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Summary. In this paper the convergence of homotopy perturbation
method for the systems of Volterra integral equations of the second kind is
proved. Estimation of errors of approximate solutions obtained by taking
the partial sum of the series is also elaborated in the paper.

ZASTOSOWANIE HOMOTOPIJNEJ METODY
PERTURBACYJNEJ DO UKEADOW ROWNAN
CALKOWYCH TYPU VOLTERRY

Streszczenie. W artykule wykazano zbiezno$¢ homotopijnej metody
perturbacyjnej dla uktadéw réwnan catkowych Volterry drugiego rodzaju.
Podano takze oszacowanie btedu rozwiazania przyblizonego uzyskanego jako
suma, czesSciowa tworzonego w metodzie szeregu.
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1. Introduction

The current paper is a continuation of our previous work [9] in which we in-
vestigated the systems of Fredholm integral equations. At present we propose to
apply the homotopy perturbation method for solving the systems of Volterra inte-
gral equations. We prove in the paper the convergence of homotopy perturbation
method for systems of Volterra integral equations of the second kind. Moreover,
the formulas for estimating the error of approximate solution are elaborated.

Methods using the ideas of homotopy were already applied for solving some
type of integral equations (see for example [1,2,4-8,10-12]). Application of homo-
topy perturbation method for solving the systems of Volterra integral equations
is described also in paper [3]. However convergence of the method or estimation
of the error of approximate solution were not discussed in this paper.

2. Systems of Volterra integral equations
We consider the system of equations of the form
ui(x)—)\i/z Kij(x, ) u;(t) dt = fi(z), (1)
j=17a
for i = 1,2,...,n, where x € [a,b], A € C, functions K;; € C([a,b] x [a,])

and f; € C[a,b] are known, whereas the functions u; are sought. The above system
of equations can be written in the matrix form

Ulr) — A /w K(z,y) U(t) dt = F(x), @)
where
Kll(ﬂj,t) Klz(ﬂj,t) Kln(x,t)
Kgl(ﬂj,t) ng(a:,t) Kgn(x,t)
K(x,t) = ) ) .
Koz, t) Kpo(z,t) ... Kpp(z,t)
and
u () fi(z)
uz () fa()
U(z) = . . F)= .

up(z) fn(z)
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According to the homotopy perturbation method (for details see, for exam-
ple, [8]) we define operators L and N in the following way

L(V)=V, N(V)= —)\/zK(x,t)V(t) dt. (3)

By using the above operators we obtain the homotopy operator for the system of
Volterra integral equations of the second kind

H(V,p)=V(z) —Uy(z) +p (Uo(a;) —F(z) — /\/w K(z,t) V(¢) dt). (4)

According to the method, in the next step we search for the solution of operator
equation H(V,p) =0 in the form of power series

o0

V(z) =Y p"Vi(a), (5)
k=0
where Vi(2) = [v11(2),v2%(7),...,vuk(z)]T. In order to determine the func-

tions V; we substitute relation (5) into equation H(V,p) = 0 and we get (under
assumption that the series is convergent which will be discussed later):

Zpk Vi(z) = Ug(z) + p (F(z) — Ug(a)) + Zpk /\/00 K(x,t) Vi_1(t)dt. (6)
k=0 k=1 @

By comparing the expressions with the same powers of parameter p, we receive
the relations

Vo(z) = Uo(z), (7)
Vi(z) = F(z) — Ug(z) + A / K(z,t) Vo(t) dt, (8)
Vi(z) = A / Kt Vead,  k>2. 9)

Now we proceed to discussing the convergence of series (5).

Theorem 1. Let the functions K;;(z,t) and fi(x) for i,j € {1,2,...,n}, appe-
aring in system (1), be continuous in regions Qy = [a,b] X [a,b] and Q = [a,b],
respectively. Furthermore, as the initial approzimation Uy let us choose a vector of
functions continuous in interval [a,b]. Then series (5), in which the functions Vy,
are determined by means of relations (7)—(9), is uniformly convergent in interval
[a,b] for each p € [0,1] to the uniquely determined solution V (x), which is a vector
of functions continuous in [a,b].
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Proof. Proof of this theorem runs analogically as the proof of Theorem 1 from

paper [9]. O

Remark 2. We note that for the discussed systems of Volterra integral equations

Remarks 2—4 from paper [9] remain true.

Theorem 3. Error of the n-order approzimate solution can be estimated in the
following way

L S (NM G- a)
E,<B <e*'M(b ' kZ_O%) S
<B (AIM (b —a))" (n+ exp(|]A| M (b — a))), (10)

(n+1)!

where By, := sup,erq ) |U(2) — U, (z)|, B = No+ N1+ |\ M Ny (b—a) and the
constants M, N1 and Ng are such that

Kz, Ol <M A F@) <N A [[Uo(x)| < No  Va,t€la,bl. (11)

Proof. Proof of this theorem runs analogically as the proof of Theorem 5 from
paper [9]. O

3. Example

Now, in the example we use the investigated method for solving the following
system of Volterra integral equations of the second kind

up(z) = e” cosh(2x) — / e Ty (t) dt — / e" T uy(t) dt,
0 0
ug(x) = (x + 1) e” 4+ sinhz — / ey (t)dt — / e Tug(t) dt,
0 0
where z € [0, 3]. Solution of the above system is given by the functions

ug(z) = e %, uga(z) = €*.
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By taking the zero initial approximation Ug(z) = (0,0)7 and next by using
relations (7)—(9) we get successively
Vo(z) = Up(z) = (0,0)",
Vi(z) = (e” cosh(2z), (z + 1) €” + sinh x)T,

Va(z) = (—e”(e"(1 + ) + cosh ) sinh z, —% e — (z+ g) e’ + % (x+1) e*gc)T,

Obtained approximate solution U, = (al,n,az,n)T can be compared with the

exact solution by taking the difference of these functions and expanding it into

the series. Thus, for n = 5 we obtain

U1 5(7) — e " = 3.05311 10" %2 4 5.89806 10~ *® z* — 0.266667 x° — 0.8 2° —
— 1.50317 27 + O(2®),
g 5(w) — e = 1.11022107 16 4 2.22045 10~ 02 4 3.88578 10~ 10 2% —

— 5.8286710 10 2% — 1.11022107% z* — 0.266667 2° —
—0.755556 2% — 1.46825 27 + O(z%),

whereas for n = 15 we receive

1 15(z) — e = 1.70974 10~z + 5.32907 10~ 2* +9.97813 10~ 2% +
+1.28487107 P 2* + 1.39859 10 ¥ 2° 4 1.19243 10~ ¥ 26 +
+9.5367510 2" + ... — 7.20038 10 % 2" —

—0.0000155848 2° + O(z?!),
TU2.15(z) — €” = 1.11022 107 % + 3.33067 10 92 — 7.77156 10 0 2 —
—5.30131107 9 2% — 8.76382 10 °2* — 1.86032 10 2° —
—1.2133710 2% - 9.8831310 %27 + ...
— 7.127107% 2 — 0.0000154338 2%° + O(x?!).
As it can be seen, with the increasing number of calculated terms the approximate
solution is more and more close to the exact solution.

In Table 1 there are presented the errors (|[ug; — Uinll = sup,eo.1) [uai(®) —
U;n(x)|) which occur in approximating the exact solution by the successive ap-
proximate solutions. Distributions of error in the entire interval [0, 1] for n = 5
and n = 10 are displayed in Figures 1 and 2. Obtained results confirm that the

method is fast convergent. Thus, computing just a few (a dozen or so) first terms
of the series ensures a very good approximation of the exact solution.
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Table 1
Errors of the exact solution approximation
n | fuar — il | luaz = Gowll || 7 | [[uar — Ginll | [Juge — Uzl
1| 1.9376 1.3455 6 | 1.16221072 | 1.1379102
2 | 1.1559 1.1651 7 2.26391073 2.22231073
3 | 0.5507 0.5205 8 | 3.8554107% | 3.793310*
4 | 0.1867 0.1817 9 | 5.8339107° | 5.749810~°
5 | 5.11381072 | 4.9804 1072 10 | 7.94211076 | 7.8388 106
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Fig. 1. Distribution of error of the exact solution approximation for n =5
Rys. 1. Rozklad btedu rozwigzania przyblizonego dla n =5
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Fig. 2. Distribution of error of the exact solution approximation for n = 10

Rys. 2. Rozklad bledu rozwiazania przyblizonego dla n = 10
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