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Abstract. The three-dimensional magnetohydrodynamic (MHD) boundary layer flow of 

a Casson fluid over a stretching surface set into a porous medium with variable thermal 

conductivity and heat generation/absorption has been researched. Conservation laws of 

mass, momentum and energy are changed into ordinary differential equations, which are 

numerically dealt with by applying the fourth order Runge-Kutta integration scheme in  

relationship with shooting procedure. The dimensionless velocity, temperature, skin friction 

coefficient and the local Nusselt number inside the boundary layer are processed and  

examined through tables and illustrations for various physical parameters. The numerical 

outcomes obtained for the specific case are sensible in great concurrence with the existing 

results. Results indicate that momentum boundary layer reduces for the Hartman number 

and Casson fluid parameter. Temperature is found as an enlightened function for the heat 

generation and thermal conductivity parameter.  
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1. Introduction  

It is a verifiable truth that the Casson fluid model is a decent contender to inves-

tigate their properties of non-Newtonian fluids, a large number of research papers 

are identified in literature survey, that corresponds with improving the thermal 

conductivity of the Casson fluid (Haldar et al. [1], Sivaraj et al. [2], Hamid et al. [3], 

Gireesha et al. [4], Satya Narayana et al. [5], Eid and Mahny [6], Indumathi et al. [7], 

Tarakaramu et al. [8], Abdul Hakeem et al. [9], and Eid and Mahny [10]). Many  
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researchers find variable thermal conductivity under different flow geometries.  

In the literature, variable thermal conductivity towards various geometries is widely 

available. For instance, Sarojamma et al. [11], Kezzar et al. [12], Nawaz et al. [13], 

Salahuddin et al. [14], Pinarbasia et al. [15], Sekhar et al. [16] and Vaidya et al. [17] 

are a few of the recent research. 
The 3-D flow of non-Newtonian fluids via the stretching surface also has  

the majority of applications in civil engineering, solar energy and peristalsis blood 

flow through the valves. In a suspension of graphene nanoparticles, Durgaprasad  

et al. [18] studied the combined effects of Brownian motion and thermophoresis 

parameters on Casson’s three-dimensional nanofluid flow across porous layers 

slendering sheets. Raju et al. [19] investigated the flow of heat and mass transfer  

in Williamson-Casson 3-D fluids over a stretching surface with non-uniform heat 

sink/source. Prashu [20] found numerical treatment of unstable, three-dimensional 

hydromagnetic flow with Hall and radiation effects of a Casson fluid. Muhammad 

et al. [21] addressed Casson nanofluid’s three-dimensional flow over a stretched 

surface with chemical reactions, velocity fall, thermal radiation and Brownian  

motion. Similarly, with the effect of heat generation/consumption and thermal  

radiation, Saeed et al. [22] addressed the three-dimensional Casson nanofluid  

thin film flow over an inclined rotational disk. Prasad et al. [23] carried out a study 

on the three-dimensional slip flow of a chemically reacting Casson fluid flowing 

over a porous slender sheet with a non-uniform heat source or sink. 

A close observation toward this path reveals that so far no one has considered 

building a mathematical model for MHD three-dimensional flow of Casson fluid 

with variable thermal conductivity over a stretching surface. Remembering this  

an investigation has been done with the said problem. Results are plotted and dis- 

played. The important observations of investigation are recorded in the conclusions. 

2. Mathematical formulation  

Consider the existence of variable thermal conductivity to a steady, three-dimen- 

sional boundary layer flow of an incompressible Casson fluid. The fluid conducts 

electrically under the influence of a constant applied magnetic field. Constants are 

considered for physical properties of the substance. Effects of an induced magnetic 

field and viscous dissipation are neglected. We denote T the temperature and T∞ the 

ambient temperature, respectively. The physical configuration is given in Figure 1. 

The resulting boundary layer equations are (Eid and Mahny [11], Sarojamma et al. 

[12] and Durgaprasad et al. [18]) 
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Fig. 1. Physical configuration 
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Where u, v and w the x, y and z components of velocity, 
2 p

B

yp


   is the Casson 

fluid parameter, * – the electrical conductivity, K – the permeability parameter, 

pC  – the specific heat,   is the thermal diffusivity of the fluid, B


  – the kine- 

matic viscosity, B  – the plastic dynamic viscosity of Casson fluid,   – the den-

sity of fluid and Q  is the volumetric heat generation/absorption coefficient. 

The corresponding boundary conditions are: 
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where the fluid temperature of the wall is wT . Employing the transformations 

(Shehzad et al. [24]) 
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One obtains 

 2 21 1
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where Eq. (1) is satisfied automatically, 
* 2
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


  – the Prandtl 

number and 
p

Q
B

aC
  is the heat generation/absorption coefficient and prime  

depicts differentiation with respect to  . 

If fxC  and fyC  are the skin-friction coefficients and uxN  is the local Nusselt 

number, then we have 
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where w  and wq  are the wall shear stress and the wall heat flux, respectively.  

The above equation in its dimensionless form can be written as 
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where the definition of the Reynolds number is Re wx
x

u



. 

3. Numerical solution 

The system of coupled nonlinear coupled differential equations (6) and (7), along 

with the boundary conditions (8) and (9), is solved numerically using the fourth-order 
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Runge-Kutta method with a shooting technique (Satya Narayana et al. [6], Eid et al. 

[25]). The system of equations (6)-(9) is reduced with this approach to a system of 

first order initial value issues. This boundary value problem is solved using the above 

approaches as initial value issues. The above-mentioned Runge-Kutta method with 

a shooting technique is used to get the unknowns ''(0)f , ''(0)g  and '(0)  up to  

the boundary conditions ' 0f  , ' 0g  , 0  as   satisfied. The phase size 

0.001   is used to achieve the numerical solution with gmax, and accuracy to 

the fifth decimal place is used as the criterion of convergence. 

4. Results and discussion 

In the present section, we have discussed the velocity profiles, temperature pro-

file, skin friction coefficient and Nusselt number for various physical parameters 

such as Casson parameter  , Hartmann number M , porosity parameter  , thermal 

conductivity parameter   and ratio parameter  .  

 

 

Fig. 2. Influence of M  on '( )f   and '( )g   when   = 1.5,   = 2.0 and   = 0.5 

Figures 2 and 3 are displayed to investigate the impacts of Hartman number M  

and Casson parameter   on the velocities and '( )g  . Here, it is observed that  

an expansion in the Hartman number decreases the fluid velocities and their related 

momentum boundary layer thickness. Physically, M  creates a stronger Lorentz 

force on the fluid in the specified domain, which lessen the movement of the fluid. 

Subsequently, in Figure 3,  'f   and '( )g   and the boundary layer thickness  

diminishes for higher estimations of  . In addition, it is noted that the Casson  

parameter has no effect when the fluid is moving outside the solid boundaries.  
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Fig. 3. Influence of   on '( )f   and '( )g   when M  = 0.6,   = 2.0 and   = 0.5 

Figure 4 delineates how the ratio parameter   and porosity parameter   influ-

ence the temperature profile. With the amplified estimation of the temperature, 

 '   decreases. In this progression, the impacts of heat generation/absorption  

parameter B  and thermal conductivity parameter   on the temperature profile  

is shown in Figure 5 respectively. This depicts that, and   has similar effects on  

the temperature. Growing porosity often widens the thermal boundary layer. 

At the point when heat generation parameter B  becomes greater than before, 

more heat is delivered in the fluid that results in sa higher temperature and higher 

thermal boundary layer thickness. Likewise, it is seen that the impact of    

improves the temperature profile, essentially. 
 

 
Fig. 4. Influence of   and   on ( )   when M  = 0.6,   = 1.5, Pr  = 0.9, B  = 0.4 and   = 0.7 
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Fig. 5. Influence of B  and   on ( )   when M  = 0.6,   = 2.0,   = 1.5, Pr  = 0.9,   = 0 

 

Fig. 6. Influence of M  and   on 
1
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

 
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 
 when Pr  = 0.9, B  = 0.4,   = 2.0,   = 0.7  

and   = 0.5 

Figures 6 and 7 are drawn up to see the results of the Hartman number on the skin- 

friction coefficients 
1

1 ''(0)f
 
 

 
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1
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. A comparison of Figures 6 and 7 

shows that the skin-friction coefficient 
1

1 ''(0)f
 
 

 
 at the wall are greater than 

the skin-friction coefficient 
1

1 ''(0)g
 
 

 
.  
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Fig. 7. Influence of M  and   on 
1

1 (0)g


 
 

 
 when Pr  = 0.9, B  = 0.4,   = 2.0,   = 0.7  

and   = 0.5 

 

Fig. 8. Influence of M  and   on (0)   when Pr  = 0.9, B  = 0.4,   = 2.0,   = 0.7  

and   = 0.5 

The local Nusselt number is introduced in Figures 8-10 under the impacts of 

distinct physical parameters. Figure 8 displays the combined effects of Hartman 

number along with the Casson parameter. One can observe that the increment of 

Hartman number and the Casson parameter result to decrease the local Nusselt 

number. An expansion in heat generation/absorption parameter prompts an incre-

ment in the local Nusselt number which we see from Figure 9. 



Three dimensional MHD Casson fluid flow over a stretching surface with variable thermal conductivity 33

 

Fig. 9. Influence of B  and   on (0)   when Pr  = 0.9, M  = 0.6,   = 2.0,   = 0.7  

and   = 1.5 

 Figure 10 demonstrates the varieties in the local Nusselt number '(0)  for 

various estimations of   vs  . For   with  , the local Nusselt number acts as  

an increasing function.  

 Table 1 shows that the awesome correlation with the earlier work has been 

identified by Shezhad [24] for ''(0)f , ''(0)g  and '(0)  in the absence of both  

the Casson fluid parameter  , porosity parameter   and thermal conductivity  

parameter  . It is found to be in good agreement, which is shown in Table 1.  

 

 

Fig. 10. Influence of   and   on (0)   when Pr  = 0.9, M  = 0.6, B  = 0.3,   = 0.7  

and   = 1.5 
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Table 1. Comparison of results for the local skin friction coefficient (0)f   and (0)g  

for different value of   when   →  ,   →  , and M  = 0 

Α 
Shehzed [24] Present results 

(0)f   (0)g  (0)f   (0)g  

0.0 1 0 1 0 

0.25 1.04881 0.19457 1.048810976 0.194563936 

0.50 1.09309 0.46522 1.093093692 0.465208195 

0.75 1.13450 0.79462 1.134484180 0.794620731 

1.0 1.17372 1.17372 1.173721027 1.173721027 

 

Table 2 is computed to analyze the numerical values of ''(0)f , ''(0)g  and '(0)  

for the involved parameters. Here we have seen that the skin friction coefficient  

increases for Hartman number M  and ratio parameter   and decreasing with other 

parameters while the Nusselt number increases for ratio parameter  , heat genera- 

tion parameter B and porosity parameter  , and reduce for all other parameters. 

Table 2. Values of skin friction and Nusselt number for various values of governing parameters 

Parameter Values 
1

1 (0)f


 
  

 
 

1
1 (0)g


 

  
 

 (0)   

M  
0.4 1.86292359 0.85396893 0.66917935 

0.8 2.03276180 0.94577244 0.66071787 

  
0.4 1.93429467 0.70161804 0.65256802 

0.7 1.97977661 1.32582151 0.68860669 

  
0.5 2.61797124 1.21022345 0.69238328 

1.0 2.13594816 0.98714161 0.67371713 

  
0.5 1.94962042 0.90099289 0.70616291 

1.0 1.94962042 0.90099289 0.61843015 

B  
0.3 1.94962042 0.90099289 0.66479190 

0.6 1.94962042 0.90099289 0.82249665 

  
1.6 2.00197472 0.92922411 0.66221130 

2.0 1.97305432 0.91364376 0.66363042 

Note: While studying the individual parameters the following values are assumed M  = 0.6,   = 0.5, 

B  = 0.3,   = 0.7,   = 1.5,   = 2.0 

5. Conclusion  

The main results of present study can be summarized as follows: 

 Hartman number M  and Casson fluid parameter reduce the velocities  'f   

and '( )g  . 
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 Heat generation parameter B and thermal conductivity parameter   increase  

the temperature profile. On the other hand, temperature profile is reduced by  

the ratio parameter   and porosity parameter  . 

 The magnitude of the skin friction coefficients in both directions increases with 

an increase in both the Hartmann number M  and ratio parameter  , respectively 

and shows an opposite effect for Casson parameter   and porosity parameter  . 

 The rate of heat transfer was found to be higher for ratio parameter  , heat  

generation parameter B and porosity parameter  . 
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