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Abstract
One of the most perspective directions of aircraft engine development is related to implementing

adaptive automatic electronic control systems (ACS). the significant elements of these systems are
algorithms of matching of mathematical models to actual performances of the engine. these adaptive
models are used directly in control algorithms and are a combination of static and dynamic sub-models.
this work considers the dynamic sub-models formation using the Least Square method (LSM) on a base
of the engine parameters that are measured in-flight. While implementing this function in the (ACS),
the problem of checking the sufficiency of the used information for ensuring the required precision of
the model arises. We must do this checking a priori (to determine a set of operation modes, the shape
of the engine test impact and volume of recorded information) and a posteriori. equations of the engine
models are considered. relations are derived that determine the precision of parameters of these models’
estimation depending on the precision of measurement, the composition of the engine power ratings,
and durability of observations, at a stepwise change of fuel flow. We present these relations in non-
dimensional coordinates that make them universal and ready for application to any turboshaft engine.
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1. INTRODUCTION

the mathematical model serves as a foundation of the automatic control system (ACS) during 
the design, tuning and operation stages, as well as in aircraft engines diagnostics [1]. Also, the gas turbine
engine (Gte) as a complicated technical object includes itself with many components with highly 
individual properties. While ensuring the stable working process, these components also define the working
parameters (rotational speeds, temperature, and pressure in gas path cross-sections, fuel and air consumption,
thrust, power, etc.) by matching their characteristics, and these parameters are partially measured and then
used for control [2].

However, the engine parameters and individual characteristics of the components are not identical for
every engine unit, and also vary throughout engine operation. Such a fact imposes an obvious difficulty
on the engineering application of high-quality control.

to accommodate this variety in the property and characteristic and provide necessary control quality,
the adaption concept is necessary to be introduced into ACS [2–6]. One of the most promising development
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directions for adaptive ACS is to introduce a correction into the engine mathematical model that forms
the underlying control algorithms [7–9]. this correction includes the model parameter specification, which
best fits the collected experimental data from engine testing and operation. Among them, the automatic
adaption available for building a self-adjusting ACS engine is the most efficient way [5,10–12].

the engine static model correction provides obedience with experimental data focusing on steady-
state operating modes. Many works that are previously carried out [13–18] investigate such a model and
propose algorithms for estimating model coefficients. researches of various authors [6,11,12,19–22]
propose approaches towards dynamic model corrections. but for their engineering realisation in automatic
mode, the accuracy of the adaptive model has to be under control. Furthermore, the accuracy is not
solely influenced by measuring error and logged data volume, but also due to the intensity of input
control actuation.

In this work, we conducted research on the relationship of the error in the estimation of engine
dynamic model coefficients regarding the main influencing factors, which are as follows:

– the intensity of input control actuation changes;
– amplitude of input control actuation changes;
– logging frequency;
– measurement errors;
– errors in the prior information used about the model.
the primary goal of this research is to formulate a methodical approach towards the error analysis for

estimation of the dynamic model coefficients. therefore, to develop a schematic approach we choose 
the simplest research object, a single-spool turbojet engine, whose dynamic property also corresponds with
the gas generator of a single-spool turboshaft engine.

2. PROBLEM ANALYSIS

2.1. Mathematical models for turboshaft engine

the base mathematical model of the engine has been formed on characteristics of the engine
components and thermodynamic equations that describe conditions of their common operation [23]. It
considers the influence of the working fluid composition and the temperature on the fluid thermophysical
properties, simulates dynamics of rotors, gas volumes of the gas path, heat exchange and tip clearances
variation. the considered tasks of adaptive control can be solved, considering only rotor dynamics.
However, even in this simplified case, the model is too complex and labour-intensive to be used in real-
time control algorithms.

to develop a high-speed model, the base thermodynamic model is divided into two parts: static and
dynamic. the static model calculates the engine parameters for the steady-state modes, and the dynamic
model determines the deviations of the parameters from their static values. these deviations correspond
to the transient modes. In the previously mentioned nomenclature, the static model has the form

(1)

where are values of the parameters determined by the input and for a steady-state mode.

the dynamic model in the state space is expressed as

(2)
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where are rotation speeds of rotors, are other engine parameters, are control actions, ∆ is 
a deviation from the static value.

Hence, the values of parameters for transient modes are determined as

(4)

As an example, consider a turboshaft engine with a single-spool gas generator, whose scheme is shown
in Fig. 1.

Figure 1. Diagram of turboshaft engine with a single-spool gas generator.

the input parameters are fuel flow Wf and parameters of the air at the intake including pressure Pin,
temperature Tin and Mach number Mf. the output parameters are rotor speeds NHP, NFT, compressor
discharge pressure P3, turbine discharge temperature T4 and output power Pow. Hence, for this engine

(5)

where Pow is the power of load (e.g. helicopter’s rotor) and PowFT is the power of free turbine (output
power of the engine).

the structure of the mathematical model, which implements eqs (1)–(5) using the general method
presented in [23], is shown in Fig. 2. Here, the following indexes are used: ‘Hp’ – high pressure, ‘Ft’ –
free turbine, ‘in’ – inlet to the engine, ‘f ’ – flight of fuel, ‘st’ – static, ‘cor’ – corrected.

Figure 2. Structure of the engine dynamic model.
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2.2. General task formulation of adaptive engine dynamic model

taking the variables from (5) into consideration, the equations of systems (1) and (2) can be
represented as:

(6)

(7)

and the dynamic model correction problem can be formulated as the problem of estimating the parameters

of the mathematical model based on the known engine working

process parameters that are measured at time t1,…,tn. Additionally, it is also necessary to

solve the problem of experiment planning in general, that is, to determine the optimal control actions
Wf (t) and Pow(t) for engine.

2.3. Illustrative example for the adaption problem solving

Consider the task of determining the coefficients of eq. (1). then the dynamic model of the engine
in the vicinity of the base steady state is (index ‘Hp’ is omitted)

(8)

or

(9)

where τ is time constant of the rotor and K is rotor speed gain over fuel input.
place the estimation of coefficients in this equation on the measurement results of rotor speed N(t)

in a transient process, while the assigned action is a change in fuel consumption Wf (t). Let the model
parameter have the following actual values: τ = 1 s, K = 10 rpm/(kg/h).

the initial data are sets of values of the input parameter ∆Wf j, j = 1,…,n, and the output parameter
∆Nj, j = 1,…,n. these values are recorded at moments t1,…,tn.

Let the fuel consumption be a temporal linear increase at a speed of  v = 5 (kg/h)/s till the predetermined
deviation W0 = 10 kg/h, and then maintain as a constant (Fig. 3A):

(10)

then the reaction of the rotor to this action looks like (Fig. 3b)
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Figure 3. example of control action (A) and response (b).

the least-square method (LSM) is applied to determine the coefficients [24]. In this way, the value

estimated is determined as a result of minimising the LSM function. Due to the non-linear
nature of the mathematical model (11), this minimisation problem is also non-linear. to obtain 
a numerical solution, it is necessary to use the iterative method, which essentially is to linearise 
the mathematical model with the parameters under searching at each i-th step and perform the correction

of the estimate using: , where is the linear estimate of

the corrective add-up; H i‒1 is a (nx2) sensitivity matrix corresponding to the current estimates ; 
and δN i is a (nx1) vector comprising deviations of the measured value from the values calculated using
the mathematical model:

errors in the estimates are determined by the covariance matrix [16]

(12)

where

(13)
and is dispersion of the rotor speed measurement error. N

2
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From (11) we obtain the following:

(14)

by applying linearisation to the mathematical model in the vicinity of the actual parameter value for
estimation, the expression above allows us to analyse the errors in our estimates.

As an example, we present the analysis of error in the estimation of coefficient a. From (12), we
obtain the following:

Figure 4 presents the function f(t) of the example under investigation. the figure corresponds to 
the parameter a estimation under different circumstances while the measuring interval is set to 0.2 s.
Curve 1 corresponds to the previously specified engine parameter, which is τ = 1 s, K = 10 rpm/(kg/h);
meanwhile, Curve 2 corresponds to the setting that τ = 10 s, K = 10 rpm/(kg/h). In the third case, the engine
parameters are τ = 1 s, K = 10 rpm/(kg/h), though the circumstance for estimation is that the value of
gain K is known.

Figure 4. the function f(t), which relates the error in the coefficient estimate a
to the error in the rotor speed measurement.

the example shows that errors of estimates significantly depend on many influencing factors: actual
values of the coefficients to be found (which according to physical sense depend on operation conditions),
errors of measurements (which include not only rotation speed but also fuel flow), the shape of control
input (in the above-considered example—amplitude and velocity of fuel flow rate variation), frequency
of measurements, errors of the used a priori model and so on.

therefore, this analysis aims to form a method of the engine dynamic parameters estimation errors
prediction, depending on the influencing factors. this method will be key for automatic adaptation
algorithm implementation in the engine ACS.
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3.METHOD FOR ANALYSING ERRORS IN MATHEMATICAL MODEL PARAMETER 
ESTIMATION

to formulate the desired method, we investigate a simplified task, which is to determine the engine
time constant τ using model (9) with a step change W0 in the fuel consumption. As shown in the analysis,
gain K behaves like a static engine parameter instead of a dynamic one, since it characterises the steepness
of the static characteristic; in other words, the dependence of rotor speed on the fuel consumption in 
the installed operating modes of this engine.

the transient characteristics of the engine under this specified action are

(15)

Factors that influence the total error of time constant estimation are measurement errors: σN (rotation
speed) and σW (fuel flow); errors in the model structure: σK (error of parameter K—parametric error) and
∆S (error because of supposition about the constancy of coefficients K and τ; recording time interval ∆t.

Furthermore, we suppose that the time interval t is chosen so that it excludes the influence of
autocorrelation of the signal, and the step change of fuel flow W0 is chosen so that it minimises the
influence of the model’s non-linearity.

then instrumental error of the estimate is a sum of partial errors, and dispersion of the estimate is 
a sum of partial dispersions:

the least square method can be applied for this case: 

,

where then the covariance of the estimates is

Convert the dispersion expression of the estimate to a continuous form, assuming that the measurements
are made uniformly over time with an interval t:

(16)

where tn ‒ observation time.

taking into account (15), we convert (16) into the following form:
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(17)

Analytical expression (17) builds a connection from the errors in time constant estimate to the main
affecting factors, which are errors in rotor speed measurement, observation time, measuring frequency,
as well as the property engine itself. Here, the engine property refers to the time-dependent partial
derivative that relates rotor speed over time constant (this derivative also depends on the form of input
actuation, which is the characteristics of fuel consumption change).

to get a universal characteristics expression for errors, we introduce the following dimensionless
variables:

where τ0 is the actual value of engine time constant and K0 is the actual value of gain. therefore, we have

(18)

Function is drawn in Figure 5. It is obvious that the function value decreases as the time for
measurement prolongs, while its value does not converge to zero, but to a finite value equal to 4. this
indicates that after the end of the transient process and the stabilisation of rotational speed, the new
measurements do not contain information that contributes to determining the actual value of the desired
parameter.

Figure 5. Function, which presents the influence of the error in rotational speed 
on the engine time constant estimation error.

Using the derived eq. (18) for the specific dispersion and this diagram, we can estimate the error for
any engine, time interval, the intensity of step action and error of measurement. this model of error is
also a basis for the design of an experiment for the engine time constant estimation (solving the inverse
task of simulation).

this characteristic for the step response may be considered as the minimum possible error, because
reaction of rotor on another action will be slower, which increases the error.

f tN n 

66 yepIFANOV AND bONDAreNKO



4.ANALYSIS OF THE TOTAL ERROR IN THE ENGINE TIME CONSTANT ESTIMATION

We rewrite the LSM expression and substitute into it the model equation, and then linearise regarding
all the parameters that contain errors (they are rotor speed, fuel consumption and a priori gain value. 
the a priori gain value can also be considered as a random quantity, as it is determined on the experimental
data basis that originates from the static characteristic of the engine):

(19)

From the condition of minimising the LSM function, we derive: 

then we obtain the expression for estimates and its variance:

(20)

(21)

the influence of rotor speed measurement is analysed above. Now we analyse the errors in the fuel
consumption measurement and the given value of gain.

by converting the sum into integrals in a similar way as (16) and performing integration, we obtain:
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the universal error characteristic in dimensionless coordinates is

(22)

Similarly, using (20), we get an expression for the estimation error because of the error in the gain
setting:

the function graph is shown in Fig. 6. From eq. (22) we observe that, with an increase in
the observation time, additional measurements do not decrease the total error, and the function itself tends

not to zero, but to a finite value equal to

Figure 6. Function that represents the influence of the errors in the fuel consumption measurement 
and the gain setting on the engine time constant estimation error.

CONCLUSION

the adaptive control systems heavily require to be capable of automatic self-tuning that cannot be
achieved without monitoring the static and dynamic parameters of each one engine. to make the adaptation
process more accurate, it needs to account for the errors in the measurements and in the estimated
parameters. For better estimation of the non-measured parameters, the adaptation method should address
the accurate estimation of measurement errors as well as the analysis of a priori information on those errors.
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It was proven that parametric estimation errors significantly (many times) depend on multiple factors,
such as true values of parameters to be estimated, errors of measurements and a priori information about
the model. this is a thing from at least two perspectives. the first one is to keep the error within an
acceptable range and the second is from a perspective of the experiment design.

Having researched on the body of the problem, we reached out the generalised approach to 
the analysis of errors of Gte model adaptation, the main concepts of which are listed below:
1. Linear approximation of the engine dynamic model in the area of true values of parameters to be found.
2. Considering the influence of all measuring errors and parametric errors of the model (measuring

errors of rotation speed and fuel flow, error of sensitivity coefficient), shape and parameters of 
the control action, the time interval between observations.

3. the influencing errors are independent random normally distributed values.
4. Application of specific parameters and the corresponding transformation of equations, which relate

estimation error with influencing factors, makes the equations universal, applicable for any engine
parameters and any influencing actions.

5. Instrumental errors of the engine time constant estimates have a down limit; this is explained by 
a finite time of the transient process, after which the output parameters are stabilised and are not
sensitive to the engine dynamic parameters (e.g. the time constant). these errors correspond to 
a durable time interval of recording, when the new data do not give useful information about the time
constant, because the transient process has been completed.

6. the results of the step response analysis show the minimum possible error of estimates.

Following this approach, we can determine and save in any convenient view (analytical, table, etc.)
the generalised performance of the model parameters estimation, which is the same for any engine, its
operating conditions and all influencing factors.

the obtained diagrams may be applied for adjusting the function of the automatic adaptation of 
the engine on-board model in a composition of the ACS. they may also be used for the design of
experiment for the engine dynamic model experimental verification and validation.

the proposed method can be considered as an instrument of engine diagnostic and authors have 
a plan to make improvements to it based on the following directions:
1. estimation of dynamic models of other parameters of the engine (temperature, pressure, etc.).
2. the analysis of two-spool and three-spool engines, taking into account correlations of estimates.
3. Analysis of non-linear effects, which in the first order are determined by a dependence of the engine

dynamic coefficients on the operation conditions.

the applicability and efficiency of this method are demonstrated using the single-spool turbojet
engine as the example.

thus, this paper proposes and shows a method for predicting errors in estimating the parameters of
dynamic models of Gtes. For a single-shaft gas generator, a universal equation is obtained that determines
the error in estimating the coefficients of a linear dynamic model as a function of all the main influencing
factors: measurement errors and frequency, test exposure intensity, and nominal values of the model
coefficients. In particular, at a nominal value of the time constant of 1 s and a fuel supply gain of 10,
measurement errors of the rotor speed of 0.2%, fuel consumption of 0.5%, an abrupt change in the fuel
supply of 10 kg/s and a registration frequency of 5 Hz, the minimum standard deviation of the estimation
error the time constant will be 0.2 s, that is, 20%. this significant level of error requires careful test planning
and continuous verification while application of the proposed method as processing is performed.
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