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Optimal strategy in chemotherapy
for Malthusian model of cancer growth

RYSZARD MARONSKI*

Warsaw University of Technology, Institute of Aeronautics and Applied Mechanics, Warsaw, Poland.

Purpose: The problem of optimal strategy in cancer chemotherapy is reconsidered. Two incompatible goals should be completed: the
number of cancer cells in the patient’s body should be reduced and the toxic effect of the therapy should be minimized. Such problem
may be formulated in optimal control. The control function is the amount of the drug administered in the time unit. Methods: The Mal-
thusian model of cell population growth is employed where the rate of increase of the number of cancer cells is proportional to the num-
ber of cells in population and an intrinsic rate that usually is assumed to be constant. The performance index is the amount of the drug
cumulated in the patient’s body and it is minimized. A non-standard method of optimal control is used — method of Miele. Results: The
optimal solutions are obtained for three cases: constant intrinsic rate, monotonically increasing/decreasing intrinsic rate and for periodic
intrinsic rate. The optimal control is ununique for the first case — the result is irrespective of the strategy. Such result has been known
earlier. The optimal control is unique for other cases and it is of bang-bang type. Conclusions: The ununique solution for constant intrin-
sic rate is surprising, therefore a mechanical analogy is given. The optimal strategy is in accordance with clinical experience for de-
creasing intrinsic rate. The optimal control is a periodic function of time for the intrinsic rate of sin/cos type — the drug should be admin-
istered, as its value is relatively high.
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Notation

initial point,

final point,

force,

performance index,

number of cancer cells,
weighting coefficient,

force position vector,

time of one period of the therapy,
time (independent variable),
control variable,

1. Introduction

During cancer chemotherapy two incompatible
goals should be completed: the number of cancer cells
in the patient’s body should be reduced and the toxic
effect of the drug should be minimized. The control
function is the amount of the drug administered in the
time unit. We assume that it may be arbitrarily taken
from the given range and that is achieved using an
infusion pump. Such a problem may be formulated in
calculus of variations or optimal control. The review

¥ fif;fiiizf:lls’ of the models and the results obtained one can find,
fundamental,function, for example, in [2], [14]. One of the simplest models

Oa initial value, is Malthusian model of cell population growth, where
(s final value. the proliferation process of cancer cells is described
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by one ordinary differential equation and where the
rate of increase of the number of cancer cells depends
on the number of cells in population [1], [12]. The
functional is the amount of the drug cumulated in the
patient’s body during the therapy and it is mini-
mized. The optimal solution is surprising, however.
For a constant intrinsic rate (a parameter of the model)
the optimal result is irrespective of the strategy of the
therapy [3], [15]-[17]. The aim of this paper is to
show in a simple way that such a solution is valid only
for constant intrinsic rate. The problem may be trans-
formed to extremization of a linear integral. An anal-
ogy is also given. The work done by the force in the
potential field of force also does not depend on the
path, i.e., on the strategy. This fact is well known in
theoretical mechanics. For strictly monotonically in-
creasing/decreasing intrinsic rate the optimal control is
unique and it is of bang-bang type with one switching
point.

Formulation of the problem

We will employ the model of the process under
consideration formulated by Kimmel and Swierniak
[3]. The assumptions are as follows:

(1) The model considers the dynamics of cancer cell
population growth. It does not consider the dy-
namics of health cell growth. The population is
homogeneous.

(2) The increase of population is due to division of
one mother-cell into two daughter-cells.

(3) The stream of cells (the number of cells increase in
time unit) during division is proportional to the
total number of cancer cells in population. This is
the fundamental assumption of the Malthusian
model.

(4) The drug kills daughter-cells just after division. It
does not kill mother-cells. The maximum dosage
of the drug when all daughter-cells are killed is
known. When the drug is not administered the
process of increase of cancer cell population is not
disturbed.

(5) The number of cancer cells at the beginning of the
therapy is known, and the number of cancer cells
at the end (usually lower) is assumed. The model
does not allow all cancer cells to be killed in the
finite time of the therapy.

(6) The functional (performance index) proportional
to the dose of the drug administered during the
whole therapy is minimized.

(7) For the sake of brevity it is assumed that the time
of the therapy is given.

Let N(¢) denote the number of cancer cells in the
instant of time ¢. Let x (¢) be the stream of cells disap-

pearing from population (just after division). From
assumption 3 the following equation is valid

x (=aN(), (M

where the intrinsic rate & may be regarded as an inverse
of average cycle time — the average time between divi-
sions. Assume that ¢ is constant or it is a strictly
monotonic function of time. It means that the cells di-
vide slower or faster over time. If the drug is not ad-
ministered the stream of daughter-cells is equal to

X' ()=2x"(1), 2

where the number 2 follows from assumption 2 (how-
ever the result of reasoning does not depend on this
number).

If the therapy is applied, equation (2) takes the form

X =2u(t)x (1), 3)

where u(?) is a control variable representing probabil-
ity of daughter-cell surviving. The value u(¢) = 0 de-
notes that all daughter-cells are killed. It refers to
maximum dose of the drug. The value u(f) = 1 denotes
that all daughter-cells are alive — the drug is not ad-
ministered. In fact, now equation (2) is satisfied. The
control variable is any piecewise continuous function
of time that belongs to the range

u(t) €(0,1) 4)

(One can find another definition of the control
function that is proportional to the dose of the drug.
For such a case the new control function is equal to
(1 — u(?))). The rate of growth of the number of cancer
cells follows from the balance equation

dN/dt=x"(t)—-x (1), 5)
or after employing (1) and (3) from equation
dN/dt =aNQ2u -1). (6)
The goal of the therapy is reduction of the number
of cancer cells from the given number at the begin-

ning of the therapy N4, to the assumed, usually lower,
number of the cells at the end N

N(@O0)=N,, (7a)

N(T) =Ny, (7b)

where T is the time of the therapy. The amount of the
drug cumulated in the patient’s body during the ther-
apy is minimized

J = |[1-u(t)]dt > MIN . 3

O ey
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In fact, if the drug is not administered, u(f) = 1, the
functional (performance index) (8) is equal to zero — no
toxic effect. If the maximum dose is administered,
u(?) = 0, the toxic effect attains its maximum value.

The problem under consideration is a problem of
calculus of variations (optimal control). We should
find a function of time u(¢) from the range (4) repre-
senting the probability of daughter-cell surviving to
minimize the functional (8). Equation (6) represent-
ing the dynamics of the process with known initial
state (7a) and assumed aim of the therapy (7b) should
be satisfied.

The Pontryagin’s maximum principle for the
problem solution has been used earlier [3], [15]-[17].
In these papers, the final state of the process (7b) has
been considered in the augmented functional (8)

J= j [1—u(t)ldt + rN(T), 9)
0

where r is the weighting coefficient, and it should also
be assumed. Such difficulty does not appear in Miele’s
method — the method of extermization of linear inte-
grals via Green’s theorem [10]. Such a method origi-
nally has been developed in dynamics of aircraft and
rockets. (The same method has been used for per-
formance optimization in downhill skiing, cycling,
running and swimming [6]—[8]).

2. Materials and methods

The method of Miele may be applied to the func-
tional linear to the derivative of unknown function (or
the control variable),

J =[x, )+ V' (x, y)ld
A

B
= ([0, )+ (x, )]y (10)

and this functional is minimized. Symbols 4 and B
stand for the points: initial and final ones (see Fig. 1).
The functions @ and  are known and they result from
formulation of the problem. The curve y = y(x) that
joins the points 4 and B in the (x, y)-plane is un-
known.

Assume that all admissible paths are within or on
the closed curve &(x, y) = 0 bordering this domain in
the (x, y)-plane. Initial and final points 4 and B are on
this curve (Fig. 1).

Fig. 1. The admissible domain

We should find the curve y(x) that minimizes the
functional (10). Consider two arbitrarily taken curves
AQB and APB. The increment of the functional on
them is as follows

AT =J 408 = 4p5 = J- (pdx+ydy)
AQB

~ [ (pdx-+ydy) =

APB

§ (pdx+ydy)  (11)

AQBPA

and it is equal to a cyclic integral over a path AQBPA.
Applying Green’s theorem this integral may be trans-
formed to the surface integral over a surface « limited
by the curve AQBPA

AJ = j j w(x, y)dx dv. (12)

The function @ is called the fundamental function
and it is in the form
oy Op

a)(xay) == A

13
ox 0Oy (13)

Only two cases are important for the problem un-
der consideration.

(a) The fundamental function @ is identically equal to
zero. It means that the increment AJ is equal to
zero as well, AJ = 0. The curves (strategies) are
taken arbitrarily, therefore the value of the func-
tional does not depend on the path y(x) that joins
the points 4 and B.

(b) The fundamental function @ has the same sign, say
® > 0. It means that AJ > 0, then Jypz > Jups.
Every curve on the left hand-side gives the lower
value of the functional. In the limit the minimizing
curve is on the border of admissible domain on its
left hand-side. By analogy, for @ < 0, the mini-
mizing curve is on the right hand-side.

The case when the sign of the fundamental func-
tion changes within the admissible domain does not
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appear for Malthusian model of cell population
growth. It means that so-called singular arc does not
appear [10].

3. Results

The optimal strategy problem in cancer chemo-
therapy is considered in (¢, N)-plane for the given cell
population growth model. The borders of the admissi-
ble domain are obtained after integration of the state
equation (6) forward (from ¢ = 0 to ¢ = T) and back-
ward (from ¢ = T to ¢ = 0) for the control variable # =0
and u = 1, respectively (cf. [10]). The functional (8)
may be transformed into a line integral (10) employ-
ing (6) for elimination of the control variable u. Then,

B
J= jgo(z, N)dt +y(t, N)dN (14)
A
where
1
t,N)=0.5, t,N)=— . 15
o(t,N) y(t,N) 2aON (15)
The fundamental function (13) takes the form
o= 20 L _da

ot ON 2a°()N dt

2|z

;
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Fig. 2. The admissible domain in optimal
cancer chemotherapy problem for N3=0.5 N, and = const

The following three cases are considered:

(a) The intrinsic rate « is constant, & = const, then
daldt = 0. The fundamental function o is identi-
cally equal to zero within the admissible domain.
The functional (14) does not depend on the strat-
egy and such a case has been considered in [3],
[15]-[17].

(b) The intrinsic rate o strictly monotonically in-
creases over time, da/dt > 0, then (¢, N) > 0. The
optimal solution is on the border of admissible
domain (the upper curve in Fig. 2). The drug is not
delivered at the beginning (the number of cancer
cells N rapidly increases). The maximum dosage
should be delivered at the end of the therapy.

(¢) The intrinsic rate « strictly monotonically decreases,
da/dt <0, then w(t, N) <0. The optimal solution is
on the border of the admissible domain (the bot-
tom curve in Fig. 2). The maximum dosage is de-
livered at the beginning. Only such strategy is in
accordance with clinical experience.

Example 1

An example is considered illustrating the case when
the intrinsic rate « is constant, therefore da/dt = 0. It is
assumed that the number of cancer cells at the end of
the therapy should be reduced to 50% of the number at
the beginning, Nz = 0.5 N,. The solutions of equation
(6) may be obtained in an analytical form for u = 0
or u = 1, respectively. The data for computations are:
a=0.197, T= 15 (cf. [16]).

The admissible domain is depicted in Fig. 2. Con-
sider three strategies:

e maximal drug dosage at the beginning (u = 0)
and a medicine is not given at the end of therapy
(u = 1) — the bottom border of admissible do-
main,

e a medicine is not given at the beginning (u = 1)
and the maximal drug dosage at the end is deliv-
ered (u = 0) — the upper border of admissible
domain,

e the number of cancer cells is kept at the same
level over time, N(¢) = Ny, u = 0.5, and that is in
accordance with equation (6). Then, the maxi-
mum dosage of the drug is administered, u(?)
= 0, to reach the assumed result of the therapy,
NB =0.5 NA.

The performance index (8) attains the same value
J =9.259 for all these strategies. The result of therapy
does not depend on strategy.

Example 2

An example is considered illustrating the cases (b)
and (c¢), when the intrinsic rate « varies with time. Let
a be of sin/cos type (see the bottom of Fig. 3). It
means that the cells divide periodically faster or
slower over time. The goal of the therapy is to keep
the number of cancer cells at approximately the same
level, therefore N, = Nz = Ny,. We assume that the
therapy consists of equidistant periods where « is
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strictly monotonic function of time — the period is T.
The long-term strategy is a combination of solutions
considered earlier. The number of cancer cells during
the optimal therapy varies according to the bold line
(see Fig. 3 in the middle). The optimal control vari-
able u(?) is given in Fig. 3 at the top and it is of bang-
bang type. The function u(¢) = 0 refers to the maxi-
mum dosage of the drug (all daughter-cells are
killed). Comparing the functions o(¢) and u(¢) one
can find that the maximum dosage of the drug should
be administered when o(¢) is greater than its average
value — when the cells divide relatively fast. If the
cells divide relatively slow, the drug is not adminis-
tered. Such an optimal strategy is in accordance with
intuition. The values of the performance index com-
puted over time interval 47 = 60 are: Jymw = 21.402
(bold curves in Fig 3 in the middle), J(u = 0.5)
= 30 and Jyax = 38.598 (thin curves in Fig. 3 in the
middle).
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Fig. 3. The optimal strategy for periodic intrinsic rate

4. Discussion

The result obtained for constant intrinsic rate, o =
const, is confusing — the strategy is ununique. This
result is valid for Malthusian model of proliferation
growth and for linear performance index. The applied
Miele’s method gives necessary and sufficient condi-
tions of optimality. Verification of the result by an
experiment is impossible but one can find a mechani-
cal analogy.

Consider a mechanical work done in two-dimen-
sional field of force. The work is defined as a line
integral of a scalar product

B B
L=[F-d7=[F,(xydc+F,(xp)dy, (17)
A A

where F =[F,, F,] is the force and 7 =[x, y] is the

force position vector.

This work does not depend on the path that joins
the points 4 and B if the curl operator is equal to zero
(the field is vortexless) [13]

oF, _OF, _
ox Oy

0. (18)

Comparison of equations (18) and (16) for the case
a (a = const, then da/dt = 0) shows that it is the same
property of the linear integral.

One can find also an analogy in the foundations of
electricity [11]. The voltage induced in a conductor is
proportional to the rate of change of lines of magnetic
field that pass through the conductor (Faraday’s low
of induction). On the contrary, the lack of change over
time does not cause any effect.

The optimal control problem investigated in the
paper is based on the simplest model of cancer cells
population growth — the Malthusian model. This is
a very popular model in demography but not specially
in cancer chemotherapy. The model has been adopted
to the problem under consideration by Kimmel and
Swierniak [3]. The approach presented in this paper
contains two new elements comparing with earlier
investigations: the new method that gives necessary
and sufficient conditions of optimality is employed
— the method of Miele, and considerations are ex-
tended to the case when the intrinsic rate «(f) varies
with time. Up to now this parameter has been re-
garded as a constant one. For constant intrinsic rate
the results presented in the paper are convergent with
the results of other authors [3], [15]-[17]. The result
of the therapy does not depend on the strategy. This
property of the model is illustrated in Example 1. The
problem with variable intrinsic rate o(f) has not been
considered earlier. Here the solution is unique for
strictly monotonically increasing/decreasing a(f), but
only when o(f) is decreasing the obtained result is in
accordance with clinical experience. When the intrin-
sic rate a(¢) periodically varies the solution is unique
and it is compatible with intuition and practice (Ex-
ample 2). It seems to be an achievement of the present
approach.

The method shows that so-called singular arc is
not optimal. The optimal control is of bang-bang type.
This eliminates treatments when only a portion of the
full drug dose is administered. The result is conver-
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gent with the results for more sophisticated models

(4], [5]-

5. Conclusions

The problem of optimal strategy in cancer chemo-
therapy for Malthusian model of proliferation growth is
reconsidered. For constant intrinsic rate & = const the
solution is ununique — the goal of the therapy may be
achieved regardless of the strategy. This conclusion is
out of accordance with intuition, therefore the me-
chanical analogy is given. In the potential field of
force the mechanical work also does not depend on
the path (strategy) but on the positions of initial and
final points. It has been shown in the paper that it is
the same property of the linear integral.

For strictly monotonically increasing/decreasing
intrinsic rate « the optimal solution is unique and it
is on the border of the admissible domain. The opti-
mal therapy has two stages with minimum or maxi-
mum dosage of the drug with one switching point.
The intermediate control functions do not appear.
The optimal chemotherapy strategy is in accordance
with clinical experience only for increasing the aver-
age cycle time (for « decreasing). If the intrinsic rate
is of sin/cos type and the number of cells is to be
kept at approximately the same level, the control
function is also periodic one. The drug should be
administered when the intrinsic rate is relatively
high.

The same approach as the one used in the paper
employing Miele’s method may be used for Gom-
pertzian model of cancer cell proliferation growth [9].
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