Article citation info:

ZHOUY, ZHANG Z. Optimal maintenance of a series production system with two multi-component subsystems and an intermediate buffer.
Eksploatacja i Niezawodnosc — Maintenance and Reliability 2015; 17 (2): 314-325, http://dx.doi.org/10.17531/ein.2015.2.20.

Yifan ZHOU
Zhisheng ZHANG

OPTIMAL MAINTENANCE OF A SERIES PRODUCTION SYSTEMWITHTWO
MULTI-COMPONENT SUBSYSTEMS AND AN INTERMEDIATE BUFFER

OPTYMALNA STRATEGIA UTRZYMANIA RUCHU DLA SERYJNEGO SYSTEMU
PRODUKCJI ZLOZONEGO Z DWOCH PODSYSTEMOW WIELOSKLADNIKOWYCH

ORAZ BUFORU POSREDNIEGO

Intermediate buffers often exist in practical production systems to reduce the influence of the breakdown and maintenance ef
subsystems on system production. At the same time, the effects of intermediate buffers also make the degradation process of the
system more difficult to model. Some existing papers investigate the performance evaluation and maintenance optimisation of a
production system with intermediate buffers under a predetermined maintenance strategy structure. However, only few papers
pay attention to the property of the optimal maintenance strategy structure. This paper develops a method based on the Markov
decision process to identify the optimal maintenance strategy for a series-parallel system with two multi-component subsystems
and an intermediate buffer. The structure of the obtained optimal maintenance strategy is analysed, which shows that the optimal
strategy structure cannot be modelled by a limited number of parameters. However, some useful properties of the strategy structure
are obtained, which can simplify the maintenance optimisation. Another interesting finding is that a large buffer capacity cannot
always bring about high average revenue even through the cost of holding an item in the buffer is much smaller than the produc-
tion revenue per item.

Keywords: series-parallel systems,intermediate buffers, Markov decision process,policy iteration,generalized
minimum residual method.

W systemach produkcyjnych czesto stosuje si¢ bufory posrednie w celu zmniejszenia wplywu awarii i konserwacji podsystemow na
system produkcji. Jednoczesnie, oddziatywanie buforow posrednich utrudnia modelowanie procesu degradacji systemu. Istniejq
badania dotyczqce oceny funkcjonowania i optymalizacji utrzymania systemow produkcyjnych wykorzystujgcych bufory posred-
nie przy zatozeniu wczesniej okreslonej struktury strategii utrzymania ruchy. Jednak tylko nieliczne prace zwracajg uwage na
wlasnosci optymalnej struktury strategii utrzymania ruchu. W przedstawionej pracy opracowano opartg na procesie decyzyjnym
Markowa metode okreslania optymalnej strategii utrzymania ruchu dla ukiadu szeregowo-rownolegtego z dwoma podsystemami
wielosktadnikowymi oraz buforem posrednim. Przeanalizowano strukture otrzymanej optymalnej strategii utrzymania i wykazano,
ze struktury takiej nie mozna zamodelowa¢ przy uzyciu ograniczonej liczby parametrow. Jednak odkryto pewne przydatne wita-
Sciwosci struktury strategii, ktore mogq utatwié¢ optymalizacje utrzymania ruchu. Innym interesujgcym odkryciem bylo to, ze duza
pojemnos¢ bufora nie zawsze daje wysokq sredniq przychodow mimo iz koszty przechowywania obiektu w buforze sq znacznie
mniejsze niz przychody z produkcji w przeliczeniu na jeden obiekt.

Stowa kluczowe: ukiad szeregowo-rownolegly, bufor posredni, proces decyzyjny Markowa, iteracja strategii,

uogolniona metoda najmniejszego residuum

1. Introduction

Series-parallel systems with intermediate buffers widely exist in
reality. For example, a production line can have multiple production
phases connected in series. Each phase can have several production
units organised in parallel to enhance the performance of the system.
Between these phases, some intermediate buffers are allocated to store
work in process (WIP). These buffers can reduce the influence of the
breakdown and maintenance of a subsystem on the production rate of
the whole system. However, the effects of intermediate buffers also
make the degradation process of the system more difficult to model.

Some existing papers developed methods to evaluate the perform-
ance of the series-parallel or series system with intermediate buff-
ers. Tan and Gershwin [20] investigated the steady-state of a general
Markovian two-stage continuous-flow system by solving a system of
differential equations that describes the dynamics of the system. After
that, Tan and Gershwin [19] further applied their model to the steady-
state analysis of more general situations, e.g. systems with multiple

components in series or parallel in each subsystem. Alexandros and
Chrissoleon[1] analysed the steady-state of a two-workstation one-
buffer follow line by using the Markovian property of the system.
Liu et al. [13] investigated a system similar to that in Ref. [1], which
considers the asynchronous operations of independent parallel units.
The system was modelled by a Quasi-Birth-Death (QBD) process that
can be solved efficiently. When there are more than two subsystems
(components) in a series-parallel (series) system, the above-mentioned
performance evaluation approaches based on steady-state analysis be-
come impractical. Besides methods using the Monte Carlo simulation
[9], some approximate approaches e.g., the aggregation method [4, 8,
21] and the decomposition method [5, 12], are developed to evaluate
the performance of the system analytically. Although the above pa-
pers addressed the performance evaluation of a series-parallel system,
these papers assumed a predetermined maintenance strategy, while
the maintenance strategy optimisation is not considered.
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Some other research focused on the maintenance optimisation of
a production system with intermediate buffers. Zhou et al. [25] devel-
oped an opportunistic preventive maintenance policy for a multiunit
series systems with intermediate buffers based on the dynamic pro-
gramming. The cumulative opportunistic maintenance cost savings
was adopted as the objective function. Ribeiro et al. [17] proposed
a mixed integer linear programming model to jointly optimise the
maintenance strategy and the buffer size. Dehayem Nodem et al. [6]
simultaneously optimised the production and maintenance of a system
with a production unit and a buffer-inventory. Murino et al. [16] ap-
plied three thresholds (i.e. warning threshold, opportune threshold,
and preventive threshold) on the condition of the components in a
series system with intermediate buffers. Both the thresholds and the
buffer size were optimised through a simulation approach. Zequeira
et al. [23] optimised the maintenance strategy and the buffer size of
a production system, where the opportunities to carry out a mainte-
nance action were assumed to be random. Arab et al. [2] optimised the
maintenance of a production system with intermediate buffers incor-
porating dynamics of the production system and real-time information
from workstations. The maintenance optimisation was performed on a
simulation optimisation platform. The degradation and failures of the
units were not discussed in that paper.The above papers preliminarily
addressed the maintenance optimisation problem of production sys-
tems with intermediate buffers. However, these papers adopted prede-
termined maintenance strategy structures that are not proved optimal.
Some papers did not consider the relationship among the maintenance
action to a component, the states of other components, and the buffer
level. Other papers obtained a short-term optimal maintenance strat-
egy.

Only few papers investigated the property of the optimal main-
tenance strategy structure of a production system with intermediate
buffers. Kyriakidis and Dimitrakos [11] optimised the maintenance of
a two-unit series system with an intermediate buffer, in which only the
upstream unit suffered from degradation. The optimal maintenance
policy of the upstream unit was proved to be a control-limit type for a
fixed buffer level. Later, Dimitrakos and Kyriakidis [7] extended their
research in Ref. [11] by using continuous distributions to model the
repair time. During the numerical study, Dimitrakos and Kyriakidis
found that the optimal strategy structure is also of a control-limit type.
In Ref. [10], Karamatsoukis and Kyriakidis assumed a more general
situation that both the upstream and downstream units deteriorate with
time. It was proved that the optimal maintenance strategy of the two
units both have a control-limit property. The above-mentioned papers
largely focus on a two-unit series system. However, in practice, the
buffer can often exist in a series-parallel system. To address this issue,
this paper further investigates the situation that both the upstream and
downstream subsystems contain multiple parallel-connected compo-
nents. When multiple components are included in a subsystem, the
degradation process of the subsystem becomes difficult to model
and the maintenance strategy structure becomes more complex. In a
previous paper of the authors [24], the optimal maintenance strategy
structure of a two-unit series system without intermediate buffers was
investigated by a Markov decision process (MDP). In this paper, the
MDP is also adopted to model the system degradation and repairing
process; similar to Ref. [24],the policy iteration is used to solve the
MDP to obtain the optimal maintenance strategy. Because the transi-
tion matrix of the system states is sparse, the sparse incomplete LU
factorization and the generalized minimum residual (GMRES) meth-
od are used in this paper to solve the system of linear equations during
the policy iteration. Thus, the policy iteration method in this paper is
more efficient than that in Ref. [24].The structure of the obtained op-
timal maintenance strategy is investigated, which privies a reference
for other maintenance optimisation approaches (e.g., the embedded
MDP and the method based on steady-state analysis). Furthermore,
the influence of the buffer capacity on the optimal average revenue is

analysed. The result shows that large buffer capacity can bring down
the average revenue even when the inventory holding cost rate per
item is considerably smaller than the production revenue per item.
This counter-intuitive result indicates that the buffer capacity should
be optimised according to system parameters.

The remaining parts of this paper are organised as follows. Sec-
tion 2 introduces the mathematical formulation and assumptions of
the maintenance optimisation problem. Then, an approach to iden-
tifying the optimal maintenance strategy is developed in Section 3.
After that, numerical studies are performed in Section 4 to evaluate
the performance of the proposed maintenance optimisation method.
Section 4 also investigates the properties of the derived optimal main-
tenance strategy structure. Finally, Section 5 gives the conclusion of
the whole paper.

Nomenclature
Cpur the cost rate of the preventive maintenance to a component

in the upstream subsystem in one unit time
the cost rate of the preventive maintenance to a component

Cpg-
3 in the downstream subsystem in one unit time
[ the cost rate of the corrective maintenance to a component
in the upstream subsystem in one unit time
Cedt the cost rate of the corrective maintenance to a component

in the downstream subsystem in one unit time

c,.(i, q): the operating cost of a component in the upstream
subsystem when the component is in state / and under
production rate ¢

c,d(i, q): the operating cost of a component in the downstream
subsystem when the component is in state iand under
production rate ¢

[ the cost of holding an item in the buffer per unit time

K(?): the buffer level at time ¢

Ny: the buffer capacity

N,: the failure state of a component in the upstream
subsystem

Ny the failure state of a component in the downstream
subsystem

Ppu the probability of successfully performing the preventive

maintenance to a component in the upstream subsystem in
one unit time

Ppd the probability of successfully performing the preventive
maintenance to a component in the downstream subsystem
in one unit time

Pet the probability of successfully performing the corrective
maintenance to a component in the upstream subsystem in
one unit time

Ped: the probability of successfully performing the corrective
maintenance to a component in the downstream subsystem
in one unit time

P.(9): the transition matrix of a component in the upstream
subsystem under production rate ¢
Py(q): the transition matrix of a component in the downstream

subsystem under production rate ¢

P, : the transition matrix of a component in the upstream
subsystem under the nominal production rate g,

P,ilde': the transition matrix of a component in the upstream
subsystem when its production rate is zero

Py the transition matrix of a component in the downstream
subsystem under the nominal production rate g,

Pidel:  the transition matrix of a component in the downstream

subsystem when its production rate is zero
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Pq,/(0):  the probability that the system is in state w after one unit
time when the current state of the system is s and the ad-
opted maintenance action is 0

q. the nominal production rates of a component in the
upstream subsystem

q4 the nominal production rates of a component in the

downstream subsystem

Oum(k,0,): the production rate of component m in the upstream
subsystem when the buffer level is £ and the maintenance
action is 6,

Qum(k,0,): the production rate of component m in the downstream
subsystem when the buffer level is £ and the maintenance
action is 6,

7. the production revenue gained by an item processed by the
downstream subsystem

R(s, 0):  the immediate revenue incurred during the next unit time
when system state is s and the adopted maintenance action
is0

S(?): the state of the system at time ¢

V(w): the relative cost function when the system is in state w

X, (f):  the state of component m in the upstream subsystem at
time ¢

X, (f):  the state of component m in the downstream subsystem at
time ¢

0: the maintenance action of the system

0, the maintenance action of the upstream subsystem

0 the maintenance action of the downstream subsystem

2. Problem formulation and assumptions

2.1. Problem formulation

The investigated system is illustrated in Figure 1, which contains
an upstream subsystem, a downstream subsystem, and an intermedi-
ate buffer. Both the upstream and downstream subsystems consist of
two identical parallel components. The upstream subsystem delivers
products to the buffer, while the downstream subsystem consumes
items in the buffer and processes them into final products. The nomi-
nal production rates of a component in the upstream and downstream
subsystems are g, and g, respectively. The buffer level at time ¢ is
denoted as K(#)=0,1,...,N;, where N, is the buffer capacity. The com-
ponents in the upstream and downstream subsystems all suffer from
degradation, and the degradation processes follow the discrete-time
discrete-state Markov process. The states of the components in the up-
stream and downstream subsystems at time ¢ are X,,,,,(1)=1,2,...,N,,PM
and X, (=1,2,...,N;,PM(m=1,2), respectively. Here, state one is the
faultless state, and state NV, (IV,) is the failure state. The additional state
PM indicates that the component is under preventive maintenance.
The production rate of a component is zero when it fails or is under
maintenance; otherwise, the component can work at the nominal pro-
duction rate g, (¢,). However, the actual production rate of a compo-
nent also depends on the current buffer level K(¢). For example, when
the buffer is full, i.e., K(#)=N; , the upstream subsystem is blocked,
and the production rate of its two components is zero. On the other
hand, when K(#)=0, the downstream subsystem is starved, and the pro-
duction rate of the downstream subsystem is zero. The calculation of
the production rates is discussed in Section 3. In reality, the produc-
tion load of a component can affect its degradation process. There-
fore, this research assumes that the transition matrix of the state of a
component is the function of its production rate. The transition matrix
of a component in the upstream subsystem is denoted as P (g),where
q is the current production rate of the component. In the same way,
the transition matrix of a component in the downstream subsystem is
described as Py(q).

Production
subsystem

Installation

subsystem Buffer

Fig. 1. The system structure

Two types of maintenance activities are applied to the compo-
nents, i.e. the preventive maintenance and the corrective maintenance.
The duration of the two types of maintenance activities follows the
Geometric distribution. The probability of successfully performing
the preventive and corrective maintenance to a component in the
upstream (downstream) subsystem in one unit time is p,,, (p,q) and
PeuPea), respectively. The cost rate of the preventive and corrective
maintenance to a component in the upstream (downstream) subsystem
is ¢, (¢pg) and ¢, (cq), respectively. In practice, both the state and
the production rate of a component affect its operation cost. There-
fore, the operating cost of a component in the upstream subsystem is
c,.(i,q),where i is the state of the component and the g is the current
production rate of the component. This paper assumes that c,,(i, ) is
a non-decrease function of 7 and ¢. The cost of holding an item in the
buffer per unit time is ¢, and an item processed by the downstream
subsystem can gain a production revenue 7,,. The objective function
used in maintenance optimisation is the expected revenue per unit
time, which is given by:

R=Rp—Cy —Co—Cy, ()

where, R, is the average production revenue per unit time; EM R 60 S

and Cp are the average costs per unit time incurred by maintenance,
operation, and inventory.

2.2. Assumptions
 All the components have a non-decreasing degradation rate:

For fixed values of ¢ and j°, the quantities Zyi‘j,(Pu (q))l ;
and Zyjj,(Pd (¢ ))lj are non-decreasing in .

» The number of products processed by the system is discrete.

» The downstream subsystem can only process the product in the
buffer; an item cannot be processed by both the upstream and
downstream subsystems in the same unit time.

* Both the preventive and corrective maintenance activities bring
a component to a brand new state; the imperfect maintenance
is not considered in this research.

* When a component is under preventive or corrective mainte-
nance, the degradation process of the component stops, and the
production rate of the component drops to zero.

* When a component fails, the corrective maintenance of the
component is compulsory.

» The maintenance or failure of a component does not affect the
production and maintenance of the other components.

3. Maintenance strategy optimisation

3.1. System modelling

The change of buffer level and the degradation of the components
are interrelated. Therefore, the state of the system at time ¢ is given
by a vector S(7) = [X,,;(¢) X,2(¥) X;;(¢) X;5(¢) K(¥)]. Because the com-
ponents in a subsystem are assumed to be identical, the state space of
the system can be reduced by setting X, ;(1)=X,,,(f) and X;(£)=X;5(?).
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Each system state has an optimal maintenance activity that is given
by a vector 0=[6,6,], where 6, and 6, are the maintenance actions of
the upstream and downstream subsystems, respectively. The value of
0, (0,) is defined as:

no maintenance is performed

the component in a better state is preventively maintained
the component in a worse state is preventively maintained
0, (6 ¥l ): both the two components are preventively maintained

one component is correctively maintained

AN AW N~ O

both the two components are correctively maintained

@

According to the assumption in this paper, the production rate of
a component is a function of the maintenance action and the buffer
level k. The production rates of the two components in the upstream
subsystem are given by:

min (N —k,2q,)/2 6, =0
0,1(k.8,)={min(N, -k,q,) 6, =1 A3)
0 0, =2,3,4,5,6

and:

min (N, —k,2q,)/2 6, =0
0, (k8,)=1min(N, —k,q,)  6,=2,4 . 4)
0 0, =13,5,6

Similarly, the production rates of the two components in the down-
stream subsystem can be calculated as:

min (k,2¢,)/2 6,=0
041 (k08,)=min(k,q;)  64=1 ®)
0 0, =2,3,4,5,6

and
min (k,2¢,4)/2 8, =0
Qd,2 (k,ed): Inln(k,qd) Gd :2,4 . (6)
0 6,=13,5,6

To simplify the formulation, this research assumes that the transi-
tion probabilities of a component are linear functions of its production
rate ¢g. The elements in the transition matrix P (¢) of a component in
the upstream subsystem can be calculated as:

(Pu(9)),; :((qu -q)- (i )’j +q-(Py), jj / e (D

Here, P, is the state transition matrix of a component under the nomi-

nal production rate g,, and Pli,del is the state transition matrix of a
component when its production rate is zero. The state transition ma-
trix of a component in the downstream subsystem can be calculated
in the same way using the two transition matrices Py and Pid®! The
operation cost of a component is a function of the component state i

one component is correctively maintained and the other is preventively maintained

and production rate ¢g. The operation cost of a component in the up-
stream subsystem is assumed as:

Cou (i5q)zcou,i 'q/qu > (3)

where, c,,; is the operation cost of a component in the upstream
subsystem when its state is 7 and its production rate is the nominal
production rate ¢,. Similarly, the operation cost of a component in
the downstream subsystem is:

Cod (i’q):cod,i 'q/qd . (9)

Other formulations of transition probabilities and operation costs can
be also processed by the maintenance optimisation method developed
in this paper.

3.2. Markov decision process model

The MDP is a useful tool to identify the optimal maintenance
strategy when the optimal strategy structure is unknown [24]. Conse-
quently, this research adopts the MDP to investigate the properties of
the optimal maintenance strategy for a series-parallel system with an
intermediate buffer.

A crucial part of the MDP model is the relative cost function that
formulates the relative cost of a single step in the long-run decision
process [14]. For the investigated maintenance optimisation problem,
the relative cost function is given by:

Vo(s)=R(s,0)-g+ X B (0)V(w) (10)

weS

Here, s=[x,;x,,x;Xxpnk] is the system state vector, while w=
[x'1x"2x "y X" k'] is another state in the system state space S. The no-
tations g and 0 are the average revenue per unit time and the adopted
maintenance action, respectively. R(s, 0) is the immediate revenue
incurred during the next unit time when the system is in state s and
under maintenance action 0. P ,(0) is the probability that the system
is in state w after one unit time when the current state of the system
is s and the adopted maintenance action is 0. The function V(w) is the
relative cost function when the system is in state w, which is given
by:

V(w)=ming_g Ve(w)’ (n

where, O is the maintenance action space.

The immediate revenue R(s, 0) incurred during the next unit time
is calculated as:

2 2
R(S,G) =T z Qd,m (k’ed)_ Z Cou (xu,msQu,m (k,@u))
, m=1 m=1 , (12)
- Z Cod (xd,mﬂQd,m (k’ed))_CM,u (gu)_CM,d (Gd)_chk

m=1

where, Cy,,(6,) and Cys 4(6,) are the maintenance costs of the
upstream and downstream subsystems under strategies 6, and 6,;. The
two can be calculated as:
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0 0,=0
Cpu 0,=12
2c 0,=3
Cy,(0,)=1""" ! (13)
M,ll( u) Ceu eu =4
Cou t Ceu 0,=5
2., 0,=6
and
O Od :0
de Qd :1,2
2c d Od =3
Cya(0)=1"" (14)
(%) Ced 0, =4
cpd +ccd Qd =5
2CCd Od =6

The buffer level after one unit time can be calculated according to the
adopted maintenance action and the current buffer level as:

2 2
K=k+Y Oum(k.0,) =Y Oym(k.0,). (15)
m=1 m=1

The degradation processes of the upstream and downstream subsys-
tems do not depend on each other. Consequently, the transition prob-
ability of the system can be simplified as:

Py (0)=Pr(x' 1. 0. X g1 X g0 %0, %,2. %41 %42.K.0,,.04 )

=Pr(x 1 X0 %10 %,2. 5,0, ) Pr(X' 1. g [Xg1.X42.K,6,) (16)

2 2
~1[k'—k+ S 0un(k6)- 3, Qd,m(k,ed)]
m=1

m=l1

Here, /(4) is the indicator function given by:

I(A)— 1 A istrure (17)
10 Ais false

Because the derivation processes of the probabilities

Pr(x'ul,x'uz‘xul,xuz,k,eu) and Pr(x'dl,x'd2‘xdl,xln,k,ed) are

quite similar, only the calculation of Pr(x',;,x',s |%,1.%,2.k.0, ) is
introduced as follows:

When 6,=0, no maintenance activities are applied to the two com-
ponents. The transition probability is given by:

Pr(x'ul’x'uZ ‘xulvxu2’k50): (Pu (Qu,l (k,O))) (Pu (Qu,Z (k,O)))

Xul>X w1 Xu25X'u2
+ (Pu (Qu,l (’IC’O)))XMI’X,M2 (Pu (Qu,Z (k’o)))xuz’x.u1
(18)

When 6,=1, only the component in a better state is maintained. After
one unit time, the component can be still under preventive mainte-
nance or in a brand new state. The transition probability is calculated
as:

(1 = Ppu XPu (Qu (/‘,1)))xum,u2 x'y = PM
P pu (Pu (Qu,l (k'l)))

Xyu1X'y1

Pr(x'ul’x'uZ‘xul’qu’k’l): .
otherwise

(19)

Similarly, when 6,=2, only the component in a worse state is main-
tained, and the transition probability is as follows:

(1 - Pp,, XP“ (Q“v2 (k’z)))xuz,x;z x'ul =M
ppu (Pu (Qu,Z (/(,2)))

.
Xu2,Xyl

Pr(x'ul’x'uZ‘xul’xubk’z): o
otherwise

(20

When both the two components are preventively maintained, i.e.
6,=3, the transition probability can be computed as:

(l_ppuxl_ppu) Xy =PM,x'p = PM
Pr(x'ulﬂx|u2‘xulﬁxu2’k’3): zppu(]fppu) x’ulsz’x'ldzl

PpuP pu otherwise

e2))

When 6,=4,a component is failed and correctively maintained. The
corresponding transition probability is given by:

(1= pa)Pa@o (k) X =N,

Pr(x'ul’x'uZ‘xulsqu’k:4)= ueu i
Peu (Pu (Qu,z (/‘7,4))))6“[)(,”1 otherwise

(22)

When 6,=5, a component is correctively maintained and the other one
is under preventive maintenance. The transition probability is calcu-
lated as:

(1_ppuxl_pcu) Xy =PM,x', =N,
Pr (1% 2| %12 2.K,5) = g_ppu))pcu Xy =PM, x5 =1
~ Peu )P pu

PpuPeu

’ — ! —
Xul 7Nu’xu2 =1
otherwise

(23)

When both the two components are correctively maintained, i.e. 4,=6,
the transition probability can be computed as:

(]_Pcu)(]_pcu) x'ul:Nu’x'uZZNu
Pr(xvuvauz‘xul,xuz,k,6): 2pcu(l—pcu)
PeuPeu

’ — ’ j—
qu*Nu’xu2*1

otherwise

24)

After different components in the relative cost function (10) are
calculated, the policy iteration modified from that in Ref. [24] is used
to find the optimal maintenance strategy. In policy iteration, the rela-
tionship between the maintenance action and the system state is for-
mulated as a policy function denoted as d(s)=0, where sis the system
state and 0 is the corresponding maintenance action. The policy itera-
tion is used to obtain the policy function §°(+) that incurs the largest
average revenue per unit time. The process of the policy iteration is
shown in Table 1. For a more detailed introduction of the policy itera-
tion, readers can refer to [15, 22].
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Table 1. The process of policy iteration

Step I:
An initial policy function dy(s) is selected by the rule of thumb, and any maintenance policy that satisfies the assumptions of this research can
be adopted as the initial policy.

Step 2:

Obtain the relative costs {V (s)se S} and the expected revenue per unit time g by solving the following system of linear equations that is
constructed according to the current maintenance policy function d(s):

V(s):R(s,b‘k(s))—g+ > By (6k (s))V(w) seS

weS

The size of the state space S is (N, +1)(V,+2)/2X(N+1)(N+2)/2x(N;+1), which is also the number of equations in the system of linear equa-
tions. It is assumed that the relative cost function is zero when the system is brand new and the bufter in empty, i.e., V([x,1, X,2, X41> X2, k])=0
ifxul=xl¢2=Xd1=.Xd2=1 and £=0.

Step 3:

Calculate the relative costs under different maintenance actions using the relative costs {V (s)se S} and the expected revenue per unit time g
that are obtained in Step 2:

Vo(s)=R(s,0)—g+ 2 Bw(0)V(W).

weS

Step 4:

Obtain the improved policy function d;.(s) using the relative costs {Ve (s);0€0O,s¢ S} calculated in Step 3. The d;(s) is identified as:

8141(8) =argmaxgee Vo (s)

Step 5:
If 6,44 () =0y (), the optimal maintenance policy & * () is obtained as & () Otherwise, go to Step 2 and start a new iteration.

In this paper, the system state is the combination of the four com- 4.1. System introduction
ponent states and the buffer level. Consequently, the size of the transi-
tion matrix increases quickly with the number of component states
and buffer levels. For example, in the numerical study of this paper,
the total number of elements in the transition matrices correspond- :
ing to different actions is 771895089. When the MATLAB is used to idle are:
realise this algorithm, more than 5G memory is required to store the

The structure of the system investigated in this numerical study
is shown in Figure 1. The transition matrices of a component in the
upstream subsystem when it is under nominal production rate and is

sevariables of type double. Fortunately, the total number of nonzero 0.5 02 015 0.1 005
elements in these matrices is only 1121481, which requires just about 0 04 03 02 0.1
&M memory on the MATLAB platf(?rrn. Another problem is th?t a P,=| 0 0 05 03 02/ and
system of linear equations that contains a large number of equations

. .. .o . L 0 0 0 0.6 0.4
should be solved duration the policy iteration in this paper, which is
computationally expensive. Fortunately, the coefficient matrix of the 0 0 0 0 1
system of linear equations is also sparse. Subsequently, the generalized 093 0.03 002 001 001

minimum residual (GMRES)method[3]that can process the large and

sparse coefficient matrix efficiently is adopted. The incomplete LU 0 094 003 0.02 0.01

idl .
factorization [18] is used to provide preconditioners for the GMRES P = 0 0 095 003 0.02 |,respectively.
method. The simulation study shows that the developed approach can 0 0 0 096 0.04
identify the optimal maintenance strategy efficiently. 0 0 0 0 1

4. Numerical stud » . .
y On the other hand, the transition matrices of a component in the

A numerical study is conducted to evaluate the performance downstream subsystem are:
of the proposed maintenance optimisation algorithm. Furthermore,
the obtained optimal maintenance strategy is investigated to analyse 06 0.18 0.1 0.07 0.05
the properties of the optimal strategy structure. Finally, the influence 0 05 03 015 005

of system parameters on the result of maintenance optimisation is

studied through sensitivity analysis. This numerical study is executed Pa=| 0 0 06 02 02)|and
using MATLAB 7.14 on a desktop computer with an Intel i7 3770 0 0 0 05 05

CPU and eight Gigabytes of RAM. 0 0 0 0 1
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09 0.04 003 002 001
0 093 003 002 002
Pidle_l 0 0 093 004 003
0 0 0 096 004
o 0o o 0 1

The probabilities of successful preventive and corrective maintenance
in a unit time are assumed as:p,,=0.8,p,,/~0.7,p.,~0.2, andp.;~0.15.
The costs of maintenance activities are ¢, =50, ¢,;~60, ¢,=100, and
¢.=110. The nominal production rates of a component in the up-
stream and downstream subsystems are ¢,=3 and g,=2, respectively.
The operation costs of a component in different states under the nomi-
nal production rate are listedin Table 2. The buffer capacity is NV;=8,
and the cost of holding an item in the buffer for a unit time is ¢;=1.
The production revenue brought about by a product processed by the
downstream subsystem is 7,=150.

Table 2. operation costs of a component in different states under the nomi-
nal production rate

i 1 2 3 4
Cou,i 5 10 12 15
Cod 4 8 10 13

4.2. Maintenance optimisation and results analysis

Before the policy iteration, the transition matrices of the system
under different maintenance actions and the immediate revenue should
be calculated. There are 49 transition matrices of size 3969%3969 ac-
cording to different maintenance actions, while the number of imme-
diate revenue values under different combinations of system states
and maintenance actions is 3969x49=194481. The computing time

Table 3.  The optimal maintenance actions of the upstream subsystem when k=0

of the transition matrices and the immediate revenue values is about
47 second. Then, the policy iteration is performed and the optimal
revenue is finally obtained as g*=200.929 after five iterations, which
takes 40 seconds. During the policy iteration, the GMRES method is
used to solve the system of linear equations that contains 3969 equa-
tions, which takes only about eight seconds during each iteration.

Some parts of the obtained maintenance strategies are demon-

strated in Tables 3 to 6. The notation x,, (X4) is the state vector of the
upstream (downstream) subsystem before the possible maintenance
action, while x*,(x*4) is the state vector after the beginning of the
maintenance action. Here, the state of the subsystems after the begin-
ning of the maintenance action is introduced to simplify the demon-
stration of the maintenance actions. For example, if the maintenance
action is a,=2, the two states x4=[3,1] and [4,1] can be combined to a
single state x"q=[PM,1].

Some conclusions can be drawn from the result of this particular

maintenance optimisation problem:

1. The optimal maintenance activity of a subsystem is affected by
the buffer level. Here, the situation that x*4=[1 1] and x,=[22]
is considered as an example. As shown in Table 3, when the
buffer is empty, preventive maintenance activity on the up-
stream subsystem is not required. Conversely, Table 5 shows
that both the two components in the upstream subsystem
should be preventively maintained when the buffer is full.

2. The optimal maintenance activity of a subsystem depends on
the state of the other subsystem. However, this dependence
is not straightforward to explain. E.g. as shown in Table 3,
when the downstream subsystem is in state x*4=[2 1] or [2 2]
and the upstream subsystem is in state x,=[3 1], both the two
components in the upstream subsystem are not maintained. On
the other hand, when the downstream subsystem is in the other
states and x,=[3 1], the component in state 3 in the upstream
subsystem will be preventively maintained. Therefore, it can-
not be concluded that a worse health state of the downstream

x*q
Hu 11 2,1 2,2 PM,1 PM,2 PM,PM D1 D,2 D,PM DD
1.1 N,N N,N NN NN N,N N,N N,N - NN N,N
2,1 N,N N,N NN NN N,N N,N NN NN N,N N,N
2,2 N,N N,N N,N N,N N,N N,N N,N N,N N,N N,N
3,1 PN N,N N,N PN - PN PN - PN PN
32 PN N,N NN PN PN PN PN PN PN PN
33 PP - NN PP - PP PN PN PN PP
4,1 PN - - PN - PN PN - PN PN
42 PN - - PN PN PN PN PN PN PN
43 PP - - PP - PP PN PN PN PP
44 PP - - PP - PP PP - PP PP
PM,1 PN - - PN - PN PN - PN PN
PM,2 PN - - PN PN PN PN PN PN PN
PM,3 PP - - PP - PP PN PN PN PP
PM,4 PP - - PP - PP PP - PP PP
D1 CN CN CN CN CN CN CN CN CN CN
D2 CN CN CN CN CN CN CN CN CN CN
D3 cp - - cp - cp CN CN cp cp
D4 cp - - P - cp cp - cp cp

The character N means that the component is not under maintenance; P denotes preventive maintenance; C standards for corrective maintenance; D is the breakdown
state. The first character is the maintenance action or the state of the first component, while the second one is that of the second component. When the optimal mainte-

nance action of a subsystem depends on the state of the other subsystem, the background of the row is grey.
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Table 4. The optimal maintenance actions of the upstream subsystem when k=4

effect on the maintenance strategy of the upstream subsystem.
On the other hand, according to the result of this maintenance
optimisation, when the buffer level is four and eight, the opti-

x*q
X 11 2,1 2,2 PM,1 PM,2 PM,PM D1 D,2 D,PM D,D
11 N,N N,N N,N N,N N,N N,N N,N N,N N,N N,N
2,1 NN N,N N,N NN NN N,N N,N NN PN N,N
2,2 N,N N,N N,N N,N N,N N,N N,N N,N N,N N,N
3,1 PN PN PN PN PN PN PN PN PN PN
32 PN PN PN PN PN PN PN PN PN PN
33 PN PN PN PP PP PP PP PP PP PP
4,1 PN PN PN PN PN PN PN PN PN PN
42 PN PN PN PN PN PN PN PN PN PN
43 PN PN PN PP PP PP PP PP PP PP
4,4 PP PP PP PP PP PP PP PP PP PP
PM,1 PN PN PN PN PN PN PN PN PN PN
PM,2 PN PN PN PN PN PN PN PN PN PN
PM,3 PN PN PN PP PP PP PP PP PP PP
PM,4 PP PP PP PP PP PP PP PP PP PP
D1 CN CN CN CN CN CN CN CN CN CN
D2 CN CN CN CN CN CN CN CN CN CN
D3 cpP cpP CP CcP cP cpP cpP CP cP cpP
D4 CP cpP cpP CP CP cP cpP CP CP cP
Table 5. The optimal maintenance actions of the upstream subsystem when k=8
x*q
X 11 2,1 2,2 PM,1 PM,2 PM,PM D1 D,2 D,PM DD
1,1 N,N N,N NN N,N NN N,N N,N N,N NN N,N
2,1 PN PN PN PN PN PN N,N N,N N,N NN
22 PP PP PP PP PP PP PN PN NN NN
3,1 PN PN PN PN PN PN PN PN PN PN
3,2 PP PP PP PP PP PP PN PN PN PN
33 PP PP PP PP PP PP PP PP PP PP
4,1 PN PN PN PN PN PN PN PN PN PN
42 PP PP PP PP PP PP PN PN PN PN
43 PP PP PP PP PP PP PP PP PP PP
4,4 PP PP PP PP PP PP PP PP PP PP
PM,1 PN PN PN PN PN PN PN PN PN PN
PM,2 PP PP PP PP PP PP PN PN PN PN
PM,3 PP PP PP PP PP PP PP PP PP PP
PM,4 PP PP PP PP PP PP PP PP PP PP
D1 CN CN CN CN CN CN CN CN CN CN
D2 cP cP CP CP cP cP cP CP cP CN
D3 cpP cpP CP CP CP cpP cpP CP cP cpP
D4 cP CP CP cP cP CP CP cP cP CP
subsystem requires a more conservative or speculative main- mal maintenance activity of the downstream subsystem does
tenance strategy of the upstream subsystem. not depend on the state of the upstream subsystem.
The state of the downstream subsystem has a more significant 4. The maintenance strategy of a component depends on the state

of the other component in the same subsystem. As shown in
Table 4, when x*4=[1 1] and a component in the upstream
subsystem is in state one, the preventive maintenance thresh-
old of the other component is state three. Conversely, when
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Table 6. The optimal maintenance actions of the downstream subsystem when k=0

Xy
X 1,1 2,1 2,2 31 3.2 33 PM,1 PM,2 PM3 | PMPM | D1 D2 D3 D,PM DD
1,1 NN NN NN - - - NN NN - NN NN NN - NN NN
2,1 NN NN NN NN NN - PN PN - PN NN NN - PN PN
2,2 NN | NN | NN | NN | NN | NN PP PN - PP NN | NN - PP PP
3,1 PN PN PN - - - PN PN - PN PN PN - PN PN
3.2 PN PN PN - - - PP PN - PP PN PN - PP PP
33 PP PP PP - - - PP PP - PP PP PP - PP PP
4,1 PN PN PN - - - PN PN - PN PN PN - PN PN
4,2 PN PN PN - - - PP PN - PP PN PN - PP PP
43 PP PP PP - - - PP PP - PP PP PP - PP PP
4,4 PP PP PP - - - PP PP - PP PP PP - PP PP
PM,1 PN PN PN - - - PN PN - PN PN PN - PN PN
PM,2 PN PN PN - - - PP PN - PP PN PN - PP PP
PM,3 PP PP PP - - - PP PP - PP PP PP - PP PP
PM,4 PP PP PP - - - PP PP - PP PP PP - PP PP
D1 CN CN CN - - - CN CN CN CN CN CN CN CN CN
D2 CP CN CN - - - CP CN CN CP CN CN CN CP CP
D3 CcP CcP CcP - - - cP CP cP CP CP CP - CcP cP
D4 CcP CcP CcP - - - CcP CP cPp CP CcP CcP - cP CP
Table 7. The optimal average revenue g*under different system parameters
N
b Ch 2 4 6 8 10 12 14 16 18
50 0 -24.785 -15.093 -10.633 -8.698 -7.947 -7.467 -7.122 -6.856 -6.642
50 1 -25.804 -17.195 -13.895 -13.156 -13.663 -14.438 -15.278 -16.202 -17.192
50 2 -26.823 -19.297 -17.157 -17.599 -19.137 -20.880 -22.796 -24.833 -26.961
50 5 -29.879 -25.596 -26.803 -30.454 -34.947 -39.807 -42.302 -42.378 -42.378
50 10 -34.972 -36.002 -42.647 -51.337 -55.788 -55.788 -55.788 -55.788 -55.788
100 0 23.043 68.436 89.396 98.214 101.504 103.612 105.138 106.321 107.277
100 1 22,022 66.312 86.088 93.703 95.722 96.511 96.689 96.532 96.184
100 2 21.001 64.190 82.790 89.216 89.983 89.565 88.677 87.469 86.014
100 5 17.939 57.848 72.936 75.948 73.463 70.059 66.043 63.681 63.667
100 10 12.835 47.337 56.676 54.434 47.231 45.873 45.873 45.873 45.873
150 0 70.987 153.527 190.293 205.436 211.157 214.846 217.529 219.622 221.318
150 1 69.969 151.397 186.966 200.929 205.371 207.736 209.071 209.781 210.066
150 2 68.951 149.268 183.647 196.437 199.624 200.709 200.768 200.274 199.444
150 5 65.897 142.882 173.711 183.075 182.701 180.486 177.453 173.797 172.091
150 10 60.807 132.285 157.269 161.227 155.738 151.820 151.808 151.808 151.808
200 0 119.029 239.189 291.700 312.932 320.967 326.200 330.017 332.987 335.394
200 1 118.010 237.060 288.377 308.442 315.203 319.108 321.562 323.144 324.144
200 2 116.992 234.930 285.059 303.961 309.463 312.059 313.190 313.470 313.200
200 5 113.936 228.544 275.121 290.604 292.406 291.443 289.295 286.392 282.941
200 10 108.844 217.920 258.597 268.520 264.836 259.304 258.861 258.861 258.861
400 0 311.268 582.482 699.267 745413 761.702 772.598 780.678 787.035 792.220
400 1 310.249 580.362 695.958 740.939 755.991 765.581 772310 777.276 781.031
400 2 309.231 578.242 692.651 736.470 750.284 758.583 763.969 767.551 769.900
400 5 306.177 571.883 682.730 723.086 733.243 737.696 739.201 739.006 737.692
400 10 301.086 561.288 666.197 700.908 705.081 703.682 699.790 697.243 697.236
The highest optimal average revenue value in each row is marked with a grey background colour
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x"¢=[1 1] and a component in the upstream subsystem is in
state four, the preventive maintenance threshold of the other
component becomes state four.

5. In this particular maintenance optimisation problem, the con-
trol-limit structure is always optimal for a component when
the buffer level and the states of the other three components
are fixed. In other words, there is always an optimal preven-
tive maintenance threshold for a component when the states of
the other components and the buffer level are determined.

6. In this simulation study, the maintenance activities a,=1 or
a~1 are not the optimal for all the system states. Therefore, if
only one component is to be preventively maintained, it will
not be the one in a better state.

Conclusions one to four show that the optimal maintenance strate-
gy cannot be described by a small number of parameters. Consequent-
ly, the MDP is an appropriate approach to optimising the maintenance
strategy. Conclusions five and six can be used to simplify the MDP
model. The prerequisites of conclusions five and six will be further
discussed in another paper. When the number of system states is in-
tractably large, some factors can be ignored during the maintenance
optimisation to obtain an approximate optimal strategy. For example,
the maintenance activity of a component can be assumed to be inde-
pendent from the other in the same subsystem.

4.3. The influence of the buffer capacity on the optimal aver-
age revenue

A large capacity of the intermediate buffer can reduce the influ-
ence of the failure and maintenance of the upstream subsystem, and
can thus enhance the system production rate. However, holding prod-
ucts in a buffer also incurs cost in some practical applications. Under
these situations, the large capacity of the buffer can increase the hold-
ing cost of work in process. Therefore, it is necessary to investigate
the relationship between the optimal average revenue per unit time
and the buffer capacity. This section changes the production revenue
per item r,, the storage cost rate per item ¢y, and the buffer capacity
Nj; other system parameters are the same as those used in Section 4.2.
The optimal average revenue g*under different system parameters is
demonstrated in Table 7.

Table 7 shows that a large buffer capacity does not necessarily
bring about high average revenue per unit time. When the storage cost
rate ¢, is not ignorable compared with the production revenue per
item 7, there exists an optimal buffer capacity that can result in the
largest optimal average revenue per unit time. The optimal buffer ca-
pacity decreases with the storage cost rate per item and increases with
the production revenue per item. As shown in Table 7, even when the
storage cost rate per item ¢, is only 1 and the production revenue per
item r,, is as large as 100, the buffer capacity larger than 14 can still
bring down the optimal average revenue. This counterintuitive phe-
nomenon indicates that optimising the buffer capacity is necessary,
when the holding cost of products in the buffer is not ignorable. An
alternative approach to controlling the buffer level is scheduling the
production according to the system state.

4.4. Sensitivity analysis of parameters of maintenance activi-
ties

The parameters of maintenance activities of the upstream and
downstream subsystems can have different effects on the optimal av-
erage revenue. This section modifies the system parameters used in
section 4.2. The parameters of the maintenance activities are assumed
as Ppi= Ppa =0.7, Peu= Pea=0-175, ¢~ ¢, =50, and ¢, = c,4=100, while
the other parameters remain the same as those in section 4.2. Firstly,
the sensitivity analysis about the maintenance cost rate is performed.
The cost rates of preventive and corrective maintenance activities are
assumed to follow the relationship c.,=2c,, and c¢.;/~2c,,;. The average

revenue values under different ¢, and c,,; are plotted in Figure 2. Sim-
ilar sensitivity analysis is conducted to the probability of successful
maintenance activity. The average revenue values under different p,,,
and p,,; are displayed in Figure 3, where p,=0.25p,,, and p./~0.25p ..
The two figures show that the average revenue is more sensitive to the
parameters of the downstream subsystem.
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Fig. 2. The average revenue per unit time under different maintenance cost
rates
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Fig. 3. The average revenue per unit time under different probability of suc-
cessful maintenance in a unit time

5. Conclusion

This paper formulates the degradation process of a series-parallel
system with an intermediate buffer using the MDP model. The policy
iteration is used to identify the optimal maintenance strategy. The
GMRES method is used to solve the system of linear equations with
a sparse coefficient matrix during the policy iteration to enhance the
efficiency of the algorithm. A numerical study is conducted to evalu-
ate the performance of the developed method. The result shows that
the developed method can identify the optimal maintenance strategy
efficiently. The numerical study also shows that the optimal mainte-
nance activity of a component depends on the state of the other three
components and the buffer level. Therefore, the optimal maintenance
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strategy structure cannot be modelled accurately with a small number
of parameters, and the MDP is an appropriate tool to identify the opti-
mal maintenance strategy. However, this research finds strong numer-
ic evidence of several useful properties of the optimal maintenance
strategy structure. These properties can simplify the maintenance op-
timisation process and provide reference to developing cost-effective
maintenance strategy that is easy to implement in practice. Another
interesting finding is that increasing the buffer capacity does not al-
ways enhance the average revenue when the cost of holding prod-
ucts in the buffer is not ignorable. Consequently, the buffer capacity
should be optimised, or the production rates of the components should
be controlled according to the system state. Finally, this research also
finds that changing the repair rates and maintenance cost rates of the
upstream and downstream subsystems can have different effects on
the optimal average revenue. The outcome of this research is expect-
ed to provide foundation for more efficient maintenance optimisation
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methods for series-parallel systems with intermediate buffers.
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