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EXISTENCE OF CRITICAL ELLIPTIC SYSTEMS
WITH BOUNDARY SINGULARITIES

Jianfu Yang and Yimin Zhou
Communicated by Vicentiu D. Radulescu

Abstract. In this paper, we are concerned with the existence of positive solutions of the
following nonlinear elliptic system involving critical Hardy-Sobolev exponent

oefl,UB

— 2 :
—Au = ﬁ“lgﬁT — \u? in €,
_ 28 u%wP— _ D .
Av = i T Av in €, (%)
u>0,v>0 in €,
u=v=0 on 01,

where N > 4 and Q is a C' bounded domain in RY with 0 € 90. 0 < s < 2, a+8 =2"(s) =
28{,\]:23), a,f>1,A>0and 1 <p< % The case when 0 belongs to the boundary of €2 is
closely related to the mean curvature at the origin on the boundary. We show in this paper

that problem (x) possesses at least a positive solution.
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1. INTRODUCTION

In this paper, we are concerned with the existence of positive solutions of the following
nonlinear elliptic system involving critical Hardy-Sobolev exponent

—Au = O?—fﬁ“a‘:j’ﬂ — \uP in €,
_ 26 ut! :
—Av = m" |Z|S — P in (1.1)
u>0,v>0 in €,
u=v=>0 on 09,

where N > 4 and Q is a C! bounded domain in RN with 0 € 9. We assume in this

paper that 0 < s <2, a+ 8 = 2*(s) = 28{,\/:23),a,6>1,)\>0and1<p<%.
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For the one equation case, the problem is related to the Caffarelli-Kohn-Nirenberg
inequalities. It was discussed in [3] the existence of a minimizer of the best constant
of the Caffarelli-Kohn-Nirenberg inequalities and related subject. In particular, it was
shown that if 0 € Q, the best Hardy-Sobolev constant

J|Vul?dz

e s(Q)=  inf Q 7 1.2
Har (,+(€) uEHG(O\O} ([ uz*?d:c)z*%) (1.2)
Q

||

is never attained unless Q = RY and o= (s),s(2) = ;LQ*(S))S(RN). If s =0, it is the
best Sobolev constant

[ |Vu|?dz
S=58Q)= inf 2
ueH}()\{0} (f |u|2* dm)T*
Q
where 2* = % is the critical Sobolev exponent and S is achieved if and only if

Q =RYN, see [13].

In contrast with the case 0 € Q, if 0 € 9Q the problem is closely related to the
properties of the curvature of 9 at 0. Ghoussoub and Kang showed in [5] that there
exists a solution of the problem

u2*(s)—1
—Au:ﬁ—&—)\u”, w>0 in Q u=0 on 99,
€T S
where A > 0,1 < p < %, 0 € 002 and the mean curvature of 92 at 0 is nega-

|u‘2*(3)

T dzx are invariant under scaling

tive. Since the quantities ||Vul|p2gyy and [y

u(z) — r"= u(rz), the limiting problem of this equation is equivalent to the attain-
ability of (1.2). The existence results of (1.3) were proved in [5] by the global com-
pactness method. Moreover, Ghoussonb and Robert in [6] have proved that g« (s),s(£2)
is achieved if 0 € 9. In [9], Hsai et al. use the blow-up method to prove that the
following elliptic equation involving two critical exponents

2%(s)—1
fAu:u‘fnL)\u*fl\fog, wu>0 in Q u=0 on 89 (1.3)
€T S

possesses at least a positive solution.

In this paper, we deal with the exsistence of positive solutions of system (1.1).
In [10], He and the first author have proved the existence of positive solutions of the
problem (1.1) in non-contractible domains if A = 0 and s = 0. In [14], the existence
of sign-changing solutions was obtained for (1.1) with s = 0. Further results for the
system we refer to the references in [10] and [14]. In (1.1), it involves the Hardy
potential, that is s # 0, and the lower order terms are negative, which will push the
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energy up. We will prove that problem (1.1) possesses at least a positive solution by
the blow up argument. The limiting problem after blowing up is as follows:

_ 2a u*l? : N
—Au = 1B TaT in R,
_ 2B u™ft : N
_A’U = m |I‘5 m R+, (14)
u>0,v>0 in Rf,
u=v=20 on 8]1%]1.
Denote
J(IVul? + |Vo|?)dz
Q
fa,p,s(02) = (1.5)

e N} ( [ 2 g 7

) 0 (S{ EE dl‘) ®
for a domain Q C R¥. The solution of (1.4) will be obtained by showing that
fta,8,s(RY) is achieved. The minimizer of pq g,s(RY) is the least energy solution of
(1.4) up to a constant. It was observed in [1] that pq,g,s(2) and pa1s,s(92) are closely
related. Precisely, we have

o = | (5) L (%) aﬁ]uaw,s(m

for a + 8 < 2*. Moreover, if wg realizes fiq43,5(€2), then ug = Awy and vg = Bwy

realizes fio,5,5(2) for any real constants A and B such that 4 = \/%

In the case 2 = Rf , it was proved in [6] that fig« (), (Rf ) is achieved by a function
u € HJ(RY). This implies that pq s,s(RY) is achieved if a + 3 = 2*(s). Hence, there
exists a least energy entire solution of system (1.4).

To deal with (1.1), we consider a related subcritical problem, and obtain a sequence
of solutions of the subcritical problems. Then, we analyse the blow up behavior of the
approximating sequence. Since the coefficient of lower order terms are negative, the
energy of the corresponding functional becomes larger, it makes it difficult to find the
upper compact bound. Our main result is as follows.

Theorem 1.1. Suppose that the mean curvature of 02 at 0 is negative, then system
(1.1) has at least a positive solution.

In Section 2, we find a suitable upper bound for the mountain pass level, then
using this bound and the blow-up argument, we prove Theorem 1.1 in Section 3.

2. EXISTENCE OF POSITIVE SOLUTION IN ©

We establish the upper bound for the mountain pass level. We recall that by [6],
p2+(s),s(RY) is achieved by a function u € H}(RY). This implies that o, 5,(RY) is
achieved if a4+ 8 = 2*(s). Hence, there exists a least energy entire solution of system
(1.4). Furthermore, it was shown in [12] that the following result holds.
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Lemma 2.1. Let u € Hj(RY) be an entire solution of the equation

lyl*

—AU — ’u2*(5)—1 'Ln RJJ’Y’ (2 1)
u>0 in Rf, u=0 on (“)Rf. .

Then there is a constant C such that |u(y)] < C(1 + |[y)'™V and |Vu(y)| <
<O+ lyh)~.

Therefore, each component of the least energy solution of (1.4) enjoys the same
properties in Lemma 2.1. It was proved in [5] that the following result holds.

Lemma 2.2. If N > 4, then we have

1< pge(s),s(RY) < prge(s),s(RY).

We remark that Lemma 2.2 implies fq,4,s(RY) > 1. Indeed, since

_B_ —a
/‘a,ﬂ,S(Rf) = [(g) + (g) ]Na-‘rﬂ,é‘(Rf)

where a, 8 > 1, by Lemma 2.2 we have fia44,s(RY) > 1, and it is easily to verify that
_B_ —a

()77 +(5)7 > 1.
The energy functional for (1.1) is well defined on H}(Q) by

2wl Ay A v“l) da.

+ u
(s) |z p+1 p+1

1 1
nuo) = [ (GIVaP 4 1902 - 5
Q

It is well known that to find positive solutions of problem (1.1) is equivalent to find-
ing nonzero critical points of functional Iy in Hg(2) x HJ(2). Now, we bound the
mountain pass level for the functional Iy.

Lemma 2.3. Suppose that Q is a C* bounded domain in RN with 0 € 09, 082 is C?
at 0. If the mean curvature of 0Q at 0 is negative and 1 < p < % Then there exist

nonnegative functions ug and vy in H}(Q) \ {0} such that Iy(ug,ve) < 0 and

2% (s)

_92 1 1
I 2702 5~ o RY)@ 2,
Orgtagxl )\(tumt'UO) < (2 2*(S)>Ma,,8,s( +)

Proof. Let (u,v) be the minimizer of i, 5,(RY) such that

ay,B
/|Vu|2dsc—|—/|VU|2dx=ua”3,s(Rf), /udle.

|z[*
RY REY RY
Then, there exist A, B € R such that u = Aw, v = Bw with % = %, where w is

a minimizer of Mz*(s),s(Rf)- Since

(@) < CL+[a)'™Y, V()] < C1+ )7,
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we obtain
u(z)| <CA+|2))' N, |[Vu(z)] < OO+ [a)~N (2.2)

and
(@) <CA+[a)' N, |[Vo(e)| <O+ [))~N. (2.3)

Moreover, (u,v) satisfies

—Au = QLH;MQ,B)S(Rf)%, —Av = aiiﬁ,uaﬁ’s(Rf)"a‘;li ; in Rf.
(2.4)
Without loss of generality, we may assume that in a neighborhood of 0, the
boundary 9 can be represented by xnx = ¢(z'), where '’ = (x1,...2n8-1),

©(0) =0, V'p(0) =0, V' = (81,...,0n—1) and the outward normal of 9Q at 0
is —ey = (0,0,...,—1). Define

P(z) = (2', 25 — ().

We choose a small positive number rg so that there exist neighborhoods U and U of 0,

such that 9 (U) = By, (0), ¥(UNQ) = B (0), $(U) = B (0), (U NQ) = B, (0).
2

For € > 0, we define

) =2 (U) @, ) = o (12) <o

9 9

where 1 € C§°(U) is a positive cut-off function with 7 = 1 in U. In what follows, we
estimate each term in I (¢4, (0. ). Apparently,

/ Vi | do = /(|V77|2u§ + 0% Vue|? + 2VnVunu, ) de.
Q Q

Since
/nuEVnVua dr = — / |Vn|u? do — /VTmVuEug dr — /n(An)\ug\de,
Q Q Q Q

we obtain

/|Vﬁ5\2d:v: /772|Vu5\2d:v7 / n(An)|uc|? da.
Q

QU QU

By the change of the variable y = @ € B, (0) and (3.1), (3.2), we obtain

\ [ waneal <c [ aw e @l dy =

anu B, (0)\BF, (0)
2e

o
€

= 0(c?)
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and

| Vue(2)? de = 2 [ 0?07 (ey)) | Vouly) P dy.

QU B

M‘S+\

Since
Vo) = 19yl = Z0wuly)V'ule) ¥ p(ey))] + Owul)A(V ooy )2,
we deduce that

/ (W (e) [V puly) 262 dy <

5,
< /lVyU(y)IQdy—2 / (0™ (ey)Onu(y) V'u(y) (V') (ey') dy+ 29
Y

Bl,

e

+ / (7 ey)Ionuly) PI(V'e) ey )P dy = I + I + I.

BT

%
Using the facts
N-1
Vo)l =0(y']), @)= eyl +o1)(|y),
i=1
(2.2) and (2.3), we see that

L<C / (1+ [y) 2N |y dy = O(?).

RN

Integrating by parts, we infer that

B=2 [ 0w )V (60)Ovuly) Vuly)p(ey oyt
5,
+2 [ P )V onul) Vulw)s ey )y +
5,
2 E N-1
T2 / n* (¢~ (ey))Onuly) Z Oiiu(y)p(ey')dy = Io1 + 2o + Izz.
=1
B

a3t
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By (2.2) and (2.3),
In| < C& / (14 [y) 2N |y[? dy < C=N.

In the same way, Io2 = O(¢V). By (2.4),

N—-1

S uu(y) = Au— Oxu(y) = ———prap.s R — Dvuly)
i1 = - = - o,f3,s - u .
e i UY U — ONNUY a—l—ﬂu Brs N4 PE NNUY
Therefore,
2 9, -1 a Nl f ,
Ins = —- /77 (¢ (5y))aNu(y)a+ﬁﬂa,B,é( +) e p(ey') dy
BY,
2
2 [ P enovuwdvx (e )y = Fi + P
BY,
Since u = Aw,
C _ Inw(y)2 )
A=-2 [ e 2 e dy
B+
2

where Cy = %NQ,B,S(RQ’)AO‘B@ Integrating by parts, we obtain

_Co [ 20~ (ey))Onn(¥~ " (ey))o(ey)

£ w? ) dy+
€ ly|®

L Go (¥~ (ey))Onp(ey’)

w? ) dy—
€ ly|®
5,
20, —1 /
_ Cos (W~ (ey))p(ey Jyn w* ) dy = Fiy + Fia + Fis.
c ‘y|s+2
Bly
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Now, we estimate F5. Integrating by parts, we deduce

Fr= % / aN[772(7/’71(53/))@(62/)](51\;@2 dy+
BY,

w1 [ e st oxe as, =

+ N
B, NoRY
€

w1 [ e e ov?as, =
BT, NORY

= Fy1 + Fog + Fh3.

It can be shown that Fh; = O(eN 1), Foe = O(eV~1). Hence,

Iy = Fi3+ Fo3 + O(eN 7).

Since n(1y ' (ey)) = 1 in BY,, we have
2e

Cos / (W ) ey Iyn o) dy—

Fig = ———
ly|*+2
BtO\B*;;O
Cos [ ey )YN  2+(s)
- 22 BN O dy = Jy + .
= | pma
Bly

We have

3 1 (1=N)2*(s) .
Jy < Ce / Iyl +||j|s)+2 dy < Ce w7
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In the same way,

Cos Cos ey’ .
J2:_70/ pley)yn w? @ gy — ; / @(y)ysz(y)z ) dy =

£ ly|*+2 ly[*+2
RY RY\BYy
Cos [ ey )yn 2+ Y—2)
:‘?/ i Oy 0N =
<

2 ()

yzy w
:_Ecoszaz / 7y|s+2 dy(1+o(1)) + O(c

N(N s)

T )=

N(N q)

B 8601 /Iy IzyNw

e dyz%m ) +0(e™ ) =

N(N s)

= —CoK1H(0)(1+0( ))e+0(e =),

where
N—-1 *
1 |y/|2yNw2 (s)
=N_1 Z a;, Ki=s BT dy.
i=1 Rﬁ
Similarly,
1 _
Fi = = / (0 e)p(ey N Onuly)? S, +
(B \B )maRN
1
iz / olet))(Oxu(y))? dS, = Ly + Lo,

+
BT, NORY
2e

There holds

o |Q

[ s 0Pletey)lay <

{2 <ley’|<ro}
<Ce / /|22 4y’ = O(N).
{Z<ley’|<ro}
Using the fact

/ ey ) Onu(y))? dS, = O(Y),

]RN—l\(B';:lﬂBRﬁr\’)
=
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one finds
1 1
Ly = - / @(ey’)(anu(y))Q dSy — - / <,0(€y/)(8Nu(y))2 ds, =
RN -1 RN=1\(BT NoRY)
1 —
= / o(ey)(Onu(y))?dSy + O(eN 1) =
RN-1

N-—1
2 / [(Onu) (o, 0)52dy/ (1 + o(1)) + (V1) =
=1 RN-1

= KoH(0)(1 + o(1))e + O(eN 1),

where Ko = [ |(Onu)(y/,0)[?|y'|* dy’. Consequently,

RN-1

/ Vi 2 di = / IVl dy — (CoRy — Ka)H(O)(1 + o(1))e + O(2),
Q Rf

and similarly,

/ |V |?dx = / |Vo|? dy — (C1K, — K3)H(0)(1 4 o(1))e 4+ O(?).
Q

N
Ry

where C7 = @ﬁ%uajg,s(Rf)AaBﬁ.
Next, let y = @ We estimate

agof / asel | / ugef / w W)
ER ER af EIEDIE
~ ~ + g

QNU QNU ro/2
since n =1 in QN U. The facts
11 (1 synpley’) ssoz(sy')) 1 O((Qyzvso(sy’) N wQ(ey’))Q)
e elyl? 2e2y[? lyl* elyl? e2y[?

and

a,,B s
[ o
Y

N +
R+ \BLQ
2e
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enable us to show that

~o~0 @ 5 B
[ o= [ - / VWD gy 1 o) =

oz Iyls € ly
QNU B, Bt,
2e 2e

uv? s [ yneley)uv? >
= —dyff/—dynLO(s ).

/ ly|* € lyls+2
RY BT,
2e

Moreover,

AVPNC] MNap2™ ()
s / ynp(ey)uv dy = _zAaBﬁ / ynp(ey)w dy =

€ lyl>+2 [y*+2
B, B,
2e 2e
~ yny;w> N
——se Y B [ P dy(1 4 of1) + O =
P lyl
R+
— s& A>B?8 yN‘y ‘2 - d 1 1o} g)
TN |\e+2 yZ% +0(1) +0("F),
Y

Hence,

| a, B
/ %dm:/%dy_Kgg(o)@+a(1))s+0(52),

where K3 = sA“B? [ Mfﬁj() dy = A*BPK,.
RN

Finally, let y = @ € B7, (0). We deduce that

+1
/ﬂgﬂdx:g% /UQ(x)[u<w(:))]p dx =
Q

onu
i S / Pt dy =
:5¥—%/ WP dy + O(e N<p+1)).
R

Similarly,
1 N+2 (N—2)p 1 (P+1)
/Ups dl‘—E . /Up dy+0( - )'

N
Q RY
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Sinceq<%,¥—w 2P 5 1. For ¢ > 0, we have

2 2% (s) B
In(tiiz, to.) = (/IVUIQder/W”de) 2t() /ulyr W
RN

+

H(0
+ # [(21(2 — CoKy — C1 K1)t +

H(0)
2

4 *( -
2*7(5)(K3 + o(1))t? ( )]5+O(52)

= fi(t) + efa(t) +O(e?),

where
12 22" (s)

i g s(RY) — .
/J’ .8, ( +) 2*(8)

f1(t) = 5

We may verify that

_—2 (1 1 2% (s)
max f1(t) = fi(to) = 2702 ( - >>ua,5,s<M )Tz,

0<t<1 2 2%(s

with to = (%ua’gﬁs(Rf))z*é)*?. Since K; > 0,

falto) = 2Ky — CoKy — C1K )2 + 5 (S)Kgﬁ () —
9
= (2K, — A°BPK, |2 Bk 12 =
( 2 27(s) ) 2<s> o
o+ A"BBK1< 1)# ®)
2*(8) UQ,B,S(R{?—[)

f2(to) > 0 if and only if pqg,s(RY) > 1.
Since H(0) < 0, by choosing T' large enough, we have I\(T4.,T0:) <0 for t > T
and € > 0 small. Let ug = T'U., vg = T0.. We obtain

=2 (1 1 Ny 225
F(s)—2 | — 2* (5)—2
Org?éxl])\(tuo,tv()) <2 <2 2*( )),u'OéﬁS(R )
and
I,\(Uo,?]o) < 0.
This completes the proof of Lemma 2.1. O

3. EXISTENCE OF POSITIVE SOLUTION IN Q

Now we will use the blow up argument to prove Theorem 1.1.
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For any € > 0, by applying Lemma 2.1 and the mountain pass theorem, we have
a positive solution pair (ue,ve) of the following subcritical system

_ _ 2 u
—Aue = TEZET g
— 2ﬁ ’U.g’t)&_7 —c - 3
Ave = o= = ToF Avg™® in £}, (3.1)
ue > 0,v: >0 in Q,
U =V =0 on 0N

The mountain pass level ¢, of (3.1) satisfies
(3.2)

1 2% (s)
) Ma?Bvs(Rf) 2 (e)-2 ?

—2
ce = I5(ug,ve) < 2762 (2 (&)

where
1 , 1 9 2 utfE
Le(ue,ve) :/ <2|VU€| +5lVeel - 2%(s) —¢ 6|J:Ts dot
Q
A
T 54—1—6) dx

A
+ [ [(—F—urtt e+
Q/(p+1—5 € p+

It can be easily shown that both [luc||z1(q) and [[ve| (o) are uniformly bounded for
¢ > 0 small. Thus, there is a subsequence {(u;,v;)} of {(ue,v:)} such that

v; —=v in H(Q),

v; —v in LPTHQ), (3.3)
v =~v in L¥(Q,|z|"3dx),

uj — U,
Uj — U,
Uj — U,
with w,v > 0 and (u,v) is a solution of system (1.1). If (u,v) is a nontrivial solution,
by the strong maximum principle, u,v > 0, then we are done.
Now, we prove (u,v) is nontrivial. It will be shown by the blowing up argument.
Suppose on the contrary that « = v =0 in Q. Let
M; = u;(z;) = maxu;(z),  Nj = v;(y;) = maxv;(z).
Then, we have either m; — oo or n; — 0o as j — oo. Indeed, on the contrary we
would have m; < C and n; < C for a positive constant C. By the Sobolev embedding,

B—e;j
w7 u®
2 Jd___dr<C | —dz—0
|[* |[*
Q

Q

as j — oo. This implies
/v§)+1_sjd;ﬁ — 0,

a, B—E;

usv’; e,
/(|Vuj|2+|ij|2)dm:2/#dx—)\/u§ Tdr — X

O Q O

Q
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that is, u; — 0, v; — 0 strongly in H}(Q). It yields

1
0= lim 7/<|wj|2 +[Voy?)da = ¢ > 0,
j—oo 2
Q

a contradiction.
We will show that M; = O(1)N;, and z; — 0, y; — 0 at the same time, which

implies that the origin is the only blow up point. Suppose N; < M; — oo and denote
ﬁj(y) = Mj_luj(kjy + SCj), ’D](y) = Mj_lvj(kjy + xj), for [IES Qj,
2*(3)—2—%

where k; = M]._ 0 Q;={z e RN i z; + kjx € Q}. Then (4, 0;) satisfies

_ ky \s A0 M0 ey e
_Auj = Ot+25a*€j (ﬁ)s |\%JJ\+|{;71\1 5 AkaMJT'; Jujp I in ij
5 2(8=¢j) ( ki ys a;zﬁfilisj 2P 1= s p—e; 4
_A’UJ = Ot+5*€_7‘ (‘TJI) m — )\k]M_] 'Uj mn Qj7 (3 )
EXIRRET]
Ogﬂj,’[)j Sl, in Qj,
ij = ﬁj =0 on 891

We claim that |z;| = O(k;) and z; — 0 as j — co. Suppose on the contrary that

limsup;_, % = 00. Since M; — oo, k; — 0 as j — oco. Furthermore, we have

(2-s)(p—c;-1)
2% (3)—275j

/gJQ_M;"l‘Ei = k; —0 as j— o0

due to the facts k; — 0 and 2 — %:;j;l) >0,ie p< % Because (u;,7;) is
uniformly bounded in C’fo’g , we may assume that a; — u,0; — v in C?..

Suppose x; — x9 € . There are two cases: (i) zop € Q or zy € 0Q and
dist(x;,00) . d (ii o0 d dist(x;,00) >
—— — 0% an (ii) @0 € and ——p— — 0 > 0.

In the case (i), we have Q; — RY as j — oo and (u,v) satisfies

~Au=0 in RV,
~Av=0 in RV,
0<u,v<1, wu(0)=1.

Furthermore, we have
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However, by the Liouville theorem, u = v = 1 for z € RY. This is a contradiction.
In the case (ii), after an orthogonal transformation, we have Q; — RY = {z =

(z1,...,2n) |y > 0} as j — oo and @;, U; converge to some u, v uniformly in every

compact subset of RY. Apparently, u(0) =1 and 0 < v(0) < 1. Hence, (u,v) satisfies

—Au=0 in RY,
—Av =0 in Rf,
0<u,v<1 in Rf,
u=v=0 on aRﬂ\_’.

By the boundary condition and the maximum principle, u = v = 0 for x € Rﬂ\_' which
violates u(0) = 1. Consequently, limsup,_, ., % < 00. Since k; — 0, we have z; — 0
as j — oo.
Next, we show that liminf; |]‘Z—J| > (0. Were it not the case, we would have, up
J

to a subsequence, that lim;_, % = 0. Then (@;, ;) satisfies
J

—a—1-B—¢;

A — 20 % Y 12 agP1-¢ > p—gj )

Aty = aHho5 |Tral )\ijj u;P7% in Qj,

2(pmey) 3 1

A} — —&j) 75 g _ 2AgP—1=¢5 ~ p—e; = )

AD; = wHi—e; T 1l )\k:ij Uj in (3.5)

°j

0§ﬂj,ﬁj Sl in Qj,
’l]j = 1~)j =0 on 8QJ

Up to a rotation, we have Q; — Ri\_] and @j, U; converge to some u, v uniformly in
compact subsets of Rf respectively, where (u,v) satisfies

o _ 20 u*"f N
A“*T-H} W in RY,
o _ 2B uvPT : N
Av = BT in RY,

0<wu,v<1 in Rﬁ, u=v=0 on 8]Rf.

The boundary condition violates u(0) = 1. Hence, liminf;_, % > 0.
J
Now, we complete the proof of Theorem 1.1 by showing that problem (1.1) has a
dist(x;,00)
k;j
we find (@, 0;) converges to (u,v) uniformly in any compact subset of RY and (u,v)
satisfies

nontrivial solution. We may assume — ¢ > 0. By an affine transformation,

_ _ 2a u® P : N
Au——a+5 Iy[‘:l in RY,
“Ap = 28wt N
Av =5 e in RY, (3.6)

u,v >0 in Rf, u=v=0 on 8Rf
with «(0,...,0) = 1. By the definition of j4,3,5(€2), we have

S{(\Vﬂﬂ? +[Vo;?) da
Na,,B,S(Qj) < PPPIEE

(J e )™
Q

b
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and then
J (IVul? + |Vvl?) dy , 2% (s)—2
RY u®v T2¥(s)
MQ,B,S(Rf) < . o 5 3 :2</ S dy) 3
([ o dy) ™ o
ly[® RY
RY +
that is,

a,,B . 2% (s)
v vy =2 [y > o ) @)
RY RY

Furthermore, noting that

_ (N*Q)Ej
lim [ (|Vuy|? +|[Voj|?) do = lim k; ~ 77 /(\wjﬁ +|Vo;[?) dy >
J—00

j—o0

Q Q;
>l [V + Vo) dy > [(Vaf + 90 do, (3.5)
j—o0
Qj ]Ri

we derive from (3.2), (3.7), (3.8) that

2% (s)

1 1 1 1 —2
= (== li |2 iHde > =— 2702y, 5 o(RY) T2
c (2 2*(8)) 111 /(‘VU’]| +|VUJ| ) T = 2 2*(8) H B, ( +) ’
o)

j—o0

which yields a contradiction to (3.2). Thus, (u,v) is a nontrivial solution of (1.1).
Now we show M; = O(N;). Indeed, since u is nontrivial, so is v. Otherwise, we
would have
Au=0 1in Rf ,
0<u<1u(0,....,0)=1 in RY,
u=0 on 8]1%5 .

By the strong maximum principle, u would be a constant because it attains its max-
imum value inside Rf . This yields a contradiction between «(0,...,0) = 1 and the
boundary condition. Therefore, there exists yo € RY such that v(yo) # 0. Hence,

¥j(yo) = mj v;(x; + ko) = v(yo) > 0

implies
njoo vi(z; + kjyo) > w(yo) — > 0
Zn, 7”” >
for ¢ > 0 small and j large, namely, N; = O(1)M; as j — oo. Replacing M,

by N; in the above blow up process, we may deduce that |y;| = O(l~cj)7 where
N 72*(5)72753-
kj =N, *7® . So we also have y; — 0. Consequently, the origin is the only
blow up point and problem (1.1) has a positive nontrivial solution. The proof of

Theorem 1.1 is complete. g
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