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In this paper, an attempt was made to develop the continuum orthotropic
model of tensegrity structures. A basic four-module tensegrity grid built from mod-
ified Quadruplex modules was proposed. A procedure called the energy equivalency
method was adopted. The basis of this approach is the assumption that the finite ele-
ment strain energy of a deformed tensegrity truss system contains the same energy as
its continuum counterpart. Next, the six-parameter shell theory was used and closed
forms for maximum displacements were obtained. Finally, in order to fill the gap in
the existing literature, the continuum model was validated – the displacements were
compared with displacements obtained from a discrete nonlinear model (the finite
element method). The continuum model of tensegrity is a simple tool for analyzing
large beam-like structures, plate-like structures and plate strips. It is important in
case when discrete modeling becomes too tedious for the analysis. Another point is
that many commercial software programs cannot analyze structures characterized by
mechanisms. The finding of this work can also be useful for modeling metamaterials
whose topology is based on the concept of tensegrity.
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1. Introduction

One of the widely investigated applications of tensegrity struc-
tures are double-layer tensegrity grids [1–3]. The rigidity and stability of these
reticulate strut-and-cable systems are conditioned by the existence of self-stress
states. A self-stress state is a self-equilibrium system of internal forces, which
stabilizes existing infinitesimal mechanisms. The specificity of tensegrity grids is
repeatability. The elements are arranged in a regular pattern and organized into
two parallel planes forming upper and lower layers. Due to their similarity to
traditional structural systems, the grids are called tensegrity beam-like or plate-
like structures. These structures can be built from the base tensegrity modules,
such as Quadruplex [4–6].
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Double-layer tensegrity grids can be analyzed using a discrete model, i.e.
the finite element method (FEM), or a continuum model. The first approach
is the most popular [1–6]. However, in the case of large FEM structures, it
requires significant computing power. In addition, popular structural analysis
programs do not allow for the analysis of structures characterized by mecha-
nisms. Hence, equivalent continuum modeling techniques have promising advan-
tages. By reducing the degrees of freedom, the continuum model is a practical
and efficient approach for analyzing large grids. This approach also provides an
easy way to compare characteristics of structures with different configurations
and assesses their response to changes in material and geometric properties.
Moreover, continuum modeling is an effective tool for designing control systems
of tensegrity grids. This is because in such situations only the global behav-
ior of the structure is of interest, and detailed information of each element is
not needed. The number of publications on continuum modeling of repetitive
lattice structures is steadily increasing. The state of research about the equiva-
lent continuum modeling of these structures is presented by Liu et al. [7]. The
authors described advantages and future directions of this approach. Applica-
tions of the continuum model to some beam-like and plate-like tensegrity lat-
tices have been proposed, among others, by Noor and Mikulas [8], Noor [9],
Teughels [10] and Nemeth [11]. In the case of tensegrity trusses, the con-
tinuum model was used in [12–16]. Kebiche et al. [12] presented a procedure
for determining the equivalent continuum properties of systems characterized
by self-stress states. This procedure was based on the energy equivalence be-
tween the discrete model and the continuum model. The equivalent continuum
properties of tensegrity structures were determined after four matrix transfor-
mations based on the approach proposed by Dow et al. [17]. The proposed
approach was validated on three basic types of tensegrity modules. The equiv-
alent rigidities and coupling terms obtained on these modules were presented
and compared with those obtained by the finite element method. Particularly,
the influence of the initial prestress on the equivalent stiffness was investigated.
Yildiz and Lesieutre [13] also used the energy equivalency method to build
continuum beam-like counterparts of tensegrity towers. The obtained equivalent
stiffness properties were validated by nonlinear finite element analyses. More-
over, the continuum model of the tensegrity structures were studied by the
team of Sabouni-Zawadzka [14–16]. In [14, 15], technical coefficients in con-
tinuum models of anisotropic tensegrity modules were described. The contin-
uum models of the modules were obtained by the comparison between strain
energies [12, 13]. In turn, in [16] the authors propose the use of the linear
six-parameter flat shell theory [18–23] to obtain the continuum model of or-
thotropic tensegrity plate-like structures, taking into account self-stress states.
Tensegrity modules, based on the shape of four-strut expanded octahedron mod-
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ules with additional connecting cables, were analyzed. Closed form solutions
for selected tensegrity plate strips and the simply supported rectangular plate
with sinusoidal load were presented. Taking into account the shell theory, the
middle plane was taken as the reference surface. Obara [24, 25] also applied
the linear six-parameter shell theory to the analysis of orthotropic plate-like
tensegrity structures [24] and plate strips [25], but took into account different
support planes of a structure and thus different reference surfaces of the plate
model.

In the literature known to the authors, there is no validation of the global
behavior of beam- and plate-like tensegrity structures modeled using continuum
approach and characterized by the existence of mechanisms. In [12, 13], only the
coefficients of the stiffness matrix were validated. Therefore, this paper develops
the prior research by authors of this paper [24, 25] and checks the applicability of
the continuum approach. To verify the global behavior of tensegrity structures,
the authors provide a comparison of the displacements of the structures modeled
using discrete and continuum approaches.

A basic orthotropic four-module tensegrity grid built from modified Quadru-
plex modules was proposed in this paper. This module can be clustered into
beam-like or plate-like structures. The considerations covered a comprehensive
approach, i.e. qualitative and quantitative assessment. Two models of structures
were taken into account, i.e. the continuum model and the discrete model. The
procedure led to the determination of the impact of initial prestress on the static
behavior of double-layers grids. Firstly, the continuum model was obtained. The
derivation of the equivalent continuum properties of the basic orthotropic mod-
ule was based on the energetic equivalence between the discrete model and the
continuum model. Due to the orthotropic properties of the basic module, it was
possible to apply the six-parameter shell theory proposed previously by the au-
thors [25, 26] and closed forms for the maximum displacements were obtained.
Finally, in order to fill the gap in the existing literature, the continuum model
was validated – the displacements were compared with those obtained using the
discrete nonlinear model (the finite element method).

2. Method of analysis

Double layered tensegrity grids can be modeled with finite truss elements
or, due to their repetitive character, with a two-dimensional continuum model
(for plate-like structures) or a one-dimensional continuum model (for beam-like
structures). In the first approach (a discrete model), the structure is analyzed by
the finite element method, while in the continuum model, it is analyzed using the
solid theory. The solid may generally be described by anisotropic characteristics
or, in special cases, by simpler orthotropic ones. Regardless of the type of an
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adopted model, the qualitative analysis must be carried out. This assessment is
required to determine intrinsic features like infinitesimal mechanisms and self-
equilibrated systems of longitudinal forces (self-stress states). Only the discrete
model can be used to identify the characteristic features of tensegrities.

2.1. Qualitative assessment

The qualitative assessment determines the intrinsic features of tensegrity
structures. Both of them depend only on the compatibility matrix [26, 27]. The
analysis is provided for a n-element spatial lattice system with m degrees of free-
dom described by the nodal displacement vector q (∈ Rm×1). The compatibility
matrix B (∈ Rn×m) is determined using the finite element formalism [28, 29].
Zero eigenvalues of the matrix BBT (∈ Rn×n) are responsible for the existence
of self-stress states, while zero eigenvalues of the matrix BTB (∈ Rm×m) corre-
spond to existence of infinitesimal mechanisms. The self-stress state is considered
as an eigenvector yS related to the zero eigenvalue of the matrix BBT . The self-
equilibrated systems of longitudinal forces S depend on the eigenvector yS and
the initial prestress level (S = ySS).

2.2. Quantitative assessment

The qualitative assessment leads to the determination of the impact of ini-
tial prestress level S on the displacements q of the structure under the static
external load. The consideration contains the determination of the minimum
(Smin) and maximum (Smax) initial prestress level. The lowest level of initial
prestress Smin must ensure the appropriate identification of the element type,
while maximum Smax should not increase the loads above the limits of the load-
bearing elements NRd. Two models of structures were taken into account, i.e.
the continuum model and the discrete model.

2.2.1. Continuum model. The constitutive equation for the linear theory of elas-
ticity is expressed as:

(2.1) σ = Eε,

where: σ (∈ R6×1) – the stress vector, ε (∈ R6×1) – the strain vector and E
(∈ R6×6) – the matrix of elasticity.

The matrix of elasticity contains 36 components, including 21 independent
ones if there is no material symmetry (anisotropic material). The symmetry re-
sults in reduction of the number of elastic moduli [31]. There are exactly eight
different sets of symmetry planes. One of them is the orthogonal symmetry
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(orthotropic material). This material requires 9 elastic constants for a three-
dimensional case. The paper discusses orthotropic tensegrity plate-like struc-
tures based on the Reissner–Mindlin theory (excluding stress σz and strain εz;
σ (∈ R5×1), ε (∈ R5×1)). For this model, the matrix of elasticity E (∈ R5×5)
contains 6 nonzero independent components and Eq. (2.1) can be written as:

(2.2)


σx
σy
σxy
σxz
σyz

 =


d11 d12 0 0 0
d12 d22 0 0 0
0 0 d44 0 0
0 0 0 d55 0
0 0 0 0 d66



εx
εy
εxy
εxz
εyz

 .
The method of obtaining the equivalent continuum characteristics used in the

paper is based on the energy equivalency method. It is assumed that the finite
element strain energy of a deformed tensegrity truss system contains the same
energy as its continuum counterpart. To take an advantage of energy equality,
the nodal displacement vector q = qFEM (∈ Rm×1) must be formulated as a func-
tion of the strains of the equivalent continuum solid model. A repetitive, basic
orthotropic unit must be isolated from the considered beam-like or plate-like
structure. The displacement field of that repetitive unit q3D(x, y, z) = [u, v, w]T

can be expressed using complete third order polynomial representations with
respect to the local origin of the unit:

(2.3)
u(x, y, z) = a1 + a2x+ a3y + a4z + · · ·+ a20xyz,

v(x, y, z) = b1 + b2x+ b3y + b4z + · · ·+ b20xyz,

w(x, y, z) = c1 + c2x+ c3y + c4z + · · ·+ c20xyz.

To calculate 60 coefficients an, bn, cn which appear in (2.3) and express them
in terms of strains describing the continuum body, the polynomials of the dis-
placement must be written as the Taylor series expansion, respectively dif-
ferentiated and evaluated at the origin of the local coordinate system of the
repetitive module. The strain vector consists of 60 coefficients ε (∈ R60×1):
five resultant fundamental strains εx, εy, εxy, εxz, εyz, six rigid body motions
u0, v0, w0, φ1, φ2, φ3, strain εz and forty eight strain gradients εx,x, . . . , εyz,z,
. . . , εx,xx, . . . , εyz,zz. From this point, four matrix transformations must be ap-
plied to determine the elasticity matrix [12].

First transformation – from discrete displacements to continuous strains

The first transformation consists in applying the assumption of energy equiv-
alence of the modeled continuous structure:

(2.4) E3D
s =

1

2
εTEε
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and its counterpart in the discrete model:

(2.5) EFEM
s =

1

2
qTKq,

where K (∈ Rm×m) – the stiffness matrix:

(2.6) K = KL + KG(S)

consisting of a linear part KL:

(2.7)

KL =
n∑
i=1

(Ce)T K̄e
LC

e, K̄e
L = (Te)TKe

LT
e,

Ke
L =

EeAe

Le

[
I0 −I0
−I0 I0

]
, I0=

 1 0 0
0 0 0
0 0 0


and a part including the initial prestress S KG(S), where S = ySS:

(2.8)

KG(S) =
n∑
i=1

(Ce)TKe
G(Se)Ce,

Ke
G(Se) =

Se

Le

[
I −I
−I I

]
, I =

 1 0 0
0 1 0
0 0 1

,
where: n – number of elements (e) in the structure, Ee – Young modulus, Ae –
cross-sectional area, Le – length, Ce – Boolean matrix, Te – transformation
matrix, Se – initial prestress.

A detailed mathematical description of the discrete model can be found
in [27].

After the determination of the coefficients, the polynomial expansions must
be applied to all m degrees of freedom of the finite element model of the basic
module:

(2.9) q = T1ε,

where T1 (∈ Rm×60) – the first transformation matrix.
Substituting (2.9) into (2.5) the strain energy can be written as a function

of the vector ε:

(2.10) EFEM
s =

1

2
εTTT

1 KT1ε.
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Second transformation – elimination of linearly dependent displacements

A truss structure can perform as many linearly independent rigid body modes
and deformation patterns as it has degrees of freedom. For example, an eight-
degree-of freedom planar rectangle has 3 rigid body motions u, v, r 3 strains
εx, εy, εxy and 2 strain gradients εx,y, εy,x (8 linearly independent variables)
shown in Fig. 1. All linearly dependent variables and also rigid body motions
must be eliminated for the next part of the analysis:

(2.11) EFEM
s =

1

2
εTTT

2 T
T
1 KT1T2ε,

where T2 (∈ Rm×i) – the second transformation matrix, i – the number of
independent strains decreased by the number of rigid body motions.

Fig. 1. Linearly independent configurations for an 8-degree of freedom planar structure.

The set of linearly independent coefficients can be determined by calculation
of the rank of the T1 matrix [12] or the application of kinematic constraints [17].

Third transformation – fundamental strains first

In the third transformation, the strain vector ε is decomposed as:

(2.12) ε =

[
α

β

]
,

where α (∈ R5×1) – the resultant fundamental strain; in the considered case
α = [ εx εy εxy εxz εyz ]T , β (∈ R(i−5)×1) – the rest of the coefficients.

The above modification yields:

EFEM
s =

1

2

[
α

β

]T
TT

3 T
T

2 T
T
1 KT1T2T3

[
α

β

]
(2.13)

=
1

2

[
α

β

]T
S

[
α

β

]
,
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where T3 (∈ Rm×i) – the third transformation matrix.
This step can be easily omitted by putting the resultant fundamental strain

α on the first positions of the strain vector ε at the beginning of the analysis.

Fourth transformation – static condensation or omission of higher order strains

In the last transformation, the dimension of the matrix S (∈ Ri×i) is fur-
ther reduced to E (∈R5×5). The matrix S is decomposed into four submatrices:
K11 (∈ R5×5), K12 (∈ R5×(i−5)), K21 (∈ R(i−5)×5) and K22 (∈ R(i−5)×(i−5)), so
(2.13) takes the form:

(2.14) EFEM
s =

1

2

[
α

β

]T [
K11 K12

K21 K22

] [
α

β

]
=

1

2
αTEα.

The fourth transformation can be performed by two methods. The first ap-
proach uses the static condensation technique, which preserves the possible de-
formation patterns coupled with the fundamental strains, and matrix E takes
a form:

(2.15) E = K11 −K12K
T
22K21.

The second, simpler approach, proposed in [14–16], is to omit the rows and
columns associated with the vector β in (2.14), so matrix (2.15) is:

(2.16) E = K11.

2.2.2. Linear six-parameter shell theory. To obtain closed forms for maximum dis-
placements of tensegrity grids, the six-parameter shell theory was used [18–24].
In the considerations, the shell theory is simplified, assuming that plates have
no curvature and due to small translations and rotations of the orthotropic
model, the theory is linear. This kinematic model is formally equivalent to the
Cosserat continuum with six independent degrees of freedom: three translations
and three rotations (with drilling degree of freedom). The application of the lin-
ear six-parameter shell theory to the analysis of plate-like orthotropic tensegrity
structures was proposed, among others, in [16, 25, 26]. A rectangular plate of
a constant thickness h in the Cartesian coordinate system (xyz) is considered
(Fig. 2).

The behavior at any point of the considered reference middle surface Ω =
{(x, y) ∈ Π, z ∈ 〈−h/2;h/2〉} is defined by the generalized displacements q2D

and the corresponding to them internal forces Q2D:

(2.17)
q2D = q(x, y) = [ u v ψ φx φy w ]T ,

Q2D = Q(x, y) = −[ fx fy mz mx my fz ]T .
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Fig. 2. Geometry of 3D plate-like body.

The first three displacements in (2.17) describe the membrane state, and the
last three – the bending state. In general, these states are coupled, but if the
middle surface is the reference plane of the plate model, they are not coupled.
The equilibrium equations for the plate can be written as:

(2.18) Lq(x, y) = Q(x, y),

where:

L = h



L1 L4 0 0 0 0
L4 L2 0 0 0 0

0 0 α2
h2

12L3 0 0 0

0 0 0 h2

12L1 − α0d55
h2

12L4 −α0L5

0 0 0 h2

12L4
h2

12L2−α0d44 −α0L6

0 0 0 α0L5 α0L6 α0L3


,

where:

L1 = d11
∂2

∂x2
+ d66

∂2

∂y2
, L4 = (d12 + d66)

∂2

∂x∂y
,

L2 = d66
∂2

∂x2
+ d22

∂2

∂y2
, L5 = d55

∂

∂x
,

L3 = d55
∂2

∂x2
+ d22

∂2

∂y2
, L6 = d44

∂

∂y
.

The behavior at any point of the considered plate strip or beam with the
width a, is defined by generalized displacements q1D and the corresponding to
them internal forces Q1D:

(2.19)
q1D = q(x) = [u ψ φxw]T ,

Q1D = Q(x) = −a2[fx mz mxfz]
T .
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The equilibrium equations for plate strips or beams can be written as:

(2.20) L̃q(x) = Q(x),

where:

L̃ = ha2


d11

d2

dx2
0 0 0

0 α0
h2

12d55
d2

dx2
0 0

0 0 h2

12d11
d2

dx2
− α0d55 −α0d55

d
dx

0 0 α0d55
d
dx α0d55

d2

dx2

.

By solving the system of differential equations (2.18) and (2.20), the explicit
formulas of displacements and internal forces can be obtained for any load and
support conditions.

In the paper, simply supported plate-like structures loaded with a uniformly
distributed load p were considered and the load function was assumed as fz(xy)
= −16p

π2 sin πx
a sin πy

b . The maximum displacement was assumed as the first ele-
ment of the Fourier series of the deflection function wplate(xy) = w0 sin πx

a sin πy
b .

The following shear coefficients were assumed: α0 = 5/6, α2 = 7/10 [24–26].
Solving Eqs. (2.18), the formula for the maximum deflection of a plate-like

structure was obtained:

(2.21) wplate,max = − 16a2b2

α0h3π6
A

B
p,

where:

A = 144α2
0a

4b4d44d55

+ (12α0a
2b2[a2(d22d55 + d44d66) + b2(d11d44 + d55d66)]h

2π2

+ [b4d11d66 + a4d22d66 − a2b2(d212 − d11d22 + 2d12d66)]h
4π4),

B =
[
12α0a

2b2d44d55(b
4d11 + 2a2b2d22(d12 + 2d66))

+ (a2d44 + b2d55)[b
4d11d66 + a4d22d66

− a2b2(d212 − d11d22 + 2d12d66)]
]
h2π2.

In turn, simply supported beam-like structures loaded with a uniformly dis-
tributed load p were considered and the load function was assumed as fz(x)=−p.
The maximum displacement was assumed as a polynomial function w(x). Solv-
ing Eqs. (2.20), the formula for the maximum deflection of a beam-like structure
was obtained:

(2.22) wbeam,max = −a
2p

h

[
5

32

(
a

h

)2 1

d11
+

1

8

1

α0d55

]
.
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2.2.3. Discrete model. To describe the behavior of double-layered tensegrity
grids, a geometrically nonlinear model with large gradients of displacements but
small strain gradients was adopted. Due to the specificity of tensegrity structures,
the condition of initial prestress related to the introduction of the self-stress state
was additionally taken into account. The total Lagrangian approach was adopted
(Lagrange stationary description). The incremental static equilibrium equation
of the structure takes the following form:

(2.23) KT (q)∆q = ∆P + R,

where: ∆q (∈ Rm×1) – the vector of displacement increments, ∆P (∈ Rm×1) –
the vector of nodal forces increments, R (∈ Rm×1) – the residual force vector,
KT (q) (∈ Rm×m) – the tangent stiffness matrix of structure:

(2.24) KT (q) = [KL + KG(S)+KNL(q)],

where KNL(q) (∈ Rm×m) – the nonlinear displacement stiffness matrix.
The residual force vector R (∈ Rm×1) in (2.23) results from the aggregation.

In equilibrium it is equal zero (R = 0), while in the iteration process, the norm
‖R‖ is the “distance” from the equilibrium state. The iterative process converges
if ‖R‖ → 0.

To solve the system of non-linear equations (2.23), numerical iterative or
incremental-iterative techniques [29, 30, 32, 33] should be used. In this paper,
the Newton–Raphson method [33] was applied.

3. Numerical applications

In the paper, the validation of proposed orthogonal continuum model was
considered. To verify the procedure, a non-tensegrity plate-like structure was
considered firstly. Next, the basic orthotropic tensegrity module was introduced.
It was made of four modified Quadruplex modules clustered in the way that
provides orthotropic properties of the structure. Due to the fact that the upper
surface of the modified module is inscribed into the lower one, it was possible
to easily combine individual units into multi-module structures. Then, beam-
like and plate-like tensegrity structures built from the basic orthotropic module
were considered. Particularly, the influence of the initial prestress S on stiffness
and displacements was analyzed. In the analysis, it is necessary to specify the
minimum and maximum prestress levels. The lowest level of initial prestress
Smin must ensure the appropriate identification of the element type (cables or
struts), while maximum Smax should not increase the loads above the limits
of the load-bearing elements.
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In continuum modeling, two different procedures should be distinguished: for
structures without mechanisms and for structures with mechanisms. For the first
case (no mechanisms), the matrix E was obtained according to (2.16) (without
static condensation) and the first order theory was applied. In turn, for structures
with mechanisms, the matrix E should be determined accordingly to (2.15) (a full
procedure) and the second order theory should be adopted.

In discrete modeling (FEM), three theories were used [27]. For structure
without mechanisms, a linear setting (the first order theory) was applied, while
for structures with mechanisms, the quasi linear (the second order theory) and
nonlinear approach (the third order theory) were assumed. The calculations were
made using a program written in the Mathematica environment.

3.1. Non-tensegrity structure

In order to verify the correctness of the applied procedure, a simply supported
plate-like structure was considered. The structure is built from sixty-four repeat-
able cubic units with the dimension a (Fig. 3). The repeatable unit (Fig. 3a) and
thus the entire structure have orthotropic properties. The analyzed plate-like
structure is not a tensegrity due to the lack of mechanisms and self-stress states
yS = 0. For such a structure, the stiffness matrix (2.6) consists only of the linear

Fig. 3. Non-tensegrity structure: a) repeatable module – view 3D, b) repeatable module –
top view, c) plate-like structure – view 3D, d) plate-like structure – top view.
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part K = KL. It is assumed that all elements are made of steel with Young’s
modulus E and of a profile with the cross sectional area A. The equivalent stiff-
ness properties were obtained by omitting the terms related to strain gradients
(2.16) and are as follows:

(3.1) E =
EA

a


6.83 1.41 0 0 0

6.83 0 0 0
6.83 0 0

5.65 0
sym. 5.65

.
The discrete model consists of nine hundred and thirteen elements (n = 913), one
hundred and sixty-two nodes (w = 162) and three hundred and ninety degrees
of freedom (m = 390). The structure is simply supported on four edges. Due to
the lack of mechanisms, the first order theory was applied.

Table 1. Comparison of the maximum displacement for the non-tensegrity plate-like
structure.

No. of point
(Fig. 3d)

Displacement [a/EA] Error
[%]discrete model continuum model

1 34 440 32 261.2 6.71
2 103 530 110 147 −6.29
3 168 000 188 032 −11.88
4 193 410 220 293 −13.90

The displacements of structures were calculated taking into account a uni-
formly distributed load p = −5 kN/m2 applied on the upper surface of the struc-
ture. The comparison of the displacements obtained according to the discrete
model and the continuum model is shown in Table 1. Comparing the numerical
results, it can be seen that the method gives the results with sufficient accuracy.
The biggest relative error was obtained for the maximum displacement (point 4
– Fig. 3d). In turn, comparing the shape of the deformed structure (Fig. 4),
it can be observed that the assumed Fourier series as the deflection function
w(xy) = w0 sin πx

a sin πy
b does not describe the structure accurately.

Fig. 4. Shape of the deformed structure: a) discrete model, b) continuum model.
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3.2. Basic orthotropic four-module tensegrity grid

The main aim of the paper was to use the continuum orthotropic model
to build tensegrity grids. An unsupported basic module built from modified
Quadruplex modules was proposed. The single modified Quadruplex module con-
sists of 4 struts, 12 cables and has dimensions allowing it to fit into a unit cube,
i.e. a= 1. Four single modules (Fig. 5) are joined axisymmetrically to achieve or-
thotropic properties. The analyzed basic module is a tensegrity structure charac-
terized by 7 mechanism (6 finite and one infinitesimal) and 4 self-stress states. In
the quantitative analysis, the self-stress state yS for the single modified Quadru-
plex module [27] was taken into account. A self-equilibrated system of normal
forces S in a function of the initial prestress S was specified (S = ySS). It is
assumed that all elements are made of steel with Young’s modulus E and of
a profile with cross sectional area respectively Ac for cables and As for struts.
The equivalent stiffness properties were obtained firstly by omitting the terms
related to strain gradients (2.16) and secondly by static condensation (2.15). In
the first, a simplified approach, it was possible to obtain closed forms of the
equivalent stiffness properties:

(3.2)

d11 = d22 = (9.10EAc + 2.52EAz)/a,

d12 = (2.83EAc + 1.19EAz)/a,

d44 = (11.31EAc + 4.74EAz)/a,

d55 = d66 = (4.29EAc + 11.85EAz)/a.

Fig. 5. Base orthotropic model: a) view 3D, b) top view, c) self-stress forces, d) shape of the
mechanism.
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Analyzing the formulas (3.2), it can be observed that the coefficients of matrix E
do not depend on the level of initial prestress S. In the second approach (a full
procedure), it was impossible to obtain results in closed forms and only numerical
values can be obtained.

It is assumed that the cables (marked in red, magenta, orange, green or blue
lines respectively to the self-stress force) are made of steel S460N. The type A
cables with Young’s modulus E = 210GPa [33] are used. The struts (marked
in black lines) are made of hot-finished circular hollow section (steel S355J2)
with Young’s modulus E = 210GPa. The density of steel is ρ = 7860 kg/m3. As
cables, rods with diameter ϕ = 20mm and the cross sectional area Ac = 3.14 cm2

are assumed, whereas as struts – pipes with diameter ϕ = 76.1mm, thickness
t = 2.9mm and the cross sectional area Az = 6.88 cm2. The maximum prestress
level is assumed as Smax = 60 kN (the maximum effort of the structure is equal
0.83). For such data, the equivalent stiffness properties obtained without static
condensation (3.2) are equal:

(3.3)
d11 = d22 = 964019 kN/m, d12 = 357836 kN/m,

d44 = 1431350 kN/m, d55 = d66 = 1995600 kN/m,

while those obtained with using static condensation (a full procedure) are showed
in Fig. 6.

Fig. 6. Influence of the initial prestress S on the equivalent stiffness properties obtained
using full procedure: a) all coefficients, b) coefficients depending on the initial prestress S

(dotted lines – trend lines).

Four out of six equivalent stiffness properties, i.e. d11, d12, d22 and d44, ob-
tained using the full procedure, practically do not depend on the level of the
initial prestress S (Fig. 6a). For example, the coefficient d11 equal respectively



264 P. Obara, J. Tomasik

d11 = 73201.1 kN for S = 0 and d11 = 73228.8 kN for Smax – the difference
is 0.04%. The average values of these coefficients are:

(3.4)
d11 = 73211.5 kN/m, d12 = 14390.9 kN/m,

d22 = 51377.7 kN/m, d44 = 176924.9 kN/m.

Only two of them, i.e. d55 and d66, depend on the level of initial prestress S.
It is due to the shape of the mechanism, similarly like in [12, 13]. The coefficient
d55 equal respectively d55 = 0 kN for S = 0 and d11 = 12306.1 kN for Smax,
whereas d66 varies from to 67408.7 kN. The obtained numerical results allowed
determining trend lines (Fig. 6b):

(3.5)
d55 = 206.82S + 108.8 [kN/m],

d66 = 0.3114S3 − 45.629S2 + 2739.7S + 330.56 [kN/m]

with coefficients of determination R2 = 0.9992 for d55 and R2 = 0.9997 for d66,
respectively.

3.3. Tensegrity structures

The obtained basic orthotropic module was used to build a simply supported
tensegrity beam-like (Fig. 7) and a plate-like structure (Fig. 8). The first struc-
ture is built from 4 basic modules, whereas the second one – from 16 basic mod-
ules. Both structures are characterized by one mechanism. For such structures,
the second order theory was assumed and the stiffness matrix (2.6) is used.
For comparison, a matrix E was obtained according to (2.16) (without static
condensation) and according to (2.13) (a full procedure). The discrete model
of beam-like structure consists of two hundred and twelve elements (n = 212),
sixty nine nodes (w = 69) and one hundred and fifty-nine degrees of freedom
(m = 159). The structure is simply supported on two shorter edges. In turn, the

Fig. 7. Beam-like structure: a) view 3D, b) top view.
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Fig. 8. Plate-like structure: a) view 3D, b) top view.

plate-like structure consists of eight hundred elements (n = 800), two hundred
and twenty five nodes (w = 225) and five hundred and seventy-nine degrees of
freedom (m = 579). The structure is simply supported on four edges. In both
cases, the second order theory and the third order theory were applied. Both
structures were loaded with a uniformly distributed load p = −1.5 kN/m2 ap-
plied on the upper surface of the structure.

The comparison of the results obtained for the beam-like structure from con-
tinuum modeling and discrete modeling is presented in Fig. 9a, while for the

Fig. 9. Comparison of the maximum displacement for the: a) beam-like structure,
b) plate-like structure.
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plate-like structure – in Fig. 9b. Since the continuum model was derived from
the matrices of the quasi-linear theory (the second order theory), the results
should be compared with the respective discrete model (a red continuous line).
Continuum modeling without static condensation (a blue line) gives inappropri-
ate results because of the fact that equivalent continuum stiffness coefficients
do not depend on the level of the prestress level. The static condensation uti-
lized in this paper provides more accurate results and gives a better approx-
imation (a green line). For plate-like structures, the deflection function is not
exact (as shown in the example of the non-tensegrity structure), but for the
beam-like structure, using a polynomial function as a deflection function gives
a better fit.

The differences between the discrete and proposed continuum model were
caused by the use of the second order theory. This approach does not take into
account stiffening of the structure under the influence of an external load. Fur-
ther considerations should also take into account nonlinearity (the third order
theory, marked with a red dashed line), that gives an exact result for tensegrity
structures. The inaccuracy of results can also be caused by the application of
conventional shear coefficient factors. Their values should be verified.

4. Conclusions

The article fills the gap in the existing literature and is the first attempt to
validate the global behavior of beam- and plate-like tensegrity structures mod-
eled using the continuum approach and characterized by the existence of mecha-
nisms. The full analysis is a two-step process. The first step involves developing
a continuum model and the second is validating the model. Unlike conventional
truss systems, in the case of tensegrity structures, the proposed approach must
take into account the level of the prestress level. This work took into account the
effective properties of a single repeating unit (i.e. a tensegrity module). These
units were used to build the tensegrity beam- or plate-like structures.

For the development of the continuum model, a procedure called the energy
equivalence method was adopted. The basis of this approach is the assumption
that the finite element strain energy of a deformed tensegrity truss system con-
tains the same energy as its continuum counterpart. To take advantage of the
equality of energy, the nodal displacements of the discrete model must be repre-
sented in terms of the strains of the continuum. A single repeating orthotropic
unit was isolated from the whole structure. It was assumed that the displacement
field of this unit was described by the third-order polynomials and expanded into
the Taylor series. The above procedure led to the determination of the transfor-
mation matrix which enables obtaining the effective stiffness properties of the
continuum model. The application of the second order theory allowed obtain-
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ing explicit formulas of the stiffness matrix for the repeating orthotropic unit.
The quasi-linear approach was a simplification, but it was sufficient to verify
the applicability of continuum modeling and assesses the possibility of its future
development.

The second step was to validate the obtained continuum model. This process
completed the analysis and is vital for the practical application. The validation
consisted in comparing the displacements obtained for the continuous and dis-
crete models. The numerical analysis was provided by the calculation procedure
written in the Mathematica environment.

The presented results were the first attempt to verify continuum modeling
of tensegrity beam- and plate-like structures characterized by mechanisms. The
previous research validated only the coefficients of the stiffness matrix of the
continuum model, not the global behavior of tensegrity structures. The obtained
results gave satisfying accuracy, but they can be further improved. To fully ex-
plore the potential of continuum modeling, more examples need to be provided
to draw a more general conclusion. As shown in the example of a non-tensegrity
structure, the deformed shape of a structure modeled discretely was different
than of a structure modeled as continuum. For plate-like structures, a better fit
of the shape function could be achieved with a polynomial function instead of
a Fourier series. When deriving a continuum model, the third order theory stiff-
ness matrix should be introduced. In the work, only second order theory matrices
were taken into account for the continuum modeling. This is not a sufficient ap-
proach and was used due to its simplicity in order to validate the applicability of
the proposed continuum model. Another aspect that may affect the results is the
need to verify the application of conventional shear factors in the six-parameter
theory. As the behavior of tensegrities is significantly affected by the existence
of the self-stress state, the coefficient should probably vary with the change of
the prestress level.
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