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Abstract. The existence and uniqueness of solutions a nonlinear iterative equation
in the class of r-times differentiable functions with the r-derivative satisfying a generalized
Holder condition is considered.
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1. Introduction

In [1, 2] the space W,[a,b] (W; [a,b]) of T times differentiable functions with

the r-the derivative satisfying generalized y-Holder condition was introduced
and some of its properties proved. In the present paper we examine the existence
and uniqueness of solutions of a nonlinear iterative functional equation in this class
of functions. We apply some ideas from Kuczma [3], Matkowski [4, 5] (see also
Kuczma, Choczewski, Ger [6]), where differentiable solutions, Lipschitzian
solutions, bounded variation solutions of different type of itrerative functional
equations were investigated.

2. Preliminaries

Consider non-linear functional equation

@(x) = h(p[f (DD + g(x) (1

where f, g, h are given and ¢ is a unknown function.

We accept the following notation: I = [a,b],a,b € R,d :=b —a, W,(I) - is
the Banach space of the r-time differentiable functions defined on the interval [
with values in R, such that, for some M > 0; its r-th derivative satisfies the
following y-Holder condition
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lo@ ) — @ < My(x—xD), FxelL
where a fixed function y satisfies the following condition (see [1, 2]):

() y:]0,d] = [0, ) is increasing and concave, y(0) = 0, lim,_,y+ y(t) = y(0),
limg_,q-y(t) =y(d), y+(0) = +oo
We assume that
() f:I-1, few, (D), sIupr’I <1
(i) g:1 >R, geW,(I)
(iii) h: R —» R, h € C", h™ fulfils the Lipschitz condition in R.
(iv) there exists & € Isuch that lim,_ f"(x) =¢&, x €1, where f™ is

the n-th iteration function f
(v) is analityc function at 1y, where 1y is the solution of equation

no = h(Mo) + g(§)

We define functions hy:1 X R**1 - R,k = 0,1, ...,r — 1 by the formula

ho(x,y0): = h(yo) + g(x)

dhy , dhy dhy )
P 1 (X, Y05 s Vier1): = F f'(x) (a—yojﬁ + ot Eyk+1>-
Lemma 1. [4]
By assumptions (i)-(iii), h; defined by (2) are of the form:
1. forr=1
hy(x,y0,y1) = K" o)y f'(x) + g' (x); (3)
2. forr=2, k=2,..,r
! ! k
hie (%, Yos s Vi) = Pie (X, Yo, s Vie—1) + 1 oy (f' () +
+ 1 o)y f P (x) + g (), (4)
where
! ! k
P (X, Yo, oo Vi) )y (f () =
= Z?ﬂ R (yg) Za1+~--+ai=k—i+1 Ug, gk Y11y ™ (5)

and Ug, _q, k(%) are of the class C™ %1 in I, for all numbers a, ..., a; € N such

thatay +-+a;=k—i+1, k=2,..,7,i=1, ..,k

Remark 1.
If (i)-(iii) are fulfilled, then h,: I X R¥*1 — R, given by

he (%, Y0, -, ¥7) = R )y f P () + g7 (x) +
+ 211';1 h(r_i+1) (yO) Za1+~--+ai=r—i+1 ual...ai,r (x)ylal yiai
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fulfill y-Holder condition for x € I and Lipschitz condition with respect to
Yi, i =0,..,7r in Z :==[ay, bg| X [a1,b1] X ... X [a,, b,-]. It means, that there are
positive constants m, Iy, ..., [,_1 and

L= sup [W'(f)7,

Ix[ag,bo]
such that for (x, yy, ..., ¥»), (X, V1, ..., ) € Z we have

|y Cx, Y0, s V1) — he (X, Vg, o, )| < my(Ix — X1) + Lolyo — Yol + -+ +
+ lrlyr _3Tr|

Define the functions w;. ;: I X RIS>Ri=12,..,71 by the following formulas:

Wi (X, Y1, 0 Vi) = Za1+~-+ai:r—i+1ual...ai,r Oy Ay (6)

Remark 2.

The functions w,.; defined by (6) fulfill y-Holder condition with respect to variable
x in 7 and Lipschitz condition with respect to the variable y;,i = 1, ...,r in each
set Z; == [aq,b1] X ... X [a;, b;].

Remark 3.
If f, g, h satisfy the assumptions (i)-(iii) and @eW, (1) is a solution of equation (1)
then the derivatives ¢, k = 0, ..., 7 satisfy the system of equations

9® ) = hye(x, [ ], -, p®PIFD]),  x €L

If assumptions (i)-(iv) are fulfilled and @eW, () is a solution of equation (1) in 1,
then the numbers

e =@, k=0,..,r (7)
satisfy the system of equations
Mk = he (& M0 i), kK =0,...,7, ®)

where h;, are defined by (2).

Remark 4.
Let peW, (1) be a solution of the equation (1). Present ¢ in the following form

() =Px) +p(x—&),x €l =[a,b] (€))

where y:[a — &,b — €] = R and P(x) = LO%(X — &L x € [a,b].
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Define the functions
fO=fx+)-¢§ x€la—§b—¢]
gx)=gx+%), x€la—-¢§b—¢]
andforyeR,x€[a—¢&b—¢]
h(x) = h(P[f(x + O] +¥) — P(x + ).

It follows from above definitions and equation (9) that 1) satisfies the following
equation

() = hY[f]) + g0, x € [a— &b —¢].

It is easy to prove, that if assumptions (i)-(iv) are fulfilled and 7n;,i =0, ..., 7, are
the solution of equations (8), then the function peW, [a, b] satisfies the equation (1)
in [a, b] and the condition (7) if and only if the function 1) given by (9) belongs to
W,[a —¢&,b — &] and satisfies

Yp®0)=0,k=0,..,r.

Thus, we assume that 0 € I and consider the equation (1) whose solution satis-
fies the condition

™) =0,k=0,..,r.
Then system of equations (8) takes the following form

he(0,..,0) =0,k =0,...,7.

3. Main result
Theorem 1.
If assumptions (i)-(iii) are fulfilled, f is a monotone function in the interval I,
the conditions (iv) and (v) are fulfilled for § = 0, ny = 0 and
ht(0,..,00=0, k=1,..,r1; (10)
[R"(0)(f'(0))"] <1 (11)

then equation (1) has exactly one solution peW, (I) satisfying the condition

e®(0)=0,k=0,..,r. (12)
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Moreover, there exists a neighbourhood U of the point { = 0 and the number r
such that for a function ¢ eWy(l_] ), satisfying the condition (12) and the inequality
llooll < 1y, a sequence of functions

Pn(x) = h(@p_1[fOD +g(x), x €U,

converges to a solution of (1) according to the norm in the space Wy(l_] ).

Proof.

From (v) we have h(y) = Yn_oa, ¥y" in some neighbourhood of the point 0.
Denote by R, the radius of convergence of this series. From (11) and from
the continuity of functions (f')” and h', from definition of the function y there
exists a neighbourhood V of the point £ = 0 and d < Ry, 0 < 6 < 1 such that

supyxi-aallh’' ()71 <6, f(V) c V,y(diamV) = diamV . (13)

From Remark 1, definition of 7y and from (13) there are positive constants
m,ly, ..., lr_y and I, = 0, that in V X [—d, d]"*! we have

|hy- (X, Yo, s Y1) = e (%, V0, s )| < my (|x = X1) + Lolyo = Vol + -+
+ 0lyr = ¥l (14)

From Remark 2, definition of y there are in Z; = V x [—d, d]* constants Bio,Bik.
i=1,..,r, k=1,..,1i, such that

(Wi (6, Y1 e, Vi) = Wi i (8,97, 0, 7)1 < Bioy (Ix — X1) + koo Big Vi — Vil (15)

We accept the following notation:

W; = sup |Wr,i|' i=12,..,r; (16)
Vx[-d,d]
H; == sup |h(i)|, i=12,..,r+1; (17)
Vx[-d,d]
F = sup|f™|; K is a y-Holder constant of f™ inV; (18)
v

Cay..ayr = SUp |ua1...ai,r|' i=12,..1r q++a;=r—i+1; (19)
4

D, ..qyr = SUp |u’a1mai,r|, i=12,..r,qq ++a;=r—i+1. (20)
%
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By Y aq,. q,r We denote the sum of a,, g, for all ay,..,a; €N such that
at+-+ta=r—i+1,i=12..,r.
In view of Lemma 1, we have

Up..01,r = T
and, from (13), we get

|h’(y)u0m01i,r(x)| <0, xeV ,ye[—d,d] . 2D
Let us take c;€(0,b — al,¢; < y(c;) < 1and

Y)Yzt el "t <1 - 6.

Put
m
ro = — — .
1-60—y(c) Xz it

(22)
Then let’s take c,€(0, b — a] such that ¢, < y(c;) < min {1, ri} and
0

loi= HiF(y(c2)) " + HyF(y(c2))”" + HiK(y(c)) + HaFro(y(c2))? +
+ HyKro(r (€)1 + Fro(y(6))” Sea nn — 12 laglrd =2 (r(e)) "2
+ (V(Cz))r S WYY iolagn(n—D(n—r+i—2)%rf T2

(n—-r+i-2)(r+1)

(v(c)
* (V(CZ))HI ( =1 Hr—is2 (Bi'O + 279 iy B (V(Cz))r_k)) +

ra;+-+T—-i+1)a;—-1

+ XIS Hemi1 Y Cay e 7o (v (c2)) (r—i+1)?%+
ra;+(r—-as++2a,.1—1
+H, X Cq, .y j0r (Y(CZ)) ! ’ !

+ 211';1 Hr—i+1r0r_i (T —i+ 1) Z Dal...ai,r (Y(CZ))

rag+-+r—i+Da;

<1-6. (23)

Choose ¢ < min{cy,c,}. Of course ¢ < y(c) < ri. We will select a neighborhood
0
of zero U € V such that f(U) c U and diamU < c.

Consider the Banach space Wy(l_] ) with the norm:
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) — o™ (5
|0 (,0_ (x)|; x,xeU, x # f}.
y(lx —x[)

T
ol = |e® @] + sup{
k=0

Let us define the set
Ay ={ eW, (0), " (0) =0,k =0, ..., 7, llpll <75 }.

Note that A, is a closed subset of Banach space W},(U) and for ¢ € A, the norm
is expressed by the formula

) — oM (%
[ ]fzcl)x _q;l) (x)|; x,xel,x # JE} 24)

loll = Sup{

Thus, the set A, with the metric o(@, 92) = |l¢1 — @l is a complete metric
space.

By the mean value theorem and by definition of the number of ¢ we have for peA,,
sup|<p(k)| <c"*y()ry <y¥(©ry <d, k=0,..,r (25)

and so p®e[—d,d], k=0, ..., 7.

For peA,, define the transformation T by the formula

(Te)(x) = h(p[f(O)]) + g(x), x€T.

We will show that T(4,,) € A,,.
Based on Remarks 1 and 3 the function ¥ := T'¢ belongs to M(U), from (iv) and

(10), (12) appears that p®*)(0) = 0, k =0, ...,r. Then using the formulas (12),
(13), (22), (25) and the assumption (i) we obtain

[ @) — O @) < my(Ix — 2) + llolf ()] — [f @] + -+
+ L1 | V)] — 9TV [F@]] + 0 |oP[fF )] — 9P [F®)]] <
(m + loc™ 1y (g + -+ + L1y (1o + O710)y (Ix — x]) < 1oy (Ix — %)
Which means from (24) that ||To|| < ro. Thus T(4,,) € A,,.

Now we prove that T is a contraction map. Let us put P, == T4, Y, = T@,.
Basing on formulas (4)-(5) of Lemma 1 and from (24) we have
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[0 =@ - () + P ()| =
=1 (o [F @) @)@ = H (o[ FE) 2l [F ] 17 ) +
(o, [fON) [ f ")+ H (0, [ f@]) o [ f @] S G+
2 (R LD, (x5 @[ f )]s [ F D+
~H U@L @DW,, G o [f )] [f @D+
~h" (L f W, (.05 [f ()]s [ f (0] +
D (@ LW, Fph [f O]t [F D) <

(oL@ @l ] -alf @] -g [ F @]+ ol [f ] +
10| @]-a @) ([ 0]) -7 (o[ 7 ®])| +
H(a @)l r®]-ar @] 7@ - 0@+
10| @] - @] (o [ @) - (e [ 0] +

Ho [F@N 70 - 0@ (o [ @) -7 (o [ )])| +
o [FON|F @7 (e [f ) = # (0 [F )= H (0 [FEN) + H (0 [F ]| +

L O (T 7€) Rl 69 [ Y 65 (B Al CA €3] B
(@, [f @D+ RV, [F @]+
W@ [F @D -1 o, [ @)
W, [ S )]st [FOD =W, Fof [ ®)]oom 0 [ f ]|+
W@, [f @D =1, [F @]
W, [ £ ]l [ LD =W, (a3 [ (0] [0+
W (@, [ @D, @l [ f (O] [f D =W, G0 [f )]s [f D +
0, (60 [F )]s [F D+, (5,05 [ £ )] 0 [ £ )]

+

+

+

J’_

J’_

+

Note, that if ¢q,¢, € A, , then in view of the mean value theorem, from
the definition of the number ¢ and from (i) we have the following inequalities

sgp‘gol(k)‘ < @ <n (7)™, k=0, i=12; (26)
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‘gofk)[f(x)]—gol(k)[f(f)]‘Sro(y(c))r_k y(x=%). k=0..r, x.TelT; (27)

o s @)= o @] <o -l (@) s k=0 xeT: - @8)

o] -0 [F@®] -0 [ 0]+ [F®] <llor - 2l (7)™ # (|~ 29)
k=0,.,r, x,xeU.
By induction on / € N we also obtain:
(06 [ @)) (o[£ ®]) ~ (o [f @) +(e[F®)]) | < 50
rr! (jf(c))l(r_k)ﬂ_1 ||gol - ¢2||7(|x —J_C|), k=0,..r, x,xeU, 1=12,...

From (v) and by selection of d we have uniform and absolute convergence of
the series

W(y)= Z‘O:naﬂy”_l for ye[-d.d].

n=1

Let's consider the expression:

W (o L) (o L7 = (a7 0D)+ (0 [F )| =
S

From (30) we obtain

n—-1 n-1 n-1

(o @) (@) (@) +(olr@)

<(n- 1)2 r (7(0))(”_1)””_2 lon = o[l (|x -X

<

), x,xeU, n=273,...

Note that a series

0

> 4, where 4, =nla,|(n- 1 772 (7(0))

n=2

(n=-)r+n-2

converges, because the numbers ¢, d have been selected in such a way that

An+1

7 r1_HKy(c) d
=D (p(e) " S
b (70

lim < <
e R, Ry, R
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Therefore

i (o [F)-H (o1 [F®]) - F (0. 0]+ 1 (0 [ £ ]| <
Si (n-1) |a| 7(c))nlr+n2

n=2

€1y

o -7 (x-%|), xFel.

Similarly for x,x € U ,i=1,...,r we get

D (g4 [F ) =1 (o0 [F@]) -1 (00 [F0])+ 1 (0, [ )] <

Z |, 7= 7+ Y=+ i =22 (1) " gy — | (|3 - F)-
n=r—i+2
(32)

By induction and from (26)-(29) we have

(P [LO) (e @) (s [F )" [F®])"| <

] (A LA ¢ ) il A | (33)
A, 0 €N, i=1,..,7, x,er,q,(pzeAro

1

(@) [F @) (o @) [ @) | <

(0!1+ +0{) apt..+a; 1( (c))ra1+...+(r—/+1)a,—1 }/(|x_)_c|)’ (34)
i=l..,r, x,xeU, ¢’z€Ar0-

Now from (33) and (34) we get

(2 [LO) (o [F ) = (2 [F @] [F®]) "+
~(A [ @) @) + (B @) (2 [ ®])

S(Otl+...+0!) r0a1+ +a 1( (C))ra1+...+(r—/+1)a,—1||¢l_¢2"7(|x_)_c|)’
i=1,..r, x,)_ceU', gol,gozeA,O.

<

(35)

From (6), by the mean value theorem and from (33) and (34) we get
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W, (50 [ f ()]s o [F DD =W, G [f ()]s [ )] +
0, (P[] [ S DD + W, (%o, [f(x)], L[ @] <

<3 ftey | (=i 1) 1 (@) o~ g7 () + - 36)
D |ty (2| (r =i+ D) () lo =]l (1x - x[)

i=12,...,r,x,x €U,z is between x and x.

roq+..+(r—i+l)o;

Now, from (15)-(22), (27)-(32) and (36) we get

v ) =" ) =y () + ) (3)| <

<(HF (7)) + HyFry (7(©) + HK(7(0)) +
+H Fro( (c))zr +H Kro( (c))zm

+Fry(7(c)) Z|a 72 (e ))(n—z)(r+1) .
+ZW(7(C) Z |a |l’l(l’l 1 (n }"+l)(n r4i— 1)2}"0" rHi=2
n=r—i+2
(7 c))(n—r+i—2)(r—1)r + (}/(c))”ﬂ (Zr: H_., ( B, +2r, Z B, (7( C))r—k D .
=l k=1

-1
+rZ H, (0> Co o (=it 1) 57 ()™ 0%y
i=1

+H1 Z Cal___arilo,r (7(C))ra1+.,,+2ar—1—l n

o +..+a,_=la,=0

+rz r 7+IZ ot ,,. l+1) r— 1(7/( ))r0q+..,+(r—1+l)a, +
i=1

+Sup|h'u0...01,r
U

o =7 ([ =x[) < (lo + &) o = ol (|~ ).

Putting L =/, + 6 and making use of definition (24) of the norm in W, (U) we have

”‘//1 _‘//2”5 L”¢1 21 E

which means that p(y,,y,) <L p(¢,,9,), where L <1 in view on (23).
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By the Banach fixed point theorem, there is exactly one solution @ € W, (U) of (1)

satisfying the condition (12). This solution is given as the limit of series of succes-
sive approximations.

9,(x)=h(@,,[f(O])+g(x), neN, xeU

where ¢, € 4, . This sequence converges in the sense of the norm of W, U).
By Lemma 4 in [7], there exists the unique extension ¢ of @ to the whole interval
Isuch that p=9 for xeU and ¢ satisfies the equation (1) in /. This completes
the proof.

Conclusions

In this paper, applying the Banach contraction principle, a theorem on the exis-
tence and uniqueness of W, -solutions of nonlinear iterative functional equation (1)

has been proved. The suitable unique solution is determined as a limit of sequence
of successive approximations.
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