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Abstract: The paper deals with application of the finite element method in modelling and simulation of nanostructures. The finite element
model is based on beam elements with stiffness properties gained from the quantum mechanics and nonlinear spring elements with force-
displacement relation are gained from Morse potential. Several basic mechanical properties of structures are computed by homogenization
of nanostructure, e.g. Young's modulus, Poisson's ratio. The problems connecting with geometrical parameters of nanostructures are con-
sidered and their influences to resulting homogenized quantities are mentioned.
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1. INTRODUCTION

The carbon structures attract the attention of researchers
since the beginning of their investigation. Especially, electrical and
mechanical properties of nanostructures have been widely inves-
tigated during last decade due to their interesting behaviour. The
strength and stiffness characteristics of mechanical properties of
nanostructures are much higher than those of steels. However,
there is a problem with connection of carbon structure as a fibre
with a steel matrix.

Nowadays, the analysis of nanostructure properties is based
mostly on the following methods: molecular mechanics, molecular
dynamics, continuum mechanics and experimental measure-
ments. Tsai and Tu (2010) used molecular dynamics simulation
for prediction of mechanical properties of graphene sheets. Con-
tinuum mechanics is well established for continuum theories
of rods, beams, springs, shells, etc. (Li and Chou,2003; Meo and
Rossi, 2006; Tserpes and Papanikos, 2005). The experimental
measurements of mechanical properties of nanostructures are
made in an atomic force microscope by nanoindentation (Lee et
al., 2008).

The paper is devoted to investigation of Young's modulus and
Poisson's ratio of nanostructure. These material characteristics
are very important but still there are great uncertainties in their
accurate determination. In the paper are investigated graphene
sheets with different chiralities, widths, and lengths. The
nanostructures are modelled using the MSM approach by either
beam or spring elements. The carbon atoms are considered to be
finite elements nodes and the interatomic interactions are repre-
sented by the structural elements (Li and Chou, 2003; Meo and
Rossi, 2006; Hosseini and Moshrefzadeh, 2013).
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2. GRAPHENE SHEET IN MOLECULAR MECHANICS

The graphene sheets can be regarded in molecular mechan-
ics as large molecules consisting of carbon atoms and the atomic
nuclei as material points. The motion of atomic nuclei is described
by laws of force field. This field is expressed in the form of steric
potential energy (Tserpes and Papanikos, 2005). The total steric
potential energy (Saito et al., 1998; Thostenson et al., 2005) is
a sum of energies due to valence or bonded interactions and non-
bonded (van der Walls) interactions. It can be expressed by rela-
tion

Utotas = 2 Ur + X Ug +ZU¢ + 2 Uy + X Upaw, (1)

where Uy, Ug, Uy, Uy, Upqy, are a bond stretching, a bond angle
bending, a dihedral angle torsion, animproper (out of plane)
torsion and a non-bonded van der Waals interaction, respectively
(Mayo et al., 1990; Shokrieh and Rafiee, 2010; Tserpes and
Papanikos, 2005).

2.1. Properties of beam element

The properties of beam element are related to the first four
terms of equation (1). By adopting the simplest harmonic forms
and merging dihedral angle torsion and out-of-plane torsion into
a single equivalent term, we can write the following relations

Up = ke (r = 10)* = S ky (47)?, @
Us = 5ko(8 — 00)% = ~ kg (A0)?, 3)
Ur = Uy + Up = s ko (A)?, 4)

where k.., kg, k;, Ar, AO, A¢ are the bond stretching force con-
stant, bond angle bending force constant, torsional resistance, the
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bond stretching increment, the bond angle variation and the angle
variation of bond twisting, respectively (Brenner, 1990; Cornell et
al., 1995; Rappe et al., 1992).

The elastic moduli of beam elements are evaluated from me-
chanical considerations — relations between the sectional stiffness
parameters in structural mechanics and the force constants in
molecular mechanics. In case the sections of beams representing
carbon-carbon bonds, are assumed to be identical and circular,
then the moments of inertia are I, = I, = 1. Three stiffness
parameters EA, EI and GJ are obtained from this assumption and
from linkage among the energy terms in molecular mechanics and
continuum mechanics. It is possible write relations

1 (L N? __1N2L _ 1EA

Us =300 gadl =572 =37, (L)%, (5)
1 L M? 2EI 1EI

UMZE OEdLZT(IZZE?(Z(Z)Z, (6)
1 ~LT? 1T?2L  1GJ

Ur=3)0 g ZETJZET(A[’))Z’ (7)

where U, is the strain energy of a uniform beam of length L
subjected to axial force N, AL is axial elongation, Uy is the strain
energy of a uniform beam under bending moment M, « is the
rotational angle at the ends of the beam, Uy is the strain energy
of a uniform beam under tension T and A is the relative rotation
between the ends of the beam (Li and Chou, 2003; Tserpes and
Papanikos, 2005).

Comparision of equations (2)-(4) and (5)-(7) leads to relations

El G
=k = = ko, L = k. ®)
On the basis of these equations a beam element (Fig. 1) is
created and its elastic properties for further computations are

4k k2L fer 2k L
d:4 _9’E=7” ’Gzr‘g, (9)
ky 4mkg 8mky

aC-C

EA
L

carbon atom — node

C-C bond — beam element

Fig. 1. Hexagon unit cell of graphene sheet with beam elements

where constants k,, kg, k., L are k., = 6.52 X 1077 Nnm™?,
kg = 8.76 x 107 Nnmrad™!, k, = 2.78 X
107" Nnmrad™2 and L = ac_¢ = 0.1421 nm (Mareni¢ et
al., 2013).

Accordingly, the quantities from equations (9) are calculated
and we come to diameter d = 0.147 nm, elastic modulus
E = 5.4875 TPaand G = 0.871 TPa for beam elements.
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2.2. Properties of spring elements

The properties of spring elements come from the Morse po-
tential. The Morse potential is used for evaluation of interactions
of C-C bond stretching and C-C-C bond angle bending. The
Morse potential for C-C and C-C-C bonds is computed according
to egs. (10)-(11). All necessary parameters for computations are
given in Tab. 1 (Machida, 1999; Rafiee and Heidarhaei, 2012).

u, =D, {[1 - e‘ﬁ(r_r")]z}, (10)
up =5 kg (0 = 06)2[1 + Koexric (6 — 65)"]. (11)

In this paper C-C and C-C-C bonds are modelled with nonlin-
ear spring elements. The knowledge of force-displacement rela-
tionship for C-C bonds is necessary and this quantity is derived
from the Morse potential using eq. (10) (Rafiee and Heidarhaei,
2012)

F(r —my) = 2BD,[1 - e‘ﬁ(r_ro)]e_ﬁ(r_ro). (12)

Function for C-C-C bonds is derived by using eq. (11) and the
result is expressed by equation (Rafiee and Heidarhaei, 2012]

M(e - 90) = k9(9 - 90)[1 + 3ksextic(9 - 90)4]- (13)

Tab. 1. Parameters for the Morse potential

parameter value
D, 6.03105 X 1071° Nm
B 2.6259 x 101 m~!
Ty 0.1421 nm
ke 0.9 X 10719 N—
kgextic 0.754 rad*
Og 2.094 rad

Every hexagon of graphene sheet is modelled by 12 nonlinear
springs. Six outer springs represent bond stretching and six inner
springs represent bond angle bending (Fig. 2). Bond angle torsion
is not considered in the frame of this spring model.

Fig. 2. Hexagon unit cell of graphene sheet with 12 nonlinear spring
elements

The change of length of nonlinear spring of C-C-C bond leads
to change of bond angle. This fact can be described by equation
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rg =222 (14)
To

where A6 is variation of bond angle, r, is C-C bond length and

AR is change of spring element length. Accordingly, force-

displacement relationship in eq. (13) is rewritten into form of rela-

tion

4 48
Fir-re) = 75 ko (R = Ro) [1+ T ksextic(R = Ro)*|. (19)

The nonlinear behaviour of this spring is shown in Fig. 3 and
Fig. 4.
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Fig. 3. Force-displation curve for nonlinear spring representing bond
stretching
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Fig. 4. Force-displation curve for nonlinear spring representing change of
bond angle
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3. NUMERICAL RESULTS

The numerical computations are accomplished by the finite
element program Ansys. The structural response of the graphene
sheets under axial loads is analyzed for both model types (Figs. 5-
6). Carbon atoms are considered to be nodes in structure and the
nodes are joined by beam elements or nonlinear spring elements.
To simulate the uniaxial load, one side of the graphene sheet is
restrained in all direction. The graphene sheets are stretched by
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applying an axial displacement on the opposite side. From these
simulations the Young's modulus E, the Poisson's ratio p of gra-
phene sheets are obtained. The two graphene sheets with arm-
chair chirality (6,6) and zigzag chirality (10,0) are modelled and
analyzed. The width of the graphene sheet (6,6) and (10,0) is
2.5578 nm and 2.4612 nm, respectively. The length of the gra-
phene sheets varied in interval 3 nm to 100 nm.

I

D O
DX XX K K XX K P XX K A
D DC AL I K AP K XX A
DX X X X P K XX XX A
DC D0 E AP P X P XX 0K A
DX X XX X P XX X I XX A
DX DC O AP P XD K XX A

AL
=
&

Z X

Fig. 6. Graphene sheet with nonlinear spring elements and boundary
conditions

Young's moduls E is calculted from equation

_E_F/Wt
E_s_ AL/L’

(16)

where F is reaction force, W is width, t is thickness, AL is elon-
gation and L is length of graphene sheet. The thickness of gra-
phene sheet is assumed to be 0.34 nm. Poisson's ratio is com-
puted from equation

_Aww
T oaLL’

(17)

where AW is constriction of graphene sheet.



] DE GRUYTER
el OPEN

DOI 10.1515/ama-2017-0018 acta mechanica et automatica, vol.11 no.2 (2017)

All computed values of Young's moduls E and the Poisson's 4, CONCLUSION
ratio p are shown in Figs. 7-8.

The Young's modulus E increases slightly with the size of the
x02 sheets and depends on the chirality. The beam and spring models

e % give almost the same results for E with the obtained values being
15 1K in good agreement with literature (Hartmann et al., 2013; Meo and
Rossi, 2006; Rafiee and Heidarhaei, 2012; Scarapa et al., 2009;

125 : _ Tserpes and Papanikos, 2005). For the Poisson's ratio u the
£ ——Beam elements, Wfdth o W=25578nm, chfralfty (6.6) beam and spring models give strongly different results. Depending
2 12) ~—Beam elements, widih o W = 2.4612 nm, chiraity (10.0) | on the chirality, values of u between 0.08 and 0.06 are obtained
g ¥ Spring elements, width ., W =2.5578 nm, chirality (6.6) for the beam model. For the spring model values of p vary be-
115 Spring elements, widih ;W = 2.4612 nm, chirality (10,0) | tween 0.28 and 0.31 and accordingly there are no strong size and
§’ nEEEE—8—8—8—8—8—8—F chirality dependencies for the same model. Although the beam
T o 1 and spring models give different results for y all values are within
the range reported in literature (Hartmann et al., 2013; Hem-

1051 ) masizadeh et al., 2008; Ru, 2000; Sakhaee-Pour, 2009; Tsai and
Wev Tu, 2010). It is assumed that different values of y depend on the

Y0 10 20 30 a0 s s 70 80 9 10 different representation of the bond angle bending in the beam
Length L (nm) and spring models. In order to see the influence of the bond angle

Fig. 7. Young's modulus of graphene sheet with diferent elements, length _bendllng, the total strain energy of the stretched graPhe”e sheets
and width is estimated for both models. The results from numerical computa-

tions are shown in Fig. 9. For the spring model the total strain
energy can be split into a bond stretching and a bond angle con-
tribution. It can be seen that the total strain energy of the spring
model is much higher than the strain energy of the beam model,
0.3 oAk 1 where stronger contribution comes from the bond angle bending
deformations. This shows the bond angle bending is probably not
correctly represented in the beam model. This may lead to the

0.35

—0.25 . _
E —E—Eeam elements, width g W =2.8576 nm, chilty (6.6 relatively small Poisson’s ratio of this model and may cause fur-
g ol o Seam elemems’w'éthGSW'_2'4612"m’ chiralty (10.0) || ther issues for loading cases where bond angle bending is im-
< +Sprfng elements, widthg W = 2.9578 nm, chirally (66) portant. By comparison between strain energy of the spring model
g e Spring elements,widih.; W = 24612 om, chiralty (10.0)] | and corresponding harmonic potentials it is also shown that gra-

phene sheets work in linear elastic area up to a stretch of approx-
imately 10 percent. Due to the assumptions made for the beam
01 r 1 elements no non-linear behavior can be observed for this model.

%E M [ Hence, it is valid only for small deformations.
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