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1. Introduction

Let us consider a system of differential equations

dx dy

% = f(I), E = A(x)y, (1)

where x € R™, y € R, f(z) = (fi(x),..., fm(x)) — a vector function defined for
all x € R™, which satisfies the Lipschitz inequality locally. We use Cf;,(R™) to

stand for the space of functions f(x) € C°(T,,). Moreover the Cauchy problem
dz

i
solution is defined for every ¢ € R. Is is equivalent to || f(z)|| < aal|z| + a2, for all

f(x), :L'|t=0 = x¢, has a solution x = x(t; x,) for every fixed zp € R™ and the

r € R™ with any positive constants a1, as. Elements of the n x n — dimensional
matrix A(z) are real scalar functions which are continuous and bounded in R™.
Let us use notation: C°(R™) — a space of real continuous and bounded in R™

n
functions; (y,9) = Zyigji — an inner product in R™, ||y|| = v/{y,y) — a square

i=1
form y € R™; Q! (zp) — a fundamental matrix of the solutions of linear system

dy

==
which takes the value of I, — n-dimensional identity matrix for ¢ = 7: Q% (z)| by =
I,;; C'(R™; f) — a subspace of C°(R™) of functions F(z) such that superposition
F(x(t; zo)) is continuously differentiable with respect to ¢, where

A(z(t; 20))y,

d .

—F(x(t; )) =4 F(z) € CO(R™).

dt ‘=0

Index 0 in the Cauchy problem solution is frequently missed x = x(t; zo) = x(¢; ).
Let us also consider system of differential equations

dx dy
@ _ Y_qa h 2
@, W= A+ hia), @)

where the vector function h(z) € CO(R™). Let us recall useful definitions [1].

Definition 1. We say that the system (2) possesses an invariant bounded manifold
determined by the equality

y = u(x), (3)
when u(z) € C'(R™; f) and the identity

u(z) = A(z)u(z) + h(x) Ve eR™
holds.
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Definition 2. Let C(z) be an (n x n)-dimensional continuous matriz, C(z) €
CY(T,,). Then the function Go(t;2):

v , , T < 0;
Go(r,x) = { Q@) [Cla(r,x) = In], 7>0, W

which fulfills the estimate
|Go(r, )|l < KeI7],

where K and 7y are positive constants. The function (4) is called a Green function
of an invariant bounded manifold for the system (1).

In case when the Green function (4) is unique the system (1) is called regular.
When the system (1) possesses more then one Green function (4), then the system
(1) is called sharply—weak regular.

When the Green function (4) exists then the invariant manifold (3) for the
system (2) exists for every function h(z) € C°(R™). The manifold can be defined
by integral formula

y=u(z) = /_OO Go(r,z) - h(z(r;x))dr.

Examples [2] exist in which the invariant bounded manifold (3) for the system
(2) is unique for every function h(z) € C°(R™) but the Green function (4) for the
system (1) does not exist.

Researches of systems (1) with right sides defined on torus there are in [2—
8]. In [2] the authors deal with problems of leading sharply—weak regular linear
extensions of dynamical systems to regular systems.

It is obvious [2,7,8] that the system (1) is regular when the square form V =
((S(z)y,y)) with continuously differentiable nondegenerated symmetric matrix of
coefficients S(z) € C'(Ry,; f) exists and its derivative along the solutions of the
system (1) is positive or negative definite

7= (| 5@ + 5@ + AT@S@| v} > P R

On the other hand the regularity of the system (1) means the existence of non-
degenerated symmetric matrixes S(xz) € C'(R™; f) which satisfy inequality (5).
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Some of the matrixes can be defined by formula

S(x) = 2/ [C(a) = L]" [95(2)]" Q(2) [O() — L] dz —

= " @) 193(2)) ()0 (x)dz.
0

When the inequality (5) holds with symmetric matrix S(z) € C'(R™; f) and
det S(z) = 0 for some Z € R™, then the Green function (4) for the system (1) does
not exist. Moreover many different Green function exist for the conjoint system

to (1):
d d
d_:?f = f(z)a % = fAT(:c)yl, Y1 € R™. (6)

In such systems researches of Green function and invariant manifolds dependence
of parameters [7] is very difficult. Therefore let us lead up the system (6) to regular
dys

dx d
i f(x), % = —AT(z)y1, o n + A(x)y2, y1,y2 € R™ (7)

Furthermore the derivative along the solutions of the system (7) of nondegenerated
square form

Vo =p(y1,y2) +(S()y1, 2), (8)

when the parameter p > 0, is positive defined. The method is effective in researches
of Green function smoothness and invariant manifolds stability.

2. Main results

Les us apply the method to determine all solutions to the algebraic system
B(x)y = h(z), (9)

where B(z) — a rectangular matrix

bll(l') b12(1') e bln(l')
o= | B
bpl ($) bpg ($) P bzm(x)

which elements b;;(x) are real scalar functions, bounded and continous in R™.
Rank of matrix B(x) equals number of rows of the matrix

rank B(z) =p, p<n. (10)
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Certainly when the condition (10) is fulfilled the system (9) possesses many dif-
ferent solutions for every vector function h(z). Our goal is to find the solutions
forms. By analogy to (7) let us consider the system (9) which is leading up

{ B(z)y = h(z),
y — BT (2)z = q(x),

where y € R", z € RP, z € R™, ¢(x) — a bounded and continuous in R™ vector

(11)

function. Let us the second equation of the system (11):
y=B"(2)z +q(v) (12)
put in the system (9):
B(z) (B"(2)z + q(z)) = h(x).

From the condition (10) follows that det B(z)BT (z) # 0, Vo € R™. Making suffi-
cient calculations we will get z:

2= [B(@)B"(2)] " [~ B(a)q(x) + h(z)] =
= — [B@)B ()]’

-1

B(z)q(x) + [B(x)BT(x)} h(zx).

Putting it to the solution (12), the form of all solutions to (9) is

—1

y= {In — BT (x) [B(:E)BT(:E)]_1 B(:c)} q(z)+ BT (2) [B(:c)BT(:c)} h(x). (13)

Remark 3. In the solution (13) the matrix
I, — B"(2) [B(z)B" ()] " B(x) = P(x)
is the projection matrix
P*(z) = P(z), VaecR™, (14)

and the matrix B (z) [B(z)B” (z)] s pseudoinverse to the matrix B(z).

Remark 4. Every solution to the system (9) can be represented in the form (13)
with certain vector function ¢(z).

Example. Let us determine all solutions y; = y;(z1,22) to the linear scalar
equation with periodic coefficients:

11 COS X1 COS Ty + Y2 COS T1 sinxy + Y3 sinz; = 0. (15)
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Solution. In this case the matrix B(x) has the following form
B(z) = ( COST1 COST2, COST|COSTo, Sinxg )

We are searching for a matrix equivalent to (13). Inasmuch as B(xz)BT (z) =1

I, — B"(z) [B(x)B" ()] " B(x) = I, — B (x) B(x) =

(1 — cos? 71 cos? z2) (— cos? x1 coszasinwy)  (— cosxy sinxy cosz)
=| (—cos? 21 cos zy sin ) (1 — cos®x; sin? x2) (— coszxy sinz sinxg)
(—coszysinzy cosxe)  (— cosxy sinz sinxg) cos? x4

All solutions to (14) are in the form
Y1
Y2 =
Ys

(1 — cos? 21 cos? z2) (— cos? 11 coszasinwy) (— cosry sinxy cosTa)

(— cos? 1 cos T sin ) (1 —cos? a4 sin? ) (— cos zq sin x4 sin x9)
(—cosxysinxy cosxa)  (— coszy sinxy sinag) cos? 1z,
q(x1,x2)
q2(w1, 72) )
q3(z1, 22)

where ¢1(71,72), g2(71,72), q3(71,22) — any real functions bounded in R?.
Let us come back to generalization of the symmetric system (7) in the form

dx
E = f(x)7
(16)
dyl T dy2 n
o =4 (z)y1 + B2(x)ya2, pr Bi(z)y1 + A(x)y2, y1,y2 € R,

with the vector function f(z) and the n x n — dimensional matrix A(z), B;(z),
j = 1,2 which fulfill smoothness and boundedness conditions as in the system (1).
The matrixes Bj(z), j = 1,2 are symmetric Bj(z) = BJT(IL') The first matrix is
positive definite

(Bi(x)y1,y1) = Billyl>, B = const > 0, (17)

and the second is nonnegative

(B2(x)y2,y2) 20 Vyi,ys € R™. (18)



Sharply-weak regular linear extensions. . . 57

When the conditions (5), (17), (18) hold the nondegenerated square form (8)
derivative along the solutions to the system (7) is positive or negative definite for
sufficiently big values of the parameter p > 0. Certainly in case when By = 0,
By = I, the system (16) becomes the system (7).

Remark 5. When in the system (16) the matrixes By (z), Ba(z) € CO(R™) fulfills
the conditions (17), (18), and the condition (18) is weakened

(Ba(x)ya,y2) = B2yl B2 = const > 0,

then the system (16) is regular for every matrix A(z) € CY(R™).

It is easy to show that the square form V = (y1,y2), y; € R™ derivative along
the solutions of the system (16) has the following form: V= (B1y1,y1)+{(Bay2, y2).
It is positive definite and it does not depend of the matrix A(z) € CO(R™).

Let us notice the system (16) can be write down in the following form

d
== f@),
dy,
0 I, dt
(In o) s - (19)
( dt

Bi(z) 0 n 0 A(x) Y1
0 By (x) —AT(z) 0 y2 )
In such a form the square form

(2 5)(:)(5),

derivative along the solutions of the system (19) is

(%l ) () ()

When the matrix B(z) = diag{B1(z), Ba(z)} is positive or negative definite then
the system (19) is regular for every matrix A(z) € C°(R™). Let us generalize the
system (19):

dx S% B

_f(I), dt

dat [B(z) + M(x)]y, y€RF, (20)
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where S — any nondegenerated symmetric matrix, B(xz) — a symmetric matrix,
M(z) — a skew-symmetric matrix B(x), M(z) € C°(R™). In case in the system
(20) number of parameters y is even k& = 2n and let us take a notation y = (y1, y2),
y; € R™ and the matrix S is in the form

S(In o)’ B(x)< 0 Bz(x)>’

Az
M(z) = ( Ag(x) E)) )

the system (20) becomes the system (19). It means that the system (20) can be
transformed to the scalar system (19). Certainly the square form

V = (5y,y)

derivative along the solutions of the system (20) has the following form

V = (2B(z)y,y). (21)

Subsequently let us generalize the system (20) and replace the constant matrix
S with a nondegenerated continuous matrix S(z) € C’/(R™; f) in such a way the
square form V = (S(z)y,y) derivative along the solutions of the system (20) will
fulfills (21). When in the system (20) the matrix S will be replaced with S(z) then
(21) does not hold. Therefore let us consider the system (20) in the following form

dx @7

1.
L —J@), S@Y = |B@) + M) - 35@)|v, veR. ()
The square form V' = (S(x)y, y) derivative along the solutions of the system (22)
will fulfills (21).

On the other hand we can research the system (22) in a different way. Let
a nondegenerated symmetric matrix S(x) € C'(R™; f) exists and (5) holds. Cer-

tainly the system (1) is equivalent to the system

dv dy
S = I, S0 = s@A@y,
and it is equivalent to
_p@), S@L+ sy = [s@A@) + 25| (23)

i
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In the system let us denote
A(z) = S(x)A(z) + =S ().

Let us symetrize the matrix

Alw) = 3 (A() + A7 (@) + 5 (Alx) —~ A7(2)) =
T
_ % { {S(z)A(x) + %S(z)] + {S(x)A(z) + %S(z)] } +
T
s { [S(z)A(x) + %S(x)} - {S(z)A(x) + %S(x)} } -
= % {S(x)A(:c) + A" (2)S(z) + 5(:5)} + = {S(@)A(x) — AT (z)S(x)}
Let us denote )
B() = 5 {S(x)A(x) + AT (2)S(x) + S(m)} , (24)
M) = 5 {S@)A@) — AT@)S()} (25)

and the system (23) becomes as follows

d d 1.
== @), S@)2+ Sy = [Bx) + M(@)]y,
where the matrix B(z) is in the form (24) and is positive definite. The skew-
symmetric matrix M (x) is in the form (25). When we transpose %S(x)y to right
side we get the system (22).

Let us research the system (22) as individual system with a symmetric matrix

S(x) € C'"(R™; f) which fulfills the assumptions:
det S(z) #0 Vz e R™, |S7(2)| < const < oo.

Let us consider the system (22) regularity with this assumptions.
From the equality (21) for the square form V = (S(z)y, y), vy € R* the remark

is true.

Remark 6. When in the system (22) the symmetric matrix B(z) € C°(R™)
is positive definite (B(z)y,y) > B||yl|?>, B = const > 0 or negative definite
(B(x)y,y) < —B|lyl|?, B = const > 0 the system (22) is regular for every skew—
symmetric matrix M (x) € CY(R™).
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An auxiliary lemma holds true.

Lemma 7. Let k x k — dimensional symmetric matriz B(z) € CO(R™) fulfills the
following inequality

(B(z)y,y) >0 VyeRE zecR™, (26)

then for every fived k x k—dimensional matriz ¥(z) € C°(R™) parameter p > 0 is
sufficiently big that the square form

V =|lyll> +p(B(x)y,y) + (B(z)y, ¥(x)y), yeRF, (27)

is positive definite.

Proof. Let us consider the square form
o, = |yl> +p (B(x)y, y) + 2 (B(x)y, U(2)z) + ||2]*, =,y eRF. (28

Let us show that the square form is positive definite when the parameter p > 0 is
sufficiently big. The square form (28) can be rearranged

®p = ((In + pB(x)) y,y) +2(¥7 (2) B(x)y, 2) + ||2]* =
= (Tp(y+ K2), (y + K2)) + ||l = (T Kz, Kz), (29)

where
[, =1Ix +pB(z), K=T,"B(z)¥(x). (30)

From the equality (29) we have
®p > |y + Kz|* + (1= [KTTpK]lo) |21

Let us notice that the square form (28) is positive definite when the condition
holds true
|KTT K]y < 1

and the parameter p > 0 is sufficiently big. Let us remind sufficient notation

I Ty Ko = sup 1T ()T () K () .

From (30) follows

K'T,K = 9" (2)B(2)T, *(z) B(z)¥(x). (31)
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For sufficiently big p > 0 the following inequality holds true
1
IT5 " Bllo < - (32)
b
Let us fix x = zp € R™ and transform the matrix B(z¢) = B into diagonal form

QilBQ = diag{ﬁla"')ﬁk}a (33)

where ) — orthogonal matrix, QT = Q~!. From the inequality (26) follows that
B; >0, j =1,k By (33) we have the product I',! B:

_ 1 _
r,'B= » (It +pB)~' (pB) =

1o 1 -1 . -1 _
delag{lerﬂf'”’lerﬂk}Q Qdiag{pB,...,pBk} Q™" =
I ph POk -1
delag{l-f—pﬁf'”’l-l-pﬁk}Q . (34)

We have (by [|Q] = ||Q|| = =1 and (34)):
. b PP
dlag{lerﬂl,...,lerﬂk}H <

1

.
Let us transpose x = xp € R™ in the inequality (32). From 5; > 0 (31) and
inequality (32) we have

1
T, B < —‘
p

IETD, K| < 97 @)l - [1B@)]] - [IT5 () B@)l| - 19 ()] < %II‘I’H?)HBIIO

When the parameter p > 2||¥|3||B|lo then |[K'T,K||o < 0,5. The square form
(28) derivative is then positive definite

o, = [yl +p (B(2)y, y) + 2 (B(x)y, ©(2)z) + ||2[* > e (|=[* + [ly[|*) ,
€ = const > 0. In the inequality let us replace z = y:
2[lyl1* + p (B(x)y, y) + 2 (B(x)y, ¥(z)y) > 2¢||y|?, €= const > 0.

Let us replace p — 2p and we get positive definite square form (27). ]

The following theorem holds true.

Theorem 8. Let the system(22) with B(x) = 0:

dz d 1.
%= 1@, s@ Y = i) - 356] (35)
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possesses at least one Green function (4) then the Green function is unique, the
number of variable y (y € R¥) is even k = 2n and the system (22) is regular for
every symmetric matriz B(x) € CO(R™) which satisfies (26).

Proof. Let us denote

N@) = S~ (2) {M(x) - %S’(x)} . (36)

Because the system (35) possesses at least one Green function the square form
(O(z)z,2) =V, O(x) = ©7(2) € C'(R™; f) exists and its derivative along the
conjoint system to (35):

dr %77 T
=), T =-NT()

is positive definite. That is the inequality holds true
V= <[@($) — O(z)NT(z) — N(:c)@(x)} -, z> > |22 (37)
We note that the square form
(S(2)0(x)S(x)y,y) =W

derivative along the solutions of the system (35) is also positive definite. Let us
change the variables z = S(z)y in the equality (37). We have

S{@@NTNG)}S{@+®{M+§S} 514§t {MJriS]@}S
— 505+ 3508 + 7505 + SOM — MOS =

2
=S50S + 568 + SOSs — %S@S — %5@5 +SOM — MOS =

) ) ) 1. 1.117T
= S@S+S@S+S@S+S@S{S_l {M— 55’} } + {S_l [M— 55’]} SOSs.

That is the square form derivative along the solutions of the system (35) is positive

definite
1

[
It means the two square forms V and W existence follows det © # 0 Vo € R™ and

W > |[S(z)yll* > lyl* = ellyl>

the system (35) is regular.
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Let us proof that in regular system (35) the number of variables k is even.
When the system (35) is regular then the linear system

W N7t )y (38)
dt
is exponentially dichotomic on the axis R. Let us assume the system (38) has r
linear independent solutions which approach zero +o0o and k—r linear independent
solutions which approach zero in —oc. Then the conjoint system
% = -NT(z(t;2))z (39)
has r linear independent solutions which approach zero in —oo and k — r linear
independent solutions which approach zero in +0o0. On the other hand from (36)
and skew-symmetric matrix M (x) the systems (38) and (39) satisfy the identity
S(z(t;x)) - y(t) = z(t). It means that both systems (38) and (39) have identi-
cal number of solution which approach to zero in +oco. Therefore k is even and
k—r=r.

Let us proof the system (22) regularity for symmetric matrix B(z) € C°(R™)
which fulfills (26). Let us consider the square form with positive parameter p:

and let us show that its derivative along the solutions of the system (22) is positive
definite for sufficiently big p > 0. Let denote ©4(x) = S(x)O(x)S(x) and by (36)
we have

Vo = 20 (B(@)y, v} + ([61(2) + ©1(2) (57" (@) B(2) + N(2)) +
+ (B@)S™ (@) + N (2)) ©1(2)|,y) =
= ((61(2) + ©1N + NTO1) y,y) + 2p (B@)y, y) + (015 By.y) +
+(BS™'©1y,y) > €|lyll> + 2p (By,y) + 2 (By, S'O1y).

By the lemma the derivative Vp is positive definite for sufficiently big p > 0. That
is the system (22) is regular. O

Remark 9. The theorem holds true when matrix B(z) is negative definite
(B(z)y,y) <0, Vy € R x € R™.

Remark 10. In case in the system (22) the matrix B(z) is not symmetric, the
condition (26) is not sufficient to regularity of system (22) when the system (35)
is regular.



64 E. Tkocz-Piszczek

Let us consider the system which fulfills the theorem assumptions

- B1 cos? x 0 0 -1 Y1

B 0 B cos* x 1 0 Yo ’

where f(x) € CLip(R), f1 > 0, 82 > 0. All theorem assumptions hold so the system
(40) is regular for every function f(z) € Crip(R). On the other hand we can proof

the system (40) regularity by the Lyapunov function:

V, = pyrye + yi — y3.

Remark 11. The theorem contains sufficient conditions for the system (22) re-
gularity. We can show that the theorem does not hold true and the system (22) is
regular.

Let us consider the example

dzr

dat
0 1 d Y1
el

_ By cos? x 0 n 0 —sinx Y1
B 0 Bo cost x sinx 0 Y2 |’

where 81 > 0, 2 > 0. In the example the system corresponding to (35) is in the
following form

dzr

E*a

0 1 i yr | 0 —sinx Y1
1 0|dt]| ys | | sinz 0 Yo

and it is not regular because the heterogeneous system

d ' d .
% = y1sint + hy (1), % = —y2sint +1(t),
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has bounded on R solution for every function (hq(t),ha(t)). Besides when the
conditions hold B; > 0, B2 > 0 the system (41) is regular. To check the system
regularity let us consider the square form:

V =pyrya + (v7 — yi) sinz,
where p > 0.

Remark 12. Let us notice that the system (41) has the following form

dx
— =1
dt

0 1 i Y1

0
] costx +

Pa

{lﬂl O]COSQZ+ 0 1]sinz}[y1].
0 0 1 0 Y2

Because the theorem assumptions do not hold for the system it is interesting to

research the following system

dx dy b
G =@ SE = B @ s M@ v, @)

with symmetric continuos matrix S, f(z) € CLip(R™).

Let the symmetric matrix B(z) € C°(R™) in the system (42) fulfills
<Bj(x)y7y> >0, Jj= ]-a_ka Vz e R™, yeR",

k (43)
Z (Bj(z)y,y) = Bllyl|*>, B = const > 0.

j=1

The matrix M (x) € C°(R™) is skew-symmetric. Scalar functions v;(z) € C°(R™),
j =1,k and the condition holds

vi(zr) >0, j=1,k VYzeR™

For example cos? z, |coszl, cos*z, =, (F 2
) ’ ’ cha?

T ™ 21 cos?F 9 itd. The scalar

)n, sin
function p(z) is bounded in R™, it has continous derivative and all first partial
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derivatives are continuous and bounded in R™, that is u(x) € CH(R™) N CO(R™),
0
# € C°(R™). For example sinz, (sinz)?*~1, tha, (tha)?*~! etc.

T

Let us select the scalar function v;(x), pu(x) to the inequality holds true

m

pro(e) + p*(x) =K

i=1

Ip(z)
8:@

— Lo(x) > ¢, €= const >0, (44)

for every constant K, L and sufficiently big parameter p > 0 and x € R™ where

vo(x) = min{vi(z),..., v}, #(x) = max{v1(x),...,v(x)}. Let v1(x) = cos®x,

va(z) = cos' z, p(z) = sin® z and the inequality (44) holds true for sufficiently
big parameter p > 0.
The following theorem holds true.

Theorem 13. Let a constant symmetric n X n — dimensional matrix © exists and
the inequality holds true

([0S~ M (z) — M(2)S7'O(z)] y,y) = |ly[?, VyeR"™

When the conditions (43) — (44) hold the system (42) is regular for every fized
bounded function f(z) € CrLi,(R™) N CO(R™). Moreover the square form

V =p(Sy,y) + (Oy,y) - u(x) (45)

derivative along the solutions of the system (42) is positive definite for sufficiently
big parameter p > 0.

Proof. The square form (45) derivative along the solutions of the system (42):
_ k
V=2p% (Bjx)y,y) - vi(x) +
j=1
k
+2 <®y, STHY Bi(x) - v(z) + M(x)p(x) y> p(z) +(8y,y) fi(z) >
j=1

k
>2pﬁ|y|2V0($)+2<@y,51 ZBj(x)Vj(x) y>u($)+

+2(0y, ST M (2)y) p*(x) + (Oy, y) iu(x), (46)
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)
where pi(z) = Z ga(cz) fi(x). Let us estimate every summand in the inequali-
i=1 ¢

ty (46):
2 <®y, S_lBj(ac)y> vi(z)u(z) >
> =2(1057'Bj] |, lyll*v; (@) llllo > —Lov; (@) ||yl
2(0y, S M (2)y) 4 (x) > |ly]*p? (),

"

o[ 1o
el

(©y,y) i(z) > —[|Ol| - () - [ly]]* > — K Z

where Ly, K1 — positive constant. We have

V> (20in(o) 4170 — K 30 [ 22 - L)) ol

i=1

By (44) we can select the scalar function v;(z), p(x) that for every constant K,
L and sufficiently big parameter p > 0 the derivative V is positive definite. Then
the system (42) is regular. O
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Omoéwienie

W artykule przeprowadzono badania regularnosci liniowych rozszerzen ukla-
dow dynamicznych. Wykorzystano metode funkcji Lapunowa o zmiennym znaku,
ktoéra jest niezwykle efektywnym narzedziem. Ponadto, przedstawiono metode do-
prowadzenia ukladéw stabo regularnych do regularnych. Przestawiono warunki
regularnosci uktadu o postaci:

dx dy 1.
TGt S = M - 53] v

Podano konstrukcje formy kwadratowej:
V =p(Sy,y) + (Oy,y) - u(x)
za pomoca, ktorej udowodniono regularnoéé¢ uktadu:

dx dy b
5 =fw, S = ;Bm)-vj(mM(x)mx) y.



