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Purpose: Bone tissue is a dynamic tissue, possessing different functional requirements at different scales. This layered organization
indicates the existence of a hierarchical structure, which can be characterized to distinguish macro-scale from micro-scale levels. Struc-
turally, both scales can be linked by the use of classic multiscale homogenization techniques. Since in bone tissue each micro-scale do-
main is distinct form its neighbour, applying a classic multiscale homogenization technique to a complete bone structure could represent
an inadmissible computational cost. Thus, this work proposes a homogenization methodology that is computationally efficient, present-
ing a reduced computational cost, and is capable to define the homogenized microscale mechanical properties of the trabecular bone
highly heterogeneous medium. Methods: The methodology uses the fabric tensor concept in order to define the material principal direc-
tions. Then, using an anisotropic phenomenological law for bone tissue correlating the local apparent density with directional elasticity
moduli, the anisotropic homogenized material properties of the micro-scale patch are fully defined. To validate the developed methodol-
ogy, several numerical tests were performed, measuring the sensitivity of the technique to changes in the micro-patch size and preferen-
tial orientation. Results: The results show that the developed technique is robust and capable to provide a consistent material homogeni-
zation. Additionally, the technique was combined with two discrete numerical techniques: the finite element method and radial point
interpolation meshless method. Conclusions: Structural analyses were performed using real trabecular patches, showing that the pro-
posed methodology is capable to accurately predict the micro-scale patch mechanical behavior in a fraction of the time required by clas-
sic homogenization techniques.
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1. Introduction

Bone is a mineralized biological structure defined
by bone matrix and bone cells. Among many other
functions, bone is designed to structurally support soft
tissues in the body. The renew of bone occurs by
a biological process called bone remodeling [20]. In
addition to its morphology adaptation, bone also

changes its macro-scale mechanical properties to ful-
fill and optimize the specific physiological function of
structural support [6]. In order to understand bone
structure and biological and mechanical functions
bone can be classified in different hierarchical struc-
tures, constituted of many scale levels with specific
interactions and with very complex architectures [10].
Some authors classify bone with different structural
levels from the macroscale (whole bone) to sub-nano-

______________________________

* Corresponding author: Marco Marques, INEGI – Institute of Science and Innovation in Mechanical and Industrial Engineering, Campus
da FEUP Rua Dr. Roberto Frias, 400, 4200-465, Porto, Portugal. Phone: +351 913984479, e-mail: marco.costa.marques@gmail.com

Received: January 16th, 2019
Accepted for publication: May 21st, 2019



M. MARQUES et al.102

scale (hydroxyapatite crystals, constituent of the inor-
ganic phase of bone and TC molecules) [1]. Since the
bone has different functional requirements at different
scales, to analyze the equivalent (homogenized) me-
chanical behavior of bone material, it is necessary to
investigate the mechanical properties of its distinct
components and the structural relationships between
such components at different scales [13]. Many re-
searchers have addressed the study of bone mechani-
cal behavior by developing analytical and numerical
models. Thus, to describe the mechanical behavior
of bone at certain scale levels, some models apply
multiscale approaches and other use homogenization
techniques combined with distinct discretization
approaches, such as finite element methods (FEM).
Today, it is generally accepted that bone remodel-
ing is mainly caused by the transient nature of its
strain/stress fields (induced by the external loads ap-
plied in its physical boundary). This simple concept
was first proposed by Wolff in 1886 [21]. Wolff re-
ported that the directions of the external applied loads
directly influences the direction of the trabecular
bone, since bone cell sense the applied loads and
change their physical disposition and distribution
(modifying the local and global bone morphology).

The study of bone remodeling using numerical ap-
proaches evolved significantly since the first simplis-
tic models, which considered bone as an isotropic-
elastic material only sensitive to mechanical stimuli [5],
[11]. Year after year, the complexity of bone models
started to increase. Some authors started to consider the
trabecular orientation (material anisotropy), and others
developed bio-mechanical models assuming both me-
chanical and biological stimuli. More recently, mul-
tiscale models were successfully developed.

Trabecular bone is the major responsible for the
bone metabolic activity, in which is included the re-
modeling process. The typically trabecular bone archi-
tecture leads to a highly heterogeneous medium,
showing anisotropic material properties. Thus, some
authors started to characterize bone mechanical proper-
ties, considering and encoding the orientation and ani-
sotropy of the material [16]. These authors used the
fabric tensor concept A, a symmetric second rank ten-
sor that characterizes the arrangement of a multiphase
material. Back in 1985, Cowin [7] described the rela-
tion between the fabric tensor and the fourth rank elas-
ticity tensor Cijkl. Cowin also showed that the fabric
tensor provides an ellipsoid that can be associated with
the varieties of material symmetries observed in many
natural materials. Presently, two different techniques
are available to estimate the fabric tensor, the mechani-
cal-based techniques and the morphologic-based tech-

niques (morphologic-based use the interface between
phases of the material to estimate the fabric tensor).
Thus, naturally, morphologic-based techniques are
commonly used to define the fabric tensor of bone tis-
sue. Most of the available techniques, using morphol-
ogic-based methods, obtain the fabric tensor applying
an orientation distribution function (ODF), which is
estimated from an orientation-dependent feature of
interest. In the literature it is shown that when the ODF
data is disposed on a polar plot and fitted in an ellipse,
the corresponding ellipse parameters can be correlated
with the material orientation/anisotropy. [8], [15], [19],
[22]. Material mechanical properties can be estimated
experimentally (using mechanical tests) or virtually
(using concepts as the fabric tensor). Such estimation is
of high importance since it feeds constitutive laws.
Then, combining the constitutive laws with discrete
numerical methods, it is possible to predict the material
structural behavior. Thus, an accurate and robust model
depends on three blocks: an accurate predictor of the
material properties, a reliable constitutive law and an
accurate discrete numerical method.

Discrete numerical techniques enables the re-
searchers to discretize the problem domain in small
parts (elements in the FEM and nodes in meshless
methods). Then, a variational principle (governing the
physical phenomenon) is applied to obtain an alge-
braic system of equations. Solving such equation sys-
tem permits to access the variable field of interest
(such as the displacement or the strain/stress fields).
The first discrete numerical technique applied to ortho-
pedic biomechanics, in 1972, was the FEM and it was
used to evaluate stresses in human bones [12]. In order
to answer to some discretization drawbacks of FEM,
other discretization techniques, such as meshless meth-
ods, have been developed. In the literature it is pos-
sible to find several distinct meshless methods tech-
niques [2], [4], [14], [18].

The main objective of this work is to combine
a new developed homogenization technique, in which
the fabric tensor concept in synergy with a previous
developed bone tissue material law is applied, with
the Radial Point Interpolation Method (RPIM) mesh-
less method, aiming to achieve a low-cost and effi-
cient multiscale technique.

2. Materials and methods

In this section the RPIM formulation is briefly pre-
sented. Also, the nodal connectivity, integration mesh,
shape functions and elasto-static linear equations used in
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this formulation are explained. The proposed homogeni-
zation technique is also fully presented.

2.1. Radial Point Interpolation
method formulation

Meshless methods, unlike the FEM, do not use
elements or any other lattice discretization to establish
nodal/particle connectivity. With meshless methods,
the problem domain is discretized using an unstruc-
tured nodal set where nodes can be distributed regularly
or irregularly. These methods have advantages in the
field of biomechanics, since they are capable of discre-
tize highly complex problem domains using informa-
tion gathered directly from medical images [2]. In
meshless methods, the nodal discretization only re-
quires the spatial coordinates of the nodes and, possi-
bly, its individual material properties. The nodal con-
nectivity (how each node interacts with its neighbor) is
obtained using geometrical and mathematical construc-
tions, allowing the researchers to define the influence-
domain concept, the equivalent to the element concept
in the FEM. In this work, meshless methods are
combined with weak formulations to solve in integro-
differential equations. Thus, the construction of a back-
ground integration mesh, which can be nodal-
dependent or nodal-independent, is mandatory, to en-
able the numerical integration of such equations. Only
the meshless methods that use nodal dependent con-
structions are called truly meshless methods, because
they enable us to directly define the spatial position and
the integration weight of all integration points using
only the spatial positions of the nodes [2]. Concerning
the construction of shape functions, RPIM shape func-
tions are obtained using the Radial Point Interpolators
(RPI) technique. In this technique, a radial basis func-
tion is combined with a polynomial basis function [18].
Despite the classical RPI formulation uses polynomial
basis functions, previous works have shown that they
are unnecessary if RBF’s shape parameters are chosen
carefully [2]. This is an important innovation since it
allows to increase its computational efficiency. None-
theless, in this work, it is assumed the classical RPI
formulation. Therefore, considering the function h(xI)
defined in the domain   ú2 the value of function
h(xI) at the point of interest x1 is defined by Eq. (1),
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where Ri(xI) is the RBF, n is the number of nodes in
the influence-domain of xI. The coefficients ai(xI) and
bj(xI) are the non-constant coefficients of Ri(xI) and
pj(xI), respectively. The monomials of the polynomial
basis are defined by pj(xI) and m is the basis monomial
number. The variable rij is the distance between the
relevant node xi ={xi, yi}T and the neighbor node xj =
{xj, yj}T, rij = .)()( 22

ijij yyxx   Several known
RBFs are well studied and developed in [2]. This
work uses the Multiquadric (MQ) function R(rij) =

2( ijr  + c2)p, where c and p are two parameters that need
to be optimized, since they affect the performance of
the RBFs. Notice that each integration weight should
possesses its own c parameter. Thus, for integration
point I with an integration weight I̂ , the shape pa-
rameter c is obtained with: cI I ˆ . This spatial de-
pendence of the RBF’s shape parameter is demon-
strated in research works available in the literature [2].
Previous works on the RPIM found that parameter 
should be close to zero,   0, and p should be close to
one, p  1 [2]. However, these values cannot be  = 0
and p = 1. The use of the exact integer value for p
leads to a singular moment matrix and assuming a null
 leads to singular moment matrix. Furthermore, pre-
vious works [2] have shown that values of p very
close to the unit enable us to obtain the most accurate
solutions (regardless the analyzed problem). Thus, the
authors have decided to use p = 1.0001 or p = 0.9999.
Additionally, as shown in [2], the parameter  should
be very close to zero, because as its value grows, the
RPI shape function loses its interpolation properties.
Thus, the authors have selected  = 0.0001 in order to
“maximize” the RPI interpolation properties. Com-
monly, the polynomial basis has to possess a low de-
gree to guarantee that the interpolation matrix of RBF
is invertible. Thus, in this work the constant polyno-
mial basis is used: pT (x) = {1}; m = 1. The polyno-
mial basis has to satisfy an extra requirement in order
to obtain an unique solution [2]




n

i
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1
(xi)aj(xi) = 0,   j = 1, 2, ..., m, (2)

in which n represents the number of nodes inside the
influence-domain of interest point xI. Comparing
RPIM with other meshless methods, it has lower
computational cost during the processing phase of the
numerical analysis (after the construction of the nodal
connectivity, integration mesh and shape functions)
and shows a higher re-meshing flexibility and a higher
accuracy on the solution variable field [9].
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2.2. Homogenization technique

The homogenization technique used in this word is
fully described in this section. In this work, a micro-
CT from the cuboid bone was used. First, since this
work is 2D, only a CT-slice was considered. Then, for
the selected thin slice of bone tissue, a square Region
of Interest (ROI) was identified. Afterwards, the fab-
ric tensor concept was applied to that ROI, allowing to
determine the material preferential orientation. In
addition, using a bone tissue phenomenological law,
the pixel information of the selected ROI was used to
obtain the homogenized material properties of the
microscale patch. This homogenization technique
enabled us to define the homogenized anisotropic
material proprieties of the trabecular bone, a highly
heterogeneous material. The algorithm describing the
proposed homogenization technique is presented in
Fig. 1 and its features are presented in the following
subsections.

2.3. Fabric tensor
morphologic based method

In order to apply the fabric tensor method, it is
necessary to transform the ROI’s gray-scale image
into a binary image (black and white image), which in
this work is identified as IS. An example of an IS is
shown in the left-upper box of Fig. 1.

The method developed by Whitehouse [19] was
used to define the fabric tensor. Thus, the number of
interceptions between a parallel family line set, with

direction , with the interface between both phases of
the material is counted, Int(). Furthermore, the length
of the parallel lines family, h for the  direction was
also obtained. Possessing h and , it was possible to
define the orientation distribution function (ODF),
which in this case is called mean interception length
(MIL), Eq. (3).

)(
)(




Int
hMIL  . (3)

In the literature, it is possible to find several
works showing the robustness and accuracy of this
technique in the prediction of the material properties
of trabecular bone [8], [19], [22]. The work of Mo-
reno et al. [15] shows that when the ODF data is
disposed on a polar plot and fitted in an ellipse, the
corresponding ellipse parameters can be correlated
with the material orientation (its anisotropy). The
dimensional information of IS is used to define the
size of an image containing the family of parallel

lines with  = 0. Counting the interceptions of those
parallel lines with the boundaries of the binary image
square patch, it is possible to obtain the orientation-
-dependent feature. The ODF of the IS can be ob-
tained by rotating the family of parallel line image
with  between 0 and 180, and then counting the
interception of the family of parallel lines with the
square patch binary image IS. The created data for
 between [180, 360] is a [0, 180] data repeti-
tion, because the orientation-dependent feature is
not influenced by the direction (it only depends on
the orientation).

Fig. 1. Microscale homogenization technique
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In order to obtain the material orientation, the
ODF data was plotted using polar coordinates. This
data was then fitted into an ellipse. Observing now
both central boxes of Fig. 1, it is perceptible that it is
possible to obtain the material orientation of the trab-
ecular micropatch from the ellipse orientation. In ad-
dition, from the fitted ellipse, it is possible to obtain
the ellipse minor axis length, min, and major axis
length, max, and , the angle of ellipse major axis
with the polar plot horizontal axis.

2.4. Phenomenological
material law method

In this work, the homogenized anisotropic me-
chanical properties of IS are defined using the infor-
mation from the fitted ellipse and the average apparent
density of the binary image IS. As shown in Eq. (4),
the average apparent density, app, of the binary image
IS can be obtained using the number of white pixels,
w, and black pixels, b, of IS:

corticalw
app app

b


 


 

  
 

, (4)

in which the cortical bone apparent density is con-
sidered as cortical

app  = 2.1 g/cm3. Assuming the phe-
nomenological material law proposed by Belinha and
co-workers [3], it is possible to define the axial
Young’s modulus Eaxial using the homogenized app
from Eq. (4). In order to adjust more closely to the
experimental results, Belinha’s phenomenological
law is divided in two equations [3]. Thus, if app 
1.3 Eq. (5) should be applied, otherwise Eq. (6)
should be used. The coefficients aj and bj can be
found in Table 1.
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Table 1. Coefficients from Belinha’s material law [3]

j = 0 j = 1 j = 2 j = 3
aj 0.0E + 00 7.216E + 02 8.059E + 02 0.0E = 00
bj –1.770E + 05 3.861E + 05 –2.798E + 05 6.836E + 04

The transverse elastic modulus Etransv is defined
using the relation between the ellipse minor axis
length, min, and major axis length, max, as shown in
Eq. (7),
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Considering the well-known mixture theory, it
is possible to define the Poisson’s coefficient, ,
using the relation between white and black pixels.
Notice that white pixels represent solid bone (for
which it was assumed  = 0.3) and black pixels
represent void space (for which it was assumed
 = 0.0).
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In Eq. (8), t represents the total number of pixels
of the binary image IS. The shear modulus, G, was
expeditiously calculated using Eq. (9).

)1(2 
 axialEG . (9)

After defining all the required homogenized ma-
terial properties (Eaxial, Etransv,  and G), it is possible
to build the constitutive matrix: yxo c , for the yxo 

local coordinate system (oriented with the material
principal axis, following the principal directions
‘axial’ and ‘transverse’). In fact, defined the ortho-
tropic compliance matrix for the material axis yxo 
is defined. Only after, yxo c  is defined with c = s–1

for this it is necessary to rotate the yxo c  to the global
axis using the angle  obtained from the ellipse
fitting, using the transformation rotation matrix T,
Eq. (10),

T() =
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and then, finally, it is possible to write the material
constitutive matrix in the global axis with Eq. (11),

coxy = T()T
yxo c T() =
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3. Results

Aiming to validate the proposed homogenization
methodology, some numerical tests were performed.
The tests involved size and rotation analyses of prede-
fined IS binary images and static analysis using the
homogenized material properties.

First, a study in which the RVE size is varied was
presented, allowing to understand the influence of this
scale parameter in the accuracy of the proposed meth-
odology. Second, in order to access the robustness of
the proposed technique, a predefined binary image
showing a clear preferential material orientation was
analyzed. Afterwards, the input image was rotated,
and it was verified if the ellipse fitted from the fabric
tensor based methodology had max aligned with the
material orientation of the image. In this validation
example, angle increments of 20 were assumed for
the family of parallel lines rotation.

In the end, in order to show the efficiency and
accuracy of the proposed homogenization technique,
a numerical structural analysis using two distinct geo-
metrical models (a homogeneous model and a hetero-
geneous model) was performed. To show the versatility
of the proposed methodology, the technique was com-
bined with two distinct numerical methods, the FEM and
the RPIM. For the FEM formulation, in this study, the
standard plane strain triangular element was used. Con-
cerning the RPIM formulation used in this work, influ-
ence-domain with 16 nodes inside was assumed; one
integration point per each integration triangular cell
(matching the triangular elements of the FEM analysis
for comparison proposes); the MQ-RBF shape parame-
ters suggested in the literature (c = 0.0001 and p =
0.9999); and a constant polynomial basis.

3.1. Validation of MIL methodology

3.1.1. RVE size

In this section, two distinct RVE models were con-
structed, Fig. 2a and 2d. The RVE model shown in
Fig. 2a is a benchmark fabricated unitary binary im-
age possessing a well-defined material orientation
(90). In order to understand the influence of size of
the RVE in the proposed methodology, this fabricated
model was repeated rn  rn, rn being the number of
repetitions of the RVE. For illustration purposes, Fig. 2b
shows its 2  2 repetition and in Fig. 2c its 10  10
repetition is shown. Regarding the model of Fig. 2d, it
represents a realistic trabecular square patch unitary
binary image obtained from a micro-CT image. Like-
wise, this realistic RVE was repeated rn  rn. In Fig. 2e
and 2f examples for the 2  2 repetition and 10  10
repetition, respectively, are shown.

The homogenization methodology proposed was
applied to all models: fabricated image and realistic
image, and corresponding RVE repetitions (rn = 1, 2,
3, ..., 10). Thus, all the components of the constitutive
tensor caxy, Eq. (11) , were obtained for each one of
the analyzed RVEs. Thus, Figures 3a and 3b show the
components of the constitutive matrix that are ob-
tained using the proposed homogenization methodol-
ogy for the fabricated benchmark RVE and the realis-
tic trabecular RVE, respectively.

As Eq. (11) and Fig. 1 indicate, angle  represents
the approximated orientation of the material. Thus,
using the developed methodology, the angle  for each
RVE model (and corresponding repetitions) was ob-
tained and the results are presented in Table 2. For the
fabricated benchmark RVE, an average value of 90

Fig. 2. Binary images used to verify the MIL dependence
on the RVE size: Benchmark fabricated unitary image (a),

realistic binary image from a micro-CT (d);
To analyze the effect of using different RVE sizes,

the binary images were repeated from a 2  2 repetition,
(b) and (e) to a 10  10 repetitions (c) and (f), respectively



Combining radial point interpolation meshless method with a new homogenization technique... 107

with a standard deviation of 0 was obtained. For re-
alistic trabecular RVE, an average value of 127 with
a standard deviation of 0 was obtained.

3.1.2. RVE Rotation

In order to verify whether the developed method is
capable to deliver accurate material orientations, an
RVE rotation study was performed. The two created
models, the benchmark fabricated RVE, Fig. 2a, and
the realistic trabecular RVE, Fig. 2d, were rotated in
relation the their initial position following increment
angles of 20, between the interval [0, 180]. As Figs. 4
and 5 show, it is possible to visualize the orienta-
tion/size of the produced ellipse and the corresponding
approximated material angle.

3.2. Stress analysis

In this section, distinct RVEs were structurally
analyzed using two distinct discretization techniques,
the FEM and the RPIM. This study aimed to verify if
a homogeneous RVE is capable to produce a homoge-
nized von Mises effective stress similar to the one
obtained with a heterogeneous RVE. The homoge-
nized orthotropic mechanical properties were obtained
with proposed method.

Therefore, the realistic trabecular RVE previously
presented, Fig. 2d, and its rn  rn repetitions were
structurally analyzed using the elasto-static formula-
tion. The obtained results were compared with the
ones obtained with a homogeneous RVE using much
lower discretization levels.

(a) 

(b) 

Fig. 3. Constitutive matrix values obtained using a image up to 10 repetitions:
(a) results for realistic, (b) results for the benchmark image

Table 2. Relation between the image repetition and 

Repetition 1 2 3 4 5 6 7 8 9 10 Average SD
Created 90 90 90 90 90 90 90 90 90 90 90 0


Trabecular 124 127 126 127 127 127 127 127 127 127 127 0
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Fig. 4. Benchmark fabricated RVE rotation results: (a) 0° rotation, (b) 20° rotation, (c) 40° rotation, (d) 60° rotation,
(e) 80° rotation, (f) 100° rotation, (g) 120° rotation, (h) 140° rotation, (i) 160° rotation, (j) 180° rotation

Fig. 5. Realistic trabecular RVE rotation results: (a) 0° rotation, (b) 20° rotation, (c) 40° rotation, (d) 60° rotation,
(e) 80° rotation, (f) 100° rotation, (g) 120° rotation, (h) 140° rotation, (i) 160° rotation, (j) 180° rotation
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All the analyzed RVEs were squares micro patches
with dimensions L  L and were submitted to the same
essential boundary conditions, Fig. 7. Thus, a dis-
placement of 0.1  L at the nodes of the top layer was
imposed, y = L. The nodes at x = 0 and x = L where
constrained along Ox direction, u = 0, and the nodes
at y = 0 and y = L were constrained along Oy direc-
tion,  = 0.

As shown in Fig. 8a, the homogeneous RVE is
typically discretized by a set of n  n nodes uniformly
distributed within the RVE domain and every integra-
tion point within its domain possess the same ho-
mogenized material properties. Conversely, heteroge-
neous RVEs (realistic trabecular RVE) are formed by
trabecular bone and void space. Naturally, as shown in
Fig. 8b, the discretization of such complex domain is
more demanding. Concerning the element type used in
the finite element analyses, in the case of the hetero-
geneous model, it were used plane strain/plane stress
2D triangular elements with 3 nodes. Alternatively,
for the homogeneous model, the authors have consid-
ered 2D Lagrangian quadrilateral elements with four
nodes (full integration scheme).

Using the RVE represented in Fig. 2a, and applying
the proposed homogenization technique, enabled us to
obtain the orthotropic material properties presented in
Table 3, column “Homogeneous RVE”. Notice that, as
already mentioned, every integration point of the homo-
geneous RVEs will assume these materials properties.

Due to their binary nature, all realistic trabecular
RVEs possess or solid bone tissue or void space.
Thus, it was necessary to define the material proper-
ties of these two domains. Hence, in Table 3 the me-
chanical properties for the two domains (trabecular
bone and void space) were indicated. Following the
literature, the mechanical properties of the trabecular
bone (solid material) was defined as isotropic [17].

Fig. 7. Boundary conditions applied to all RVEs

(a)     (b) 

Fig. 8. (a) discretized homogeneous RVE
(41  41 nodes uniformly distributed),

(b) example of a discretized heterogeneous RVE
created using micro-CT image information

Table 3. Mechanical properties used in the structural analysis

Mechanical Proprieties

Homogenized RVE Trabecular bone Void Space
Eaxial 4488.548 [MPa] E 11600 [MPa] E 100 [MPa]
Etransv 2520.426 [MPa]

G 10066.1 [MPa]
 56 []
v 0.3 v 0.36 v 0.459

Concerning the void domain, the geometrical in-
formation coming from the micro-CT forced the exis-
tence of a void space between trabeculae. Thus, it was
necessary to define the void domain as solid. In order to

Fig. 6. (a) obtained material orientation angles   of the fitted ellipse
versus the expected ones for the benchmark fabricated RVE (Fig. 2a) and the realistic trabecular RVE (Fig. 2b),

(b) Difference between the obtained   results and the expected ones, in percentage
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ensure that the void material does not (significantly)
interfere with the global structural response of the
RVE, to the “void space” was attributed a Young’s
modulus with a much lower magnitude, compared to
the trabecular bone.

The results from the homogeneous RVEs, regard-
less the level of the discretization or the used numerical
method (FEM or RPIM), were very similar, as can be
seen in Figs. 9a and 9b. In these figures the preferential
orientation of the material is also perceptible, that was
obtained using the developed methodology applied to
Fig. 2a. Concerning the heterogeneous RVEs, Fig. 9,
the results obtained using FEM are slightly different
from the one obtained with the RPIM, as can be seen in
Figs. 9e, 9g, 9f and 9h. The von Mises effective stress
maps obtained using both FEM and RPIM techniques
are presented in Figs. 9a and 9c for the FEM and in
Figs. 9b and 9d for the RPIM.

The homogenized stress concept was used to com-
pare the stress fields obtained with the homogeneous

RVE and with the heterogeneous RVE. The RVE’s
von Mises effective stress field (or any other RVE’s
stress/strain field) can be summarized in one scalar
value – the homogenized von Mises effective stress
– which can be defined as Eq. (12).

effi

n

iQ

h
eff

Q

n
)(1

1
x



  . (12)

The number of integration points discretizing the
problem domain not belonging to the boundary of the
domain boundary is represented by nQ. FEM integra-
tion mesh is constructed differently from the RPIM.
Thus, the integration points of both techniques possess
different spatial positions. To minimize this effect in
order to avoid the (inaccurate) stress concentrations
that appear at the domain boundaries, as shown in Fig. 9
shows, part of the domain was excluded: 2% of the
domain boundary integration points that form the
complete integration mesh from Eq. (12).

Fig. 9. Effective stress h
eff  for homogeneous model: (a) FEM 1  1, (b) RPIM 1  1, (c) FEM 2, (d) RPIM 2  2,

and for heterogeneous models: (e) FEM 1  1, (f) RPIM 1  1, (g) FEM 2  2, (h) RPIM 2  2

Fig. 10. Homogenized von Mises effective stress h
eff  obtained with the FEM and the RPIM
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One of the main objectives of this work was to
achieve a low-cost and efficient homogenization tech-
nique. Thus, in order to understand the computational
cost of each analysis, the time-lapse of each structural
analysis was recorded. Hence, in Fig. 11 the time-
lapse of each structural analysis for the heterogeneous
RVEs (with rn  rn, rn = 1, 2, 3) and for the homoge-
neous model (with r1  r1) are shown. In this compari-
son study, only the computational cost of the 1  1
homogeneous model is presented, since, as can be
seen in Fig. 10, it provides a similar result when com-
pared with the 2  2, and it also provides a close result
when compared with the 3  3 heterogeneous model.

4. Discussion

Regarding the RVE size analysis, it is possible to
visualize in both figures the evolution of cij with re-
spect to the number of repetitions of the correspond-
ing basic unit RVE. Notice that for both RVEs types
(benchmark and realistic), the value of each compo-
nent of the constitutive matrix, cij, does not vary sig-
nificantly with the number of repetitions, rn. The re-
sults also indicate that for the fabricated benchmark
RVE, as expected,  does not suffer any significant

variation (the average value is 90 with a standard
deviation of 0). For the realistic trabecular RVE the
number of repetitions do not relevantly change the
material orientation angle of the basic unit RVE, be-
ing the obtained average value: 127 with a standard
deviation of 0. Regarding the RVE, rotation some of
the differences obtained between the expected orien-
tation and the obtained approximated material orien-
tation  are related with the modification of the source
image due to the rotation process. In Fig. 12 it is per-
ceptible that due to the rotation the initial image is
modified. The red circle marks the same region in
distinct rotated images, and the modification of that
region is visible with the image rotation. This effect is
caused by the low number of pixels of the figure. In-
creasing the number of pixels will lead to lower dif-
ferences. However, it will lead also to a higher com-
putational cost. The methodology proposed hereby is
based on pixel information. Changing of the number
of white pixels of the image (a parameter highly re-
lated with the calculus of the MIL, as Eq. (3) indi-
cates, result in the modification of the MIL value.
This effect can be also observed in Fig. 6, in which
the material orientation angles   of the fitted ellipse
and the expected ones are represented.

Regarding the results obtained in Stress Analysis
section, the homogenized von Mises effective stresses,

Fig. 11. Computational cost (in seconds) of each analysis

(a) (b) (c) (d)  (e)

Fig. 12. Image rotation process and inherent morphologic change:
(a) original image, (b) 20 rotation, (c) 40 rotation, (d) 60 rotation, (e) 80 rotation



M. MARQUES et al.112

h
eff , obtained for each analyzed RVE (using both

FEM and RPIM methodologies), are shown in Fig. 10.
From this figure it is perceptible that for the consid-
ered heterogeneous RVEs, as the model detail in-
creases, h

eff  decreases. Notice that the model detail is
governed by the number of repetitions (the 1  1 RVE
has a lower detail than the 3  3 RVE). The analyses
of the homogeneous models, regardless the discreti-
zation technique (FEM or RPIM) or the repetition
pattern (1  1 and 2  2), present very similar results.
Furthermore, these results are also very similar with
the ones obtained with the RPIM using the 2  2 and
3  3 repetition heterogeneous models. Such similarity
indicates that the proposed homogenization technique
is capable to approximate the homogenized ortho-
tropic material properties of a trabecular patch. Com-
paring the FEM with the RPIM, it is visible that the
results obtained with the homogeneous RVEs are
equivalent. However, the FEM and RPIM results ob-
tained with the heterogeneous RVEs are not so close.
This difference could be explained by locking effects
in the FEM (plane strain triangular elements are being
used).

Concerning the computational cost presented in
Fig. 10, it was shown that the 3  3 heterogeneous RVE
produces results very close with the 1  1 homogene-
ous RVE. However, Figure 11 shows that the 3  3
heterogeneous RVE takes 4164 s to analyze and the
homogeneous RVE only requires 4–10 s. Commonly,
multiscale techniques use highly discretized RVEs,
leading to high computational costs. However, as this
study demonstrates, the proposed homogenization
methodology is capable to reduce significantly the
cost of a multiscale analysis, enabling more demand-
ing and complex simulations.

5. Conclusions

In this work, a new multiscale method was pro-
posed. The method uses a homogenization technique
that, without any a priori knowledge, enables us to
estimate the material properties of bone tissue using
standard imaging techniques. The results obtained
show that the methodologies used to create the fabric
tensor and to obtain the mechanical properties are
stable. Regarding the RVE size studies, it was demon-
strated that the methodology is capable to consistently
approximate the bone tissue material mechanical
properties. It is expected that the proposed technique
will be capable to reduce the cost of the multiscale

analyses, allowing to simulate more complex prob-
lems.
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