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Research on the In  uence of the Approximated Principal 
Distance on the Accuracy of Orthophotoplans Out 

of Historic Polychrome (on Flat and Quasi-Flat Surface)**

1. Introduction

Photographs used in photogrammetry must be taken with cameras with  xed 
and stable interior orientation elements (IO elements). To reconstruct a bundle of 
rays the exact principal distance the moment of taking the picture needs to be known. 
This requirement is ful  lled by every close-range and aerial photogrammetric cam-
era. However nowadays in close-range photogrammetry professional photogram-
metric cameras are used quite rarely. Far more popular are digital SLR cameras. 
The stability of the IO elements is ensured by turning o   the autofocus mode and the 
mechanical blocking of the lens. It sets limitations for users because after releasing 
the blocking and changing focus the same IO elements cannot be retrieved, and thus 
the calibration made for this position of lens loses its value entirely.

In this paper the issue of making orthophotoplans of heritage objects is dis-
cussed. Materials made for conservators and public display require the highest pos-
sible visual quality and thus geometrical accuracy is not a priority. For a survey the 
professional photographic equipment is being used, mostly full-frame cameras with 
prime lenses. The character of objects requires a high resolution of resultant materi-
als with object pixels size 1–0.3 mm.

While working on a site one can come across numerous problems, such as: in-
stability of ground, a very short time one can spend working, impossibility to assure 
an equal distance from objects while taking the pictures. This may lead to focus 
(sharpness) loss on some frames. There is a possibility of taking pictures separately 
focused in the technology of on-the-job calibration [6, 11]. However this technolo-
gy needs a number of points stabilized on the object and signi  cant depth of  eld 
of view, both of which are impossible to achieve on a  at, valuable surface of an 
historic object. Due to the fact that the highest possible sharpness, provided by the 
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variability of principal distance, and the stability of IO elements are conditions which 
mutually exclude themselves, the question arises: what errors on orthophotoplans 
one can expect while using approximated IO elements for the series of photographs?

2. Variability of Interior Orientation Elements

Camera calibration is a process in which all IO elements are obtained. It means: 
principal point, principal distance, radial and decentering distortion. Camera cali-
bration has been already greatly covered by many researches and publications [3, 4, 
6, 7, 8, 11, 14]. Stability of IO elements [12], principal point shift [5, 13], variability of 
distortion with changing zoom [10] and variability of distortion with changing focus 
[4, 9] have been widely discussed.

Theoretical variability of radial distortion due to a change of focus was present-
ed by D.C. Brown in 1971 [4]. He states that having two calibrations for separate ob-
ject distances, distortion function for any other can be obtained. Distortion function 
is de  ned by formula:

 3 5 7
1 2 1r K r K r K r  (1)

where:
r – radial shift caused by radial distortion,

 K1, K2, K3, ... – radial distortion coe   cients,
 r – radial distance.

In the case where one of the distortion functions corresponds to focus at in  nity 
variability of distortion can be presented by formulas:

 1
s

s f
s f

 (2)

 1 1s s s s sr r r  (3)

where:
s – variability of radial distortion coe   cient,

 f – focal length,
 s1, s – distance of object plane,
 rs – distortion function for focus on an object plane at distance s,
 rs1 – distortion function for focus on an object plane at distance s1,
 r  – distortion function for in  nity focus.

Variability of decentering distortion due to change of focus was explained by 
J.G. Fryer and D.C. Brown [9].
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Shift of image point coordinates was de  ned by two equations:

 2 2
1 21 2 2s

fx P r x P xy
s

 (4)

 2 2
2 11 2 2s
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s

 (5)

where:
 P1, P2 – decentering distortion coe   cients for focus at in  nity,
 f – focal length,
 s – distance of object plane,
 x, y – image coordinates,
 xs, ys – shift of image coordinates due to decentering distortion for focus 

on object plane at distance s.

For the purpose of this article formulas for shift of image coordinates due to 
decentering distortion for focus on the object plane at a distance s and s were writ-
ten and then subtracted, and as the result the formulas (6) and (7) for variability of 
distortion was obtained:

 2 2
1 22 2s s

f fx x P r x P xy
s s

 (6)

 2 2
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s s

 (7)

S.S. Al-Ajlouni and C. S. Fraser [1] stated, that variability of distortion diminishes 
signi  cantly beyond focused distances of around 15 times the nominal focal length. 
Distortion variability due to distance di  erence in one frame – di  erent than focus 
plane distance – has to be taken into account. But as Brauer-Burchardt et al. [2] stated, 
it is signi  cant only if focus distance is 30 times or less of the nominal focal length.

Shift of principal point concerns mostly zoom type lenses. It occurs due to 
changes of position of the optical lens axis [5]. In the case of prime lenses the princi-
pal point shift is linear and proportional to change in the principal distance.

3. In  uence of Approximated Principal Distance 
on Orthorecti  cation

In this article, the errors that occur due to the use of the approximated principal 
distance in the creation of orthophotoplans, are discussed. The approximated princi-
pal distance is used in both procedures: exterior orientation elements determination 
and generation of orthoimages. The formula describing the shift in coordinates was 
derived on the basis of geometry.
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An assumption was made that for a sample of points bundle of rays will be ad-
justed correctly regardless of the adopted principal distance and as a consequence 
the false exterior orientation elements will be calculated. Using those elements to 
create orthoimages, errors will occur only when points will deviate from plane to 
which a bundle of rays was adjusted. Such a situation is shown in  gure 1.

Adopted designations:
 D – real distance from object plane,
 ck – real principal distance,
 kc  – approximated principal distance,
 r – maximum radial distance in the picture,
 dD – maximum deviation from plane,
 dR – shift of point in orthoimage due to approximated ck,
 D’ – distance from object plane, calculated while using the approximated ck,
 mz – image scale denominator,
 R – radial distance on object.

 adjustment 
plane

orthophotoplan

Fig. 1. An adjustment of a bundle of rays using correct and incorrect principal distance 
together with reconstruction of rays during the process of orthorecti  cation
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Regardless of which principal distance will be used in calculating exterior ori-
entation elements, image scale will remain constant. Due to that, the real distance D  
can be derived from equation:

       z k
k k k

D D Dm D c
c c c

 (8)

Then using similar triangles, R can be derived from equation:

       
k k

r D dDr R R
c D dD c

 (9)

Applying further simple geometric principles, formula (10) describing radial 
shift of points in resultant orthoimage is obtained:
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4. Established Conditions of Analytical Research
Heritage documentation deals with numbers of di  erent objects. Depending 

on physical properties adequate type of documentation is being made. Orthophoto-
plans are made only for  at and quasi  at surfaces, like polychrome and stone walls.

The error analysis was performed on how adopting the same interior orienta-
tion elements for series of images taken in the autofocus mode will in  uence the 
resultant orthophotoplans.

Few assumptions based on typical conditions were made. Three lenses were 
analyzed, wide angle – 20 mm, normal – 50 mm and long focus – 150 mm for full 
frame camera – 24 × 36 mm with pixel size 6 m. Two types of surfaces were taken 
into account, one – polychrome on a wall with deviations from plane ±50 mm within 
a frame, second – stone wall with deviations from plane ±150 mm within a frame. 
Output pixel size in typical heritage orthophotoplans is 1 mm, but since some ob-
jects have small details, pixels can reach up to 0.3 mm. The scale of adjoining photo-
graphs should not vary by more than ±10%.
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Errors on orthophotoplans are caused not only by the use of the approximated 
IO elements but also by type of digital surface models and others. Therefore, it was 
decided that the error caused by variability of principal distance should not exceed 
0.25 pix.

In summary:
 – lenses (f): 20 mm, 50 mm, 150 mm,
 – full-frame: 24 × 36 mm with pixel size 6 m,
 – deviations from plane: ±50 mm, ±150 mm,
 – object pixels: 0.3, 1 mm
 – scale variability ( s): ±10%,
 – maximum error: 0.25 pix.

5. Analysis and Results

On the basis of the lens equation (11) and established parameters (section 4), the 
distances from object planes and principal distances were calculated (Tab. 1). Those 
values were used throughout the analysis:

 1 1 1

kf D c
 (11)

where:
 f – focal length,
 D – real distance from object plane,
 ck – real principal distance.

Table 1. Summary of distances from the object plane and principal distances 
with given parameters

Focal 
length

Real object 
distance Object pixel 1 mm Object pixel 0.3 mm

Real principal 
distance minimum average maximum minimum average maximum

20 mm
D [m] 3.000 3.333 3.667 0.900 1.000 1.100

ck [mm] 20.134 20.121 20.110 20.455 20.408 20.370

50 mm
D [m] 7.500 8.333 9.167 2.250 2.500 2.750

ck [mm] 50.336 50.302 50.274 51.136 51.020 50.926

150 mm
D [m] 22.500 25.000 27.500 6.750 7.500 8.250

ck [mm] 151.007 150.905 150.823 153.409 153.061 152.778
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According to previously shown publications [1, 2] variability of distortion is 
less relevant when the distance from the object plane is greater than 30 times the 
focal length. For considered lenses that is respectively 0.6 m, 1.5 m and 4.5 m. In this 
case variability of distortion should not be problematic. However, the di  erence be-
tween distortion function for maximum, minimum and average principal distances 
were calculated using formulas (6) and (7) shown before:

 min max
min max

,f  f  f  f
s s s sr

 (12)

Coe   cient  – described by formula (12) – shows the degree of di  erence in de-
centering distortion between the lens focused on extreme established distant object 
plane and average. Regardless of a focal length coe   cient  is at a level ±0.001 for 
object pixel 1 mm and ±0.002 for object pixel 0.3 mm.

The radial distortion contribution of two distortion functions were calculated 
using formula (2). For both analysed object pixel percentage of distortion function 
for lens focused at in  nity was about 10, and the percentage of distortion function 
focused at object plane placed at an average distance was about 90.

The variability of both distortions radial and decentering with presented values 
in tables 2 and 3, can be recognized as negligible. Thus assuming one distortion 
function for a series of photos taken in autofocus mode should not cause signi  cant 
errors on the resultant orthophotoplan. Also, due to small changes in the principal 
distance, the principal point shift should not be signi  cant either.

The main problems are radial shifts caused by the approximation of principal 
distances while counting exterior orientation elements and then performing orth-
orecti  cation. Using the derived formula (10), the radial shifts, calculated for the 
case of maximum image radial distance and established conditions, are presented 
in tables 2 and 3.

Table 2. Summary of extreme, theoretical radial shifts in resultant orthophotoplans 
due to the approximated principal distance – object pixel 0.3 mm

 Focal length 20 mm Focal length 50 mm Focal length 150 mm

Polych. 
wall 

s [%] –10 0 10 –10 0 10 –10 0 10

dR [mm] 0.120 0.000 –0.098 0.048 0.000 –0.039 0.016 0.000 –0.013

dR/OP [%] 40.06 0.00 –32.78 16.02 0.00 –13.11 5.34 0.00 –4.37

Stone 
wall

s [%] –10 0 10 –10 0 10 –10 0 10

dR [mm] 0.360 0.000 –0.295 0.144 0.000 –0.118 0.048 0.000 –0.039

dR/OP [%] 120.19 0.00 –98.33 48.07 0.00 –39.33 16.02 0.00 –13.11
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Table 3. Summary of extreme, theoretical radial shifts in resultant orthophotoplans 
due to approximated principal distance – object pixel 1 mm

 Focal length 20 mm Focal length 50 mm Focal length 150 mm

Polych. 
wall 

s [%] –10 0 10 –10 0 10 –10 0 10

dR [mm] 0.036 0.000 –0.030 0.014 0.000 –0.012 0.005 0.000 –0.004

dR/OP [%] 3.61 0.00 –2.95 1.44 0.00 –1.18 0.48 0.00 –0.39

Stone 
wall

 s [%] –10 0 10 –10 0 10 –10 0 10

dR [mm] 0.108 0.000 –0.088 0.043 0.000 –0.035 0.014 0.000 –0.012

dR/OP [%] 10.82 0.00 –8.85 4.33 0.00 –3.54 1.44 0.00 –1.18

In tables 2 and 3::
 dR – shift of point in orthoimage due to approximated principal distance,

s – scale variability of adjoining photographs,
 OP – object pixel.

Figures 2 and 3 show visually the results of the conducted studies. Dash lines 
show the error limits.
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Fig. 2. Graph showing radial shifts on orthophotoplans depending on the variability 
of the scale – object pixel 0.3 mm
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As the graphs (Figs 2, 3) show, the radial shifts exceed acceptable values only 
for orthophotoplans with object pixel 0.3 mm and not for all lenses and surfaces. 
Though none of the errors for object pixel 1 mm exceed acceptable values, it would 
be hard to maintain a scale di  erence in between pictures in ±10% brackets for 
a wide angle lens. For object pixel 0.3 mm it is safe to say only a long-focus lens is 
acceptable, but values were calculated for worst case scenarios and it is not common 
to make orthophotoplans with resolution 0.3 mm for stone walls, so normal lens 
should su   ce too.

6. Summary and Conclusions

This article deliberates the in  uence of approximated principal distances and 
other internal orientation elements on the creation of orthophotoplans. A multi-vari-
ant theoretical analysis was conducted covering in  uence depending on the type of 
lens and resultant resolution.

Results showed quite surprisingly low in  uence of the use of the approximat-
ed IO elements on the creation of orthophotoplans. Errors when using long-focus 
lens are really insigni  cant, normal lens will have problems with high resolution 
orthophotoplans of stone walls, which in practice are never made, and wide angle 
one should be be used in high resolution jobs both due to error factor and the small 
variability of distance to object plane.

The technology of using photographs taken in autofocus mode could be suc-
cessfully implemented in heritage documentation. Furthermore, considering the 
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Fig. 3. Graph showing radial shifts on orthophotoplans depending on the variability 
of the scale – object pixel 1 mm
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variability of distance to object plane of long-focus lenses one can draw conclusions 
that not only calibration for lenses focused at average distances from objects can be 
used but also calibrations made for other speci  c focus distances – applied in other 
applications. It will obviously depend on the type of camera and the stability of in-
ternal orientation parameters. It is possible that a set of calibrations for one lens can 
cover all lens positions for creating orthophotoplans of  at and quasi-  at surfaces, 
but it would require further study.
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