) = [ T do(0), () € 2o x 2. (4.4)
if and only if 7 is bounded and positive definite on Z, x Z, (this means that quadratic
t[";rms gﬂ%kzl ¢;Cry(s; + si) are positive definite for all n € N, {s1,...,s,} CZ4 X Z4

, P .

The following proposition is a partial converse of Theorem 4.1.
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Theorem 4.4. Let a sequence v : Z4 X Z4 — C be bounded and positive definite,
Yn =7(n,0), and |u| > 1. Then there is a bounded positive measure o on D such that
the matriz (Yi4j /1 )k jez, corresponds to the operator Ty , in H?(D) with respect to
the standard basis of this space.

Proof. Indeed, formula (4.4) implies that there is a bounded positive measure o on D
such that

= /C"do((), ne’Zy.

D

Since |p| > 1, the calculations (4.3) for the corresponding operator I',, , are valid. [J
We finish this section with considering the adjoint operator for I';, .

Lemma 4.5. If the operator I, » is bounded in H?(D), then the adjoint operator has

the form
f&/m)
1-¢(z

do(¢) (|2 <1).

Proof. Tt was shown at the beginning of the proof of Theorem 4.1 that

<Fu,0Xka Xn> = ’Yk+n//ln k,n € Z+.
On the other hand, for alln € Z,

L oxn(z )_/(fiug)z Z%/C" ZCJZJ do(¢
D
=S| [ ermiaet@r ] = 3 Mg o)
=0 M s =0 M

The validity of the term-by-term integration of the series here follows from the fact
that for |¢| <1, |¢/p| <1, |z] < 1 we have the estimate

/ Sl ol (0 <Z|zv TG

D

Thus, (T').0Xks Xn) = <X;€,Fz oXn) for all k,n € Z . Since the operators I, , and

'}, - are bounded, the Lemma follows. O

Theorem 4.1 and the standard facts about the adjoint operator directly imply
the following

Theorem 4.6. For the adjoint operator I}, , to be bounded in the Hardy space H?(D),
it is necessary that condition (4.1) was met Under this condition, this operator is
1/m-Hankel in H*(D) with matriz (Vg /" )k, jez, with respect to the basis (Xn)n>0,
the standard basis of this space, and the following statements are true.
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(1) Let |u| < 1. Then the operator T}, . is nuclear and

.o
ur, =3 2 :p/ J@Q. (4.5)
n=0 H o m— C

(2) Let |p| > 1. In this case, the operator T}, , is bounded if and only if (v,) € (*(Zy).
Moreover, this operator is nuclear, and its trace is expressed by the formula (4.5).

(3) Let |u| = 1. The operator I'}, , is bounded if and only if there is such a function

1 € L*(T) that v, = ¥(n) for n € Zy. In addition

o~

1T, ol = inf{{ls]| o 9 € L(T), yn = (1) V1 € Zot }.

Corollary 4.7. Let condition (4.1) be satisfied. Operator I, o has a finite rank if and

only if the function T'}, |1 is rational. Moreover, rankl'}, . = deg(z(I'}, ,1)(2))-
The proof is similar to that of Corollary 4.3.

Remark 4.8. For the case when the measure o is concentrated on the segment [0, 1],
operators of the form I, , were considered in [9,10].

4.2. i-HANKEL OPERATORS AS INTEGRAL OPERATORS
ON THE SEMI-AXIS

In this subsection, we consider a certain class of u-Hankel integral operators in the
space L*(R4).
It is known (see, e.g., [15, p. 193]) that the functions

In(t) = _ZLn(t)eit/Zv ne Ly,

where L,, = L2 are Laguerre polynomials, form an orthonormal basis of the space
L?(R,). It is also clear that the functions I,, are bounded on R, . In what follows,
we will assume that || < 1 and put

ku(xvt) = Z ,U'nln(t)m (46)

n€Zy

Since the series 3, ., p"ln(t) absolutely converges for |u| <1 and each t (see, e.g.,
[3], [6, Chapter XI, B]), this definition is correct, the series (4.6) absolutely converges
in the norm of L?(R,dz) for every fixed ¢, and therefore the function k, belongs to
L?(R ) for each variable separately.

For a function a € L?(R,) (which we consider to be independent of u) we put

K, (z,t) = | alx +y)k,(y,t)dy.
/
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Then the integral operator

A, f(z) = [ Ku(z,t)f(t)dt
/

is u-Hankel in L2(Ry). In order to check this, consider the operator

Hf(z) = / oz +y) f(y)dy.

Ry

It is known (see, e.g., [13]), that it is Hankel in L?(Ry). Moreover, from the results
of the work [15] (see also [13, remark after the Theorem 1.8.9]) it follows that it has
Hankel matrix with respect to the basis (I;,)nez, . Indeed, it is shown in [15, p. 200]
that the operator H is unitarily equivalent to H in ¢?(Zy), H = LHL*, where the
operator £ : L2(Ry) — ¢?(Z) is unitary, and the operator H has Hankel matrix with
respect to the standard basis (e,)nez, of the space £2(Z,) [15, (1.1)]. Moreover, it
follows from [15, (2.27)] that LI, = e,. Hence the quantity (Hl,,,l,) = (Hem,en)
depends on m + n only (and does not depend on ).
Further, the integral operator

Unf(x) = [ ku(x,t)f(t)dt
/

has the matrix diag(1, y, 42, ...) with respect to the basis (I;,)nez, of L?*(R.), and
thus this operator is defined correctly and bounded. Moreover, the next lemma holds.

Lemma 4.9. Ifa € L?>(Ry) and |u| < 1, then
A, =HU,,

and this operator is u-Hankel.

Proof. Note that the Cauchy—Schwartz—Bunyakovskii inequality implies that

/ e ) F Ot < e () 21
Ry

for all f € L%(R4). In turn,

ku(y, Mz < 37 el @)l = > 11l (w)].

n€EZy n€Zy

Therefore

neZy

[ bt 050l < 3l @i
Ry
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So, again by the Cauchy—Schwartz—Bunyakovskii inequality, we have

/|ax+y|/|k 0) |dtdy</|ax+y>| > ") | dulF e

neEZy
-y W/ (& + )l (@)ldy fl 2
n€Z+ ]R+
< Sl llate + Yzl e < oo
TLEZ+

This justifies the application of the Fubini theorem in the following calculations:

A f(z) = / / alz + y)k,(y. )dy | F()dt

Ry \R,
- / a(z +y) / Ky (y,0) f(£)dtdy = HU, £ ().
Ry Ry

By virtue of this equality, the matrix elements (A,ln,l,) = p™(Hly,, 1) of the
operator A, have the form p™ay4pn, where apqp = (Hem, en), and thus this operator
is u-Hankel. This completes the proof. O

Theorem 4.10. An operator A, is nuclear in L*(R.) if, in addition to the conditions
of Lemma 4.9, we require that a = Fk|(0,00) for some k € L*°(R), where F denotes
the Fourier transform in a sense of distributions. Moreover, its Hilbert—Schmidt norm
and trace are given by the formulas

1/2
|ALlls, = //|K,L(t,s)|2dtds , trA, = /Kﬂ(t,t)dt.
RyRy Ry
Furthermore, ||A,| < |H].

Proof. Tt follows from [13, Theorem 1.8.8], that the operator H is bounded, and thus
the operator A, is bounded by Lemma 4.9, as well. Since |u| < 1, the nuclearity of this
operator immediately follows from Theorem 2.5. The formula for the Hilbert—Schmidt
norm of such operators is classical (see, e.g., [1, Chapter II, item 32]).

Further,
trA, = Y (Auln,ln) = > p"(HI

nely nely

Zu/ / (t+ 9)ln(y)dy | L. ()dt.

n€ly R, \R,
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Since by the Cauchy—Schwartz—Bunyakovskii inequality

Z/W / (t -+ o)1 (y)dy| 1 (1) dt = Zw”/mz )1 (1)t

nEZ+R+ R neEZy
<D ulIEL 2 ]| 22
neEZy
< D lulMH] < o,
nely

formula (4.7) implies that

trAH:/ > / a(t + )l (y)dy | L, (t)dt. (4.8)

R ne€Zy

In turn, since (again by the Cauchy—Schwartz—Bunyakovskii inequality)

> \MI"/ t+ 9@y < D lul™lalt + )l 11l 2

neZy R4 neZy

< 3 Julllallz < oo,

n€Zy

formula (4.8) implies that

trA, = / / t+y) Y 1l (y)ln(t)dydt

R+R+ TLEZ+
_ / / a(t + y)k, (y, t)dy | di = / Kou(t, t)dt.
Ry \E, Ry

Finally, the last inequality follows from Lemma 4.9 and the obvious equality
Ul = 1. O
Corollary 4.11. Let the operator H be bounded. If the function a has the form

:E E chtleAjt,

j=1 1=0

where ReA; < 0, then the operator A, is finite-dimensional.

Proof. Tt follows from [13, Theorem 1.8.13] that the operator H is finite-dimensional.
To finish the proof it remains to use Lemma 4.9. O
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