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1. INTRODUCTION

We study the existence of positive solutions to the singular infinite semipositone system

_Ml(f|1’|7ap|vu|pd$)di’l)(|x|7ap|vu|1772vu)
Q
= |$|_((N+1)P+5<a1up—1 _ f1(u) o %>7 ve Q,
—Mz(f |x|_ap|vv‘pdx>div(|x‘_ap|vv|p_2VU) (1.1)
Q
= [a 7P (aguP Tt — fo(v) — 32), reqQ,
v 07 x e 897

where € is a bounded smooth domain of RV, N > 3 with 0 € Q, 1 < p < N,
0<ax< % v € (0,1) and aq, as, by, b, 5 are positive constants and f; : [0,00) — R,
i = 1,2, are continuous functions and M; : [0,00] — R*, i = 1,2, aside from being con-
tinuous and nondecreasing functions and 0 < M; o < M;(t) < M; » for all t € [0, 00),
verify:

(H) There exist ta > t1 > 0 such that (tZ) > Milt) gee ([10]).
N-—2

tz tl
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A typical example of a function satisfying this condition is M;(¢t) = M, + at
(i =1,2) with @ > 0 and for all ¢ > 0. We make the following assumptions:

(A1) There exist L > 0 and b > 1 such that f;(u) < Lu® for all u > 0 and i = 1, 2.
(A2) There exists a constant S* > 0 such that a;u?~! — f;(u) < S* for u > 0
and i = 1,2.

A simple example of f; satisfying these assumptions is fi(u) = u®, i = 1,2, for any
b>1.

System (1.1) is related to the stationary problem of a model introduced by Kirch-
hoff [12]. More precisely, Kirchhoff proposed a model given by the equation

L
82u PO E
roe (3 tar / axz—o’ (1.2)
0

where p, Py, h, E are all constants. This equation extends the classical d’Alembert wave
equation. A distinguishing feature of equation (1.2) is that the equation has a nonlocal
coefficient £o + £ fOL |94 |2dz which depends on the average 5~ fOL |94 |2dz. Hence
the equation is no longer a pointwise identity. We refer to [19] for additional result on
Kirchhoff equations. In recent years, there has been considerable progress on the study
of nonlocal problems, (see [15,17,18]). Nonlocal problems can be used for modeling, for
example, physical and biological systems for which u describes a process which depends
on the average of itself, such as the population density. On the other hand, elliptic
problems involving more general operator, such as the degenerate quasilinear elliptic
operator given by —div(|z|~*P|Vu|P~2Vu), were motivated by the following Caffarelli,
Kohn and Nirenberg’s inequality (see [4,16,22]).

The study of this type of problem is motivated by its various applications, for
example, in fluid mechanics, in newtonian fluids, in flow through porous media and in
glaciology (see [3,7]). So, the study of positive solutions of singular elliptic problems
has more practical meanings. Let

b

F(h,k) = a h?~' — fi(h) — k%
and .

G(h, k) = agk?™" — fo(k) — h;j
Then

lim F(h,k)= lim G(h,k)= —o0,
(h,k)—(0,0) (h,k)—(0,0)
and hence we refer to (1.1) as an infinite semipositone system. In [13] the authors
discussed the single problem (1.1) when M;(t) =1, a =0, p = 5 = 2, and see [20]
for the single equation case when M (¢) = 1. Here we focus on further extending the
study in [13,20] for infinities semipositone Kirchhoff type systems involving singularity.
Our approach is based on the method of sub-supersolutions, see [5, 8].
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2. PRELIMINARIES AND EXISTING RESULT

In this paper, we denote Wy?(Q,|x|~*P), the completion of C§°(£2), with respect
to the norm |[jul = (J, || ~OP|VulPdx) ¥
we consider the eigenvalue problem

. To precisely state our existence result

(2.1)

—div(|z|~°P|V P2V ) = Az|~(cFDPHB|gp=2¢ 2 € Q,
¢ - 07 xT € 89

Let ¢1,, be the eigenfunction corresponding to the first eigenvalue Ay , of (2.1)
such that ¢1,(x) > 0 in Q and ||¢1 ]l = 1 (see [14,21]). It can be shown that

% < 0 on 09 . Here n is the outward normal. We will also consider the unique
solution ¢, (z) € Wy (9, |x|~*P) for the problem

—div(|z| 7P|V, [PV E,) = |x| et rHB g e Q,
Cp = Oa T € 69,

to discuss our existence result. It is well known that (,(z) > 0 in Q and %T(Lw) <0
on 9 (see [14]).

A pair of nonnegative functions (v1,1s), (2
super-solution of (1.1) if they satisfy (11,12) =

z1,292) are called a sub-solution and
(0,0) = (21, 22) on 9 and

Ml(g |$|7QP‘V¢1|pdm) [ |z|=P|Vep1 P72V - Vwdz
§§{|x|*(a+1)p+ﬁ( wpf — fi(e) — )wdz

My f |7 V) [ a2 9ol =29 - Vi
S{ | TP (agh ™ — fo(thn) — ) wde,

(5{ ||~ “p|Vzl|pdﬂc) [ |z|=P|V 21 [P~2V 2z - Vwdz

> [fa| 7l P+5(a1z ' filz) - %)Wd%

O
o Sz O"’|Vzg|pdx)f|x| |V 29|P 2V 2y - Vwdx
)

/_\

Z ||~ (@FDPHB (g8~ *fz(zz)*Z)U)dl’,

foralwe W ={w e C{*(Q) |w >0,z € Q}.
A key role in our arguments will be played by the following auxiliary result. Its proof
is similar to those presented in [6]. The reader can consult further the papers [1,2,11].
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Lemma 2.1. Assume that M : Rf —R™* is continuous and increasing, and there exists
mo > 0 such that M(t) > mq for all t € RE. If the functions u,v € W, P (S, |z|~P)
satisfy

M</|x|7a‘p|Vu\pdx)/|x|7o‘p\Vu\p72Vu~V<pdx
Q Q

<M ( [ler9epar) [l ror - Vids
Q Q

for all o € WP (Q,|z]7%P), ¢ >0, then u < v in Q.

From Lemma 2.1 we can establish the basic principle of the sub-and supersolution
method for nonlocal systems. Indeed, we consider the following nonlocal system

—My ([ 2l P |VulPde ) div(|al 7| Va2 Va) = |2~z u0), @ e Q,
Q

—Mg(f |x|*°‘p|Vv\pdx)div(|x|*°‘p|Vv\P*2Vu) = ||~ BB (2, u,v), T EQ,
Q

u=uv=0, x € 09,

(2.2)

where Q is a bounded smooth domain of RN and h,k : Q x R x R — R satisfy
the following conditions:

(HK1) h(z,s,t) and k(z, s,t) are caratheodory functions and they are bounded if s, ¢
belong to bounded sets.

(HK2) There exists a function g : R — R being continuous, nondecreasing, with
g(0) = 0,0 < g(s) < ¢(1 + |s|™ir{Pa}) for some ¢ > 0, and applications
s+ h(z,s,t) + g(s) and ¢t — Ek(x,s,t) + g(t) are nondecreasing, for a.e z € ).

If w,vo € L(Q), with u(z) < v(x) for a.e z € Q, we denote by [u,v] the set
{w e L>®(Q) : u(x) < w(z) < ov(z) for a.e x € Q}. Using Lemma (2.1) and the method
as in the proof of Theorem 2.4 of [14] (see also Section 4 of [5]), we can establish
a version of the abstract lower and upper-solution method for our class of the operators
as follows.

Proposition 2.2. Let M; : Rar — RT, i = 1,2, are two continuous and increasing
functions 0 < M; < M;(t) < M, o for all t € RT. Assume that the functions h,k
satisfy the conditions (HK7) and (HK3). Assume that (u,v), (G, T) are respectively,
a weak subsolution and a weak supersolution of system (2.2) with u(x) < u(x) and
v(z) < v(x) for a.e x € Q. Then there exist a minimal (u.,v.) (and, respectively,
a mazimal (u*,v*)) weak solution for system (2.2) in the set [u, @] x [v,D]. In particular,
every weak solution (u,v) € [u,u] X [v,D] of system (2.2) satisfies u.(z) < u(zr) < u*(x)
and v, (z) < v(z) < v*(z) for a.e x € Q.
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Theorem 2.3. Assume that

infar, a2} > KK (— )IHA
minyaz, a2 p*1+'}/ 1,p»

where K = max{Mi o, M2 oo}, then there exists ¢ > 0 such that if max{bi,b2} < c,
then the system (1.1) admits a positive solution.

Proof. We start with the construction of a positive subsolution for (1.1). To get
a positive subsolution, we can apply an anti-maximum principle (see [9]), from which
we know that there exist a 4; > 0 and a solution z) of

—div(|z| 7P|V 2|P72V2) = |z|~@tVPHE (N2~ — 1), 2 €Q,
z=0 x € 0N,

for A € ()\LP, )\Lp + 51)

Fix ) )
3 . p—1+7\P~
A E ()\Lp,mln{(p) al,/\17p+(51}).

sll- It is well known that z5 > 0 in © and %ZX < 0 on 99, where n is

the outer unit normal to 2. Hence there exist positive constants ¢, d, o such that

|z| =PIV P > €, z € Qs, (2.3)

z5 > 0, r € Qy = Q\Qy,

where Qs = {z € Q | d(x,9Q) < §}. Choose 71,72 > 0 such that 7; < min ||~ (et Dp+5,
and 7y > max |z|~(@TVP+8 in Q5. We construct a subsolution (11, %3) of (1.1) using z5.

Define 14 , - .
(1/1171/)2) = (M(p D 7)Z§71+N7M(p P 7)Z§71+7)7
where
b
MLOO(p 11)-&-7 (lpwl(iwl) = 11J+1

LOr=1++ 1+’Y

b <1 w)(p A=y (p=1)
M200< L )
1

P— 1+’y

)

() MW

b b
(LHW) 917

P

(
(=
(
(

(%ﬁ% K%)pil@ - Mz,ooj\} >bé+1}

b b
(LHW) 05=1%7
p
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Let w € W. Then a calculation shows that

1—v
Vi = Mz/{"_1+7 Vzs,

Ml(/|x|*ap\w1|z’dx) /|x|*ap|w1|f’*2v¢1-vwdx
Q Q

A—)(p—1)

ng,ooMp_l/|x|_apz5\ P Vg [PV 25 Vwda
Q

1 9 -y (p—1) A-y(-1)
= M o MP™ /|x|7o‘p|Vz;\|p7 Vzs V(zj\ Py w) - (Vz} Py )w dz

Q

1-y®e=1)

(
= Ml,ooMp_l/ [|x|_(“+1)p+ﬂz5\ pobEy (Az§_1 -1)

Q
ENEY (I-Mk-1) IVZxI”}wdz
p— 1+ Y ijli’v
A
- (1= (p=1)
= Ml,oo/ [\x|*(a+1)p+ﬂMp71§\Z§(—p1+lw) _ |m‘7(a+1)p+BMpflz;pjl+pw1

Q

(1-=7)(p—1) |VZx|p}wdx

_ |x‘*04pMp71
p— 1+'7 zfl—1+'y
A

and

/|x|f(a+1)p+6 {aﬂ/ﬂf—l ~ () — b—”wdz
) Py

— / [|x\—(a+1)p+5a1Mp—1 (p —1+ 7)]”712«;(-‘%3
P A
Q

g~ et LptB f, <M<p —1+ 7)257%0
p
b

vy 2P
M~ p—1+~ L PIFY
P A

— |a| (et Lp+s }wdm.
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Similarly,

Mz(/|x|—ap|v¢2|17d:c)/\x|—ap|v¢2|17—2v¢2vmdx
Q Q

. pp=1)
SMm/ [|x|_(“+1)p+ﬁMp_1)\z§””
Q

1 1 A=y =1)
— |x|*(a+ )p+8 pp— 2 p=1+7

P

p— 1 +'7 p—1+~y
5

— — <P
_ |x|—apMp—1 (1 ’Y)(p 1) |VZ)\| :|’wdl‘

and

/|z|f(a+1)p+ﬁ {@%1 — holth) — Zﬂwdm
1
Q

:/[x|(a+1)p+ﬁa2Mp1(p—1+7)p‘12§“’1+1$
p A
Q

— |z|~e+p+B £, (M<p —1 +7)2g—%+7>
p A

—|:c\*("‘+1)p+5 b _ ]wdz.
MV(P*H'Y)'YZP—HW

p A

Let

CZmin{j\J1 M:D—l-i-'y(l_’)/)(p—l) (p—l_t,_,y)'yi
| p—1tn p 7727

(I-7)k-1) (p*1+7>vi
p—1+v p n2’

MP—1+v -1 ~ -1 p—1 .
(=) (=) ],
p p p

MP=1tY i —1 ¥ -1 p-1 «
() o[ s h ]}
p p P

My oo MP17

First we consider the case when x € (5. We have |2|~°P|Vz;| > € on Qs. Since
p p—1,
Ml,oo (m) A< ag,
we have
p(p—1) _ 1 pe-1)
|| (eI gy ooMpflﬁz;lev < |z (et Dp+B g, pp—1 (p 1+ ’Y)p =
El >\ -

p Ao
(2.4)
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and from the choice of M, we know that

b (1—~)(p—1
b )aLﬁ%T? (2.5)

LMV P97 < My o (-2
T T \p—1l4y

By (2.5) and (A1), we have

—Ix\_(a“)”*ﬁMLoch‘lz% < _|x|—(a+1)P+ﬂLMb (p -1+ V)bz;z\affllv
p
< —Jg|~etDptB g (M(p —1+ W’)Zﬁ)
< » §
(2.6)
Next, from (2.3) and definition of ¢, we have
2|~ My a0 1) [V P = |5€|_(a+1)p+’87b1
= p—1+7~ AL M'y(%)v
and
7|S€|7apM1 OoMpfl (1_7)(19_1) |Vié|p < 7|x‘7(a+1)p+ﬂ by —
’ p—1l+y i Aiv(ﬂilil) ZPTIY
A P A
(2.7)
Hence by using (2.4), (2.6) and (2.7) for b; < ¢, we have
, / 2] ~#| Vo P / ||V [P2V i - Veder
Qs Qs
< / [‘x|‘(a+1)ﬁ+5a1Mp—l (p -1+ ,y)pflzg(:n%
, P g
Qs
-1 »
_ |x|*(a+1)p+ﬂf1 (M(p p+7>z§71+w) (2.8)
b
|| (et VP8 R ]wdm
M'y(p—l-"’)’) L7y
p X1

= / \x|—(a+1)p+ﬁ {allﬂf_l _ f1(¢1) _ %}wdm

Qs
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Similarly,

f%(/mrwwwvm)/wrwwwwﬁvw-WMw
Q Qs
p— 1 +fy)p 1Zp(p 17)

Q
-1 p
_|x‘—(a+1)p+ﬁf2(M<p p+7>z§_1+7> (2.9)
||t ba _ ]wdm
Mfy(P*l‘F’Y)’YZF*IJr‘V
» A

= [l i~ — i) - 2w,

Qs

On the other hand, on Qg = Q\Q;5, we have z5, 2 o and from the definition of ¢,
for b; < ¢ we have

b 1 -1 p—1 .
% < ,Mp—lapKu) a — Ml,ooA:|
Mv(w) p P
P
(2.10)
1 1
< B[P ) e -]
p p
Also from the choice of M, we have
LMb*P*f’l (p -1 + 7>bz§7plb+‘y
P (2.11)

p(p=1) n _ 1 _1 p—1 ~
Sz 1Mpp [( p+7) al_Ml"”}‘]'
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Hence from (2.10) and (2.11) we have
a, / 2] ~#| Vo P / [~ | Ve [P2V oy Vendr

Qo Qo

~ R=1)
éMl,OO/ |:‘$|7(a+1)p+ﬁMp71>\Z§71+7
Qo

(A—y)(p=1)

—(a+l)p+B pgp—1, p—1+7
— |z| MP™" 2

p—1l+y 715
A

_ _ Vz:|P
_|x|—o¢pMp—1 (1 7)(17 1)| ZA| }wdm

. k(-1
SMl,oo/\x|_(a+1)p+ﬂMp_1)\z§_l+"wdx

Qo

1 1. — 14
= M 0o / SR e — [*x\M”’lzg’ + pT)\Mp’lzﬂ wdz

p—1+~ LD
Qo A
< /|x|—(a+1)p+6 1,9 (lMp—l (M)pilalz{?_ b71>
- L | \p p A J\/ﬁ(p—uw)V
Qo A P
_ p—1+~y\pP-1
(2L
A p
pb
-1 1 bp— 1 I
" ((p Jar _LMb_pH(p +v) (p +7> 2@4)) wd
p p p p—TF7
2P +~
A
= [ |o|"(etDpts [a Mp—l(p -1 +7>p*1Z;90;+13 — LMb(pi_ ! +7)bzrpfbﬂ
' p A p A
Qo
ity
biz?™ 7
A wdzx

B p=1+7\"
W (5)

< / |~ (D8 [alMp—l (p — 1+ v)”*lz;’éf(f’fﬁi ~ A (M<p —1+ V)Zp—fﬁuw)
P A q A
Qo
by —(a+1)p+B[, p-1 by
— }wdm = [ |z [alwl — filer) — W} wdzx.
2
Qo

P
M~ (P*lJr“/)A/ZApflﬂ
A

’ (2.12)
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Similarly,

Mz(/|x|*ap\v¢2|fjdx) /|x|’ap|Vw2|p’2V¢2dex

- 0 ) (2.13)

< / ||~ (et DS {aﬂbg_l — fa(2) — 77/% wdz.
1

Qo

By using (2.8), (2.9), (2.12) and (2.13) we see that (¢1,12) is a sub-solution
of (1.1).
Next, we construct a super-solution (z1,z2) of (1.1) such that (z1, 22) > (¥1,¢2).

Let
G = | (372) 7 6l (57) 7 6l

By (A2) and choosing a large constant S*, we shall verify that (21, z2) is a super-solution
of (1.1). To this end, let w € W. Then we have

M1</\J:|_ap|Vzl|pdx>/\x|_o‘p|Vzl|p_2V21dex
Q Q

> S’*/|x|_(a+1)p+5wdm

Q
b
> /|x\*(°‘+1)p+5 [amfﬁl — fi(z1) — Z—}Y] wdzx.
2
Q

Similarly,

Mg(/\x|fo‘p|V22|pdx)/\x|*ap|V22|p*2V22dex
Q

o)
(e - b
> /|x\ (atD)p+5 [agzg Y folze) — Z—i]wdm
J 1

Thus (z1,22) is a super-solution of (1.1). Finally, we can choose S* > 1 such
that (¢1,12) < (21, 22) in Q. Hence, if max{b;,bs} < ¢, by Lemma 2.1 there exists
a positive solution (u,v) of (1.1) such that (¥1,%9) < (u,v) < (21, 22). This completes
the proof of Theorem 2.3. O
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