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Abstrat. Arzelá [1℄ onsidered the weaker form of uniform onvergene whih is

as good as uniform onvergene of sequenes of funtions in respet to ontinuity

of the limit of a sequene of ontinuous funtions. Some generalization of suh

onvergene an be found in [5℄. Similar kinds of onvergene of funtion sequenes

were onsidered in [3℄ and [4℄. In our artile we generalize those kinds of onvergene

for funtions de�ned in a topologial spae with values in a topologial spae.

In the artile we use terminology whih is explained in Engelking's mono-

graph �General Topology� [2℄. Among others, we use the notion of a star

with respet to an open over. If X is a topologial spae and α is a over

of this spae, then the star St(x, α) of a point x ∈ X with respet to the

over α is de�ned as the union of all the sets from α whih ontain the

point x, i.e.

St(x, α) =
⋃

{U : x ∈ U ∧ U ∈ α}

De�nition 1 Let X, Y be topologial spaes and f , fn, n ∈ N, be funtions

de�ned in X with values in Y . It is said that (fn)∞n=1 is quasi-uniformly

onvergent to f if:
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(1) (fn)∞n=1 onverges pointwise to f ;

(2) for eah open over α of Y and eah n ∈ N there exist k ∈ N and

n1, . . . , nk ≥ n suh that if t ∈ X, then

fn1
(t) ∈ St(f(t), α) ∨ fn2

(t) ∈ St(f(t), α) ∨ . . . ∨ fnk
(t) ∈ St(f(t), α).

Theorem 1 Let X be a ompat spae and Y be an arbitrary topologial

spae. If fn : X → Y , where n ∈ N, f : X → Y are ontinuous funtions and

(fn)∞n=1 is pointwise onvergent to f , then (fn)∞n=1 is quasi-uniform onver-

gent to f .

Proof. Let us take an arbitrary open over α of Y . For an arbitrary, but

�xed, positive integer m denote:

Am = {t ∈ X : fm(t) ∈ St(f(t), α)} .

Sine (fn)∞n=1
is pointwise onvergent, the equality

X =
⋃

m≥n

Am (1)

is satis�ed. Additionally, the set Am is open for eah m ≥ n.
Indeed, if t ∈ Am, then fm ∈ St(f(t), α), i.e. one an �nd V ∈ α

suh that f(t) ∈ V . Continuity of both fm and f implies the existene

of neighborhoods W1, W2 of t suh that f(W1) ⊂ St(f(t), α) and

fm(W2) ⊂ St(f(t), α).
Now, let W0 = W1 ∩ W2. Of ourse, W0 is a neighborhood of t and for

eah t′ ∈ W0 we have fm(t′) ∈ St(f(t′), α), i.e. W0 ⊂ Am. We have shown

that the set Am is open for eah m ≥ n.
By the above, by the fat that X is ompat and by (1), one an �nd

positive integers k and n1, . . . , nk ≥ n suh that

X = An1
∪ . . . ∪ Ank

.

Hene

fn1
(t) ∈ St(f(t), α) ∨ . . . ∨ fnk

(t) ∈ St(f(t), α)

for t ∈ X. Finally, ombining this with the pointwise onvergene, we get

that (fn)∞n=1 is quasi-uniformly onvergent to f . �

We shall use the symbol C(f) for the set of all points of ontinuity of

a funtion f .
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De�nition 2 Let I be a σ-ideal of subsets of X. A funtion f from a topo-

logial spae X to a topologial spae Y is said to be I-ontinuous if X \C(f)
belongs to I.

Theorem 2 Let X be a topologial spae, Y be a regular one and fn, f be

funtions from X to Y for eah positive integer n. Let I be a σ-ideal of

subsets of X suh that X /∈ I. If (fn)∞n=1
is I-ontinuous for eah n ∈ N and

(fn)∞n=1 is quasi-uniformly onvergent to f , then f is I-ontinuous as well.

Proof. Let

E =
∞⋂

n=1

C(fn), (2)

where C(fn) denotes the set of points of ontinuity for fn. We will show that

the set C(f) of points of ontinuity for f ontains the set E.

Let x ∈ E and U be an arbitrary neighborhood of f(x). By regularity of

the spae Y , there exists an open set V suh that

f(x) ∈ V ⊂ cl(V ) ⊂ U. (3)

Consider the family α = {U,X \ cl(V )} whih forms an open over of Y . By

pointwise onvergene of (fn)∞n=1 to f , there exists n0 suh that

fn(x) ∈ V (4)

for eah n ≥ n0. By the seond ondition of quasi-uniform onvergene, one

an �nd indexes n1 ≥ n0, . . . , nk ≥ n0 suh that

fn1
(t) ∈ St(f(t), α) ∨ fn2

(t) ∈ St(f(t), α) ∨ . . . ∨ fnk
(t) ∈ St(f(t), α)

for eah t ∈ X. By the fat that f(x) ∈ V , fni
(x) ∈ V and fni

is ontinuous,

we infer that there exists a neighborhood Wi of x suh that f(Wi) ⊂ V for

eah i = 1, . . . , k.

Let W0 =

k⋂

i=1

Wi. Thus, W0 is a neighborhood of x and if t ∈ W0, then

there exists nj suh that fnj
(t) ∈ V and fnj

(t) ∈ St(f(t), α). This means

that f(t) ∈ U for eah t ∈ W0, i.e. the inlusion f(W0) ⊂ U holds.

In the onsequene, f is ontinuous at eah point x ∈ E. Now, onditions

X \ C(f) ⊂ E and E ∈ I imply that X \ C(f) ∈ I, i.e. f is I-ontinuous and

the proof is omplete. �
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De�nition 3 Let X, Y be topologial spaes and f , fn, n ∈ N, be funtions

de�ned on X with values in Y . A sequene (fn)∞n=1 is alled St-monotonially

onvergent to f if for every x ∈ X, for every n ∈ N and for every open over

of Y the impliation

fn(t) ∈ St(f(t), α) =⇒ fn+1(t) ∈ St(f(t), α)
holds.

Theorem 3 If X and Y are topologial spaes, fn, f are funtions from

X into Y , then (fn)∞n=1 onverges uniformly to f if and only if (fn)∞n=1 is

quasi-uniform and St-monotonially onvergent to f .

Proof. It is known that uniform onvergene implies quasi-uniform on-

vergene. It is not di�ult to see that uniform onvergene also implies

St-monotoni onvergene.

Now, assume that (fn)∞n=1 is quasi-uniformly and St-monotonially on-

vergent to f . Let us hoose an arbitrary open over α of Y . By quasi-uniform

onvergene, one an �nd k ∈ N and n1, . . . , nk ≥ n suh that

fn1
(t) ∈ St(f(t), α) ∨ fn2

(t) ∈ St(f(t), α) ∨ . . . ∨ fnk
(t) ∈ St(f(t), α) (5)

for eah t ∈ X. By (5), we infer that for t ∈ X there exists ni suh that

fni
(t) ∈ St(f(t), α), whene by St-monotoni onvergene for eah p ∈ N we

have:

fni+p(t) ∈ St(f(t), α).

Let n0 = max{n1, . . . , nk}. Obviously, if t ∈ X and n ≥ n0, then

fn(t) ∈ St(f(t), α),

whih proves that (fn)∞n=1 is uniformly onvergent to f . �
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