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Abstract 
 
The problem of reduction of linear electrical circuits with complex 
eigenvalues to linear electrical circuits with real eigenvalues is analyzed. 
Methods for finding the transformation matrix are presented. 
Considerations are illustrated by numerical examples. 
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1. Introduction 
 

Matrix calculus is a basic mathematical tool in linear systems 
theory [1, 2, 3, 7, 10]. Elementary matrix operations like 
transposition and similarity are considered in [5, 6, 8]. Problems 
of symmetric matrices are analyzed in [4, 5, 9]. 

It is easy to show that it is impossible to reduce every matrix to 
diagonal form using similarity transformation with constant 
matrix. In the monograph [5] the problem of diagonalization of 
matrices with time-dependent transformation matrix is analyzed. 

In this paper, the problem of reduction of linear electrical 
circuits with complex eigenvalues to linear electrical circuits with 
real eigenvalues is analyzed. Methods for finding the 
transformation matrix with time-dependent entries are presented. 
Considerations are illustrated by numerical examples. 

The paper is organized as follows. In Section 2, the problem of 
reduction of linear systems with complex eigenvalues to linear 
systems with real eigenvalues is presented. A method of 
diagonalization of a matrix is given in Section 3. Analysis of 
electrical circuits and examples based on RLC circuit are 
presented in Section 4. Concluding remarks are given in Section 5.   

The following notation will be used:   - set of real numbers, 
n m  - set of n m  real matrices and 1n n  , nI  -  n n  

identity   matrix, 1L - inverse Laplace transform. 
 
2. The problem of reduction of linear systems 

with complex eigenvalues to linear 
systems with real eigenvalues 

 
Consider a continuous-time linear system described by the 

equation 
 ( ) ( )x t Ax t , (1) 
 
where ( ) nx t   is the state vector and n nA  . 

We assume that the matrix A  has at least one pair of complex 
eigenvalues kkks  j , 1,2,...,k n . We have to find the linear 

transformation 
 ( ) ( ) ( )x t L t z t , 1( ) ( ) ( )z t L t x t  (2) 
so that 
 ( ) ( )z t Bz t , (3) 
 
where the matrix n nB   has only real eigenvalues k ks   , 

1,2,...,k n   and ( )L t  is continuously differentiable. Substituting 
(2) into (1) we obtain 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )x t L t z t L t z t L t z t L t Bz t        

 [ ( ) ( ) ] ( ) ( ) ( ) ( )L t L t B z t Ax t AL t z t    (4) 
 

and therefore 
 ( ) ( ) ( )L t AL t L t B  , (5) 
 
Theorem 1. Let A  be a matrix with at least one pair of complex 
eigenvalues kkks  j , 1,2,...,k n . There exists the linear 

transformation (2) which reduces the equation (1) to the form (3) 
with the matrix B  with only real eigenvalues k ks   . The 

solution to the equation (5) has the form 
 
 ( ) At BtL t e e , 1( ) Bt AtL t e e  , (6) 
 
Proof. Differentiating (6) with respect to time we obtain 
 
 ( ) ( )At Bt At Bt At Bt At BtL t Ae e e B e Ae e e e B           

 ( ) ( )AL t L t B , (7) 
 
which is equivalent to (5). □ 
 
3. Diagonalization of a matrix 
 

Consider the continuous-time linear system (1) with the matrix 
A  with at least one pair of complex eigenvalues. We have to find 

the linear transformation (2) so that 
 
 ( ) ( )z t Dz t , (8) 
 
where n nD   is a diagonal matrix. From (8) and (1) we obtain 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )x t Ax t AL t z t L t z t L t z t       

 [ ( ) ( ) ] ( )L t L t D z t  (9) 
and therefore 
 ( ) ( ) ( )L t AL t L t D  . (10) 
 
Theorem 2. Let A  be a matrix with at least one pair of complex 
eigenvalues kkks  j , 1,2,...,k n . There exists the linear 

transformation (2) which reduces the equation (1) to the form (8) 
with the diagonal matrix D  with only real eigenvalues k ks   . 

The solution to the equation (10) has the form 
 
 ( ) At DtL t e e . (11) 
 
Proof. The proof is similar to the proof of Theorem 1. 
 
Remark 1. If the matrix D  is a scalar matrix, i.e. nD cI  for 

some c , then the solution to the equation (10) has the form 
 
 ( )( ) A D tL t e  , (12a) 
since 
 ( ) ( )L t D DL t  and ( )( ) ( ) A D tL t A D e   . (12b) 
 
4. Analysis of linear electrical circuits 
 

Consider the RLC circuit shown in Fig. 1, where ( )e t  is the input 

and ( )Ru t , ( )Lu t , ( )Cu t  are voltage drops on elements of the circuit. 
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Fig. 1.  RLC circuit diagram 

 
From the Kirchhoff’s laws we have 
 

 
2

2

( ) ( )
( ) ( )C C

C
du t d u te t RC LC u t

dt dt
   , (13a) 

 
( )

( ) Cdu ti t C
dt

 . (13b) 

 
Let ( ) ( )e t u t , 1( ) ( )Cu t x t , 2( ) ( )Cu t x t . The state equation of 

the circuit has the form 
 

 1 1

2 2

0 1
( ) ( ) 0

( )1
( ) ( ) 1

x t x t
u tRx t x t

LC L

                      




. (14) 

 
With ( ) 0u t   the state equation of the circuit has the form (1), 
where 

 
0 1

1A R
LC L

 
 
  
  

. (15) 

 
The considered system has two coupled complex eigenvalues if 
and only if 

 2
LR
C

 . (16) 

 
We have to find the transformation matrix ( )L t  which reduces the 
system (14)  with complex eigenvalues to the form (3) or (8). 
 
Example 1.  

Consider the RLC electrical circuit with ( ) 0u t   and 2 R   , 

1 HL  , 0,2 FC  . The system has two coupled complex 
eigenvalues since the condition (16) is satisfied. The system 
matrix has the form 

 
0 1

5 2
A  
    

. (17) 

 
There are two eigenvalues 2j12,1 s . We have to find the 

linear transformation (2) which reduces the system matrix (17) to 
the form 

 
1 1

0 1
B

 
   

 (18) 

 
with two real eigenvalues 1,2 1s   . 

We compute the transition matrix of the system (17) using the 
Sylvester method 

 1 2
1 2

s t s tAte Z e Z e  , (19) 

where 

 
1

n
n i

k
i k i
i k

A I sZ
s s






 , (20) 

 
From (17), (19) and (20) we obtain 
 

  










  tAt ee 2j1

25.0j5.025.1j

25.0j25.0j5.0
 

  









  te 2j1

25.0j5.025.1j

25.0j25.0j5.0
 

       
        .

2sin5.02cos2sin5.2

2sin5.02sin5.02cos
















ttete
tette

tt

tt

      (21) 

 
We compute the transition matrix of the system (18) for matrix 

B  using the inverse Laplace transform method 
 

 Bte  1L 1{[ ( )] }nI s B    1L 1{[ ] }nI s B  . (22) 

 
From (18) and (22) we obtain 
 

 Bte  1L
2

1 1

( 1) ( 1)

1 0
0

( 1)

t t

t

s s e te
e

s

  
                   

. (23) 

 
Using (6) we obtain 
 
 
            BtAt eetL  

         
        .

2sin5.05.22cos2sin5.2

2sin5.05.02cos2sin5.02cos











tttt
tttttt

  (24) 

 
We also compute matrices 1( )L t  and ( )L t  
 
        tL 1  

           
      ,

2sin5.02cos2sin5.2

2sin5.05.02cos2sin5.05.22cos











ttt

ttttttt
(25) 

 

           
        .

2sin5.02cos152cos5

2sin5.022cos2sin22cos












tttt
tttttt

tL  (26) 

 
Verification of the correctness of calculations will be done by 
transforming the equation (5) to the form 
 
 1( )[ ( ) ( )]B L t AL t L t   . (27) 
 
Substituting (17) and (24-26) into (27) we obtain 
 

  tAL  

       
            ,

2sin5.15.22cos252sin5.22cos5

2sin5.05.22cos2sin5.2











tttttt

tttt
(28) 

 
               tLtAL   

         
        .

2sin25.22cos2sin5.2

2sin5.02cos12sin5.02cos











tttt

tttttt
    (29) 

 
1[ ( ) ( )]L AL t L t    

 
2 2 2 2

2 2

1 1[sin (2 ) cos (2 )] sin (2 ) cos (2 )

0 10 [sin (2 ) cos (2 )]

t t t t
B

t t
     

        
. (30) 

 
The computed transformation matrix (24) reduces the matrix (17) 
to the form (18). 
 
Example 2. 

Consider the RLC electrical circuit from Example 1. The system 
matrix has the form (17) with two eigenvalues 2j12,1 s . We 
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have to find the linear transformation (2) which reduces the 
system matrix (17) to the diagonal (scalar) form 
 

 
1 0

0 1
D

 
   

 (31) 

 
with two real eigenvalues 1,2 1s   . 

Firstly we compute the difference of matrices (17) and (31) 
 

 
1 1

5 1
A D  
     

. (32) 

 
The matrix (32) has two eigenvalues 2jˆ

2,1 s . 

We compute the transition matrix using the Sylvester method 
 

 1 2ˆ ˆ( )
1 2

s t s tA D te Z e Z e    , (33) 

 
where 

 
1

ˆ( )

ˆ ˆ

n
n i

k
i k i
i k

A D I sZ
s s



 


 , (34) 

 
Using (32-34) we obtain 
 

  










 ttDA ee 2j

25.0j5.025.1j

25.0j25.0j5.0
 











 te 2j

25.0j5.025.1j

25.0j25.0j5.0
 

     
      .

2sin5.02cos2sin5.2

2sin5.02sin5.02cos











ttt

ttt
            (35) 

 
According to (12a) the transformation matrix ( )L t  has the form 

(35). We also compute the matrices 1( )L t  and ( )L t  
 

       
      ,

2sin5.02cos2sin5.2

2sin5.02sin5.02cos1













ttt
ttt

tL       (36) 

 

       
      .

2sin22cos2cos5

2cos2sin22cos













ttt
ttt

tL         (37) 

 
Verification of the correctness of calculations will be done by 

transforming the equation (10) to the form 
 

 1( )[ ( ) ( )]D L t AL t L t   . (38) 
 
Substituting (17) and  (35-37) into (38) we obtain 
 

       
        ,

2sin5.12cos22sin5.22cos5

2sin5.02cos2sin5.2













tttt
ttt

tAL   (39) 

 

         
      .

2sin5.02cos2sin5.2

2sin5.02sin5.02cos













ttt
ttt

tLtAL  (40) 

 
1[ ( ) ( )]L AL t L t    

2 2

2 2

1 0[sin (2 ) cos (2 )] 0

0 10 [sin (2 ) cos (2 )]

t t
D

t t
    

        
. (41) 

 
The computed transformation matrix (35) reduces the matrix (17) 
to the form (31). 
 

5. Concluding remarks 
 

The problem of reduction of linear electrical circuits with 
complex eigenvalues to linear electrical circuits with real 
eigenvalues has been investigated. It has been shown that the 
linear transformation (2) based on a matrix with time-dependent 
entries can reduce the system matrix with complex eigenvalues to 
the form (3) or (8) with real eigenvalues. The use of 
transformation (2) has been presented on RLC electrical circuit. 
The considerations have been illustrated by numerical examples. 

It is well known that every square matrix can be presented as a sum 
of symmetric and antisymmetric matrices. It is possible to use the 
linear transformation (2) to make the antisymmetric part equal to zero 
so the matrix transformed is a symmetric matrix. However, the 
symmetric part of the RLC circuit system matrix (15) is unstable. 

The presented approach can be extended to fractional and time-
varying linear systems. 
 
6. References 
 
[1] Antsaklis P.J., Michel A.N.: Linear Systems, Birkhäuser, Boston 1997. 
[2] Datta B. N. : Numerical Methods for Linear Control Systems, 

Elsevier, Amsterdam, 2004. 
[3] Kaczorek T.: Linear Control Systems, Research Studies Press J. Wiley, 

New York 1992. 
[4] Kaczorek T., Borawski K.: Positive stable realization problem for 

linear continuous-time fractional-order systems with symmetric 
system Metzler matrix, Measurement Automation Monitoring, 2014, 
vol. 60, no. 10, pp. 822-825 (in Polish). 

[5] Kaczorek T.: The relationship between the definitions of transposition, 
similarity and symmetrization and matrix equalities, 2005, 
Matematyka Stosowana, vol. 6, pp. 21-28 (in Polish). 

[6] Kaczorek T.: Vectors and Matrices in Automation and 
Electrotechnics, WNT, Warszawa, 1998 (in Polish). 

[7] Lancaster P., Tismenetsky M.: The Theory of Matrices, Academic 
Press, Orlando, 1985. 

[8] Taussky O., Zassenhaus H.: On the similarity transformation between 
a matrix and its transpose, Pacific J. Math. 9 (1956), 893-896. 

[9] Taussky O.: The role of symmetric matrices in the study of general 
matrices, Linear Algebra Appl. 5 (1972), 147-154. 

[10] Żak S. H.: Systems and Control, Oxford University Press, New York, 
2003. 

_____________________________________________________ 
Received: 08.01.2015     Paper reviewed     Accepted: 02.03.2015  
 
 
 
 Prof. D.Sc. eng. Tadeusz KACZOREK 
 
MSc. (1956), PhD (1962) and DSc (1964) from 
Electrical Engineering of Warsaw University of 
Technology. Since 1974 he was full professor at 
Warsaw University of Technology, and since 2003 he 
has been a professor at Bialystok University of 
Technology. He was awarded by twelve universities by 
the title doctor honoris causa. His research interests 
cover the theory of systems and the automatic control 
systems. He has published 27 books (10 in English) and 
over 1000 scientific papers. 
 
e-mail: kaczorek@isep.pw.edu.pl 

 
 
M.Sc. eng. Kamil BORAWSKI 
 
Born 28th March 1991 in Augustów. BSc eng. degree in 
Electrical Engineering received in January 2014 on 
Bialystok University of Technology. At the same 
University in June 2015 he received MSc eng. degree in 
Electrical Engineering. His main scientific interests are 
modern control theory, especially positive and 
fractional-order systems. 
 
 
 
 
e-mail: kam.borawski@gmail.com 

 
 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


