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Abstract. Arzela [1] considered the weaker form of uniform convergence which is
as good as uniform convergence of sequences of functions in respect to continuity
of the limit of a sequence of continuous functions. Some generalization of such
convergence can be found in [5]. Similar kinds of convergence of function sequences
were considered in [3] and [4]. In our article we generalize those kinds of convergence
for functions defined in a topological space with values in a topological space.

In the article we use terminology which is explained in Engelking’s mono-
graph “General Topology” [2]. Among others, we use the notion of a star
with respect to an open cover. If X is a topological space and « is a cover
of this space, then the star St(x,«) of a point x € X with respect to the
cover « is defined as the union of all the sets from « which contain the
point x, i.e.

St(z,0) = J{U:2 € UAU € a}

Definition 1 Let X, Y be topological spaces and f, f,, n € N, be functions
defined in X with values in Y. It is said that (fn)22, is quasi-uniformly
convergent to f if:
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(1) (fn)22, converges pointwise to f;

(2) for each open cover a of Y and each n € N there exist k € N and
Ni,...,nE > n such that if t € X, then

() € St(f(t), ) V fny(t) € St(f(t), ) V...V fi, (t) € St(f(t), ).

Theorem 1 Let X be a compact space and Y be an arbitrary topological
space. If fr,: X =Y, wheren € N, f: X — Y are continuous functions and
(fn)S2, is pointwise convergent to f, then (fy,)0°, is quasi-uniform conver-
gent to f.

Proof. Let us take an arbitrary open cover « of Y. For an arbitrary, but
fixed, positive integer m denote:

Am = {t € X: fu(t) € SHF(1),0)} -

Since (fn),—; is pointwise convergent, the equality

X=|J Anm (1)

m>n

is satisfied. Additionally, the set A,, is open for each m > n.

Indeed, if t € A,,, then f,, € St(f(t),a), i.e. one can find V € «
such that f(¢) € V. Continuity of both f,, and f implies the existence
of neighborhoods Wi, Wy of t such that f(W;) < St(f(¢),«) and
Jn(Wa) € SUF(2), @),

Now, let Wy = Wy N Wy, Of course, Wy is a neighborhood of ¢ and for
each t' € Wy we have f,,(t') € St(f(t'),«), i.e. Wy C A,,. We have shown
that the set A,, is open for each m > n.

By the above, by the fact that X is compact and by (1), one can find
positive integers k and ny,... ,ni > n such that

X =A,U...UA,,.

Hence
Jr () € SE(f(t), @) V...V fo, (t) € SE(f(2), @)
for t € X. Finally, combining this with the pointwise convergence, we get

that (f,)02; is quasi-uniformly convergent to f. O

We shall use the symbol C(f) for the set of all points of continuity of
a function f.
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Definition 2 Let J be a o-ideal of subsets of X. A function f from a topo-
logical space X to a topological space Y is said to be J-continuous if X \ C(f)
belongs to J.

Theorem 2 Let X be a topological space, Y be a regular one and f,, f be
functions from X toY for each positive integer n. Let J be a o-ideal of
subsets of X such that X ¢ 3. If (fn),— is J-continuous for each n € N and
(fr)o2, is quasi-uniformly convergent to f, then f is J-continuous as well.

Proof. Let

E=()C(fa): (2)

n=1

where C(f,,) denotes the set of points of continuity for f,,. We will show that
the set C(f) of points of continuity for f contains the set E.

Let € E and U be an arbitrary neighborhood of f(z). By regularity of
the space Y, there exists an open set V such that

flx)eV cel(V)cCU. (3)

Consider the family o = {U, X \ cl(V')} which forms an open cover of Y. By
pointwise convergence of ()0 to f, there exists ng such that

fu(x) €V (4)

for each n > ng. By the second condition of quasi-uniform convergence, one
can find indexes ni > ng, ..., ng > ng such that

frr(t) € St(f(t), ) V fry(t) € St(f(t),0) V...V f, (t) € St(f(t), )

for each t € X. By the fact that f(z) € V, f,,(z) € V and f,, is continuous,
we infer that there exists a neighborhood W; of = such that f(W;) C V for
eacht=1,... k.

k
Let Wy = ﬂ W;. Thus, Wy is a neighborhood of x and if ¢ € Wy, then

there exists n; such that f, () € V and f, (t) € St(f(t),a). This means
that f(t) € U for each t € Wy, i.e. the inclusion f(Wy) C U holds.

In the consequence, f is continuous at each point x € E. Now, conditions
X\C(f) C Fand E € J imply that X \C(f) € 7, i.e. f is J-continuous and
the proof is complete. O



22 R. Drozdowski, J. Jedrzejewski, A. Sochaczewska

Definition 3 Let X, Y be topological spaces and f, fn, n € N, be functions
defined on X with values inY . A sequence (f,)52; is called St-monotonically
convergent to f if for every x € X, for every n € N and for every open cover
of Y the implication

fn(t) € St(f(t)’a) = fnJrl(t) € St(f(t)’a)
holds.

Theorem 3 If X and Y are topological spaces, f,, [ are functions from
X into Y, then (fn)52, converges uniformly to f if and only if (fn)5, is
quasi-uniform and St-monotonically convergent to f.

Proof. It is known that uniform convergence implies quasi-uniform con-
vergence. It is not difficult to see that uniform convergence also implies
St-monotonic convergence.

Now, assume that (f,)5%; is quasi-uniformly and St-monotonically con-
vergent to f. Let us choose an arbitrary open cover « of Y. By quasi-uniform
convergence, one can find k£ € N and nq,... ,n;y > n such that

foi (8) € SE(S(E), @) V [y () € SE(f(t), ) V...V fo (E) € SE(f(2), ) (5)
for each t € X. By (5), we infer that for ¢ € X there exists n; such that

fn;(t) € St(f(t), ), whence by St-monotonic convergence for each p € N we
have:

fnier(t) € St(f(t)’ a)'

Let ng = max{nq,... ,ng}. Obviously, if t € X and n > ng, then

fn(t) € St(f(1), a),
which proves that (f,)5; is uniformly convergent to f. O
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