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Abstract

The paper is composed of two parts, in this part the multi-state homogeneous ,,m out of n” systems with reserve
components are defined and their multi-state limit reliability functions are determined. In order to improve of the
reliability of these systems the following methods are used: (i) a warm duplication of components, (ii) a cold
duplication of components, (iii) a mixed duplication of components, (iv) improving the reliability of components
by reducing their failure rate. Next, the effects of the systems’ reliability different improvements are compared.

1. Introduction

Presented paper is continuation of a work about
reliability improvement of large system. In the first
part of this work are defined the component’s and
system’s multi-state reliability functions and next the
asymptotic approach are brought forward. There are
presented results concerned with improvement of large
series and parallel systems, their multi-state limit
reliability functions in case when the systems have
reserve components and in case when the reliability of
components is improved by reducing their failure rate.
As the main result are found the forms of reducing
their failure rate factor for both kinds of large systems.

2. Reliability improvement of a multi-state ,,m
out of n” system

Definition 2.1. A multi-state system is called an ,,m out
of n” system if its lifetime in the state subset
{u,u+l,...,z} is given by

TU) =Ty my@), m=12,.,n, u=12,..2,

where T .., (u) is the m th maximal order statistics in

the sequence of the component
T, (), T,),..,T, (u).

lifetimes
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Figure 1. The scheme of a homogeneous ,,m out of n”
system

The above definition means that the multi-state ,,m out
of n” system is in the state subset {u,u+1,...,z} if and
only if at least m out of n its components is in this state
subset and it is a multi-state parallel system if m =1
and it is a multi-state series system if m =n.

Definition 2.2. A multi-state ,,m out of n” system is
called homogeneous if its component lifetimes T;(u) in
the state subsets have an identical distribution function

Fitu) =Ftu),u=12,..,7z21 e (-0,0),i=1.2,..,n.

The reliability function of the homogeneous multi-state
,,m out of n” system is given either by

RM¢t,)=[1,RM1),..R™ (t2)],

where
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Rt =1- 27 JIRGWITFELI™,
te (-000),u=12,..2,
or by
RM() =[LRM D .. R™(t,2)],
where
RO (0= 2 (1 IFCUIREWI  te (000),

m=n-m, u=12,..,z

Definition 2.3. A multi-state system is called an ,,m out
of n” system with a hot reserve of its components if its

lifetime T®(u) in the state subset {u,u+1,...,z} is given
by
TOU) = Ty (), M=12,..,nu=12,..z2

where T _.;,(u) is the m-th maximal order statistics in
the sequence of the component lifetimes

Ti(u) = Ejzg{‘rij Wy i=12,..,n, u=12,...,2,

where Ti;(u) are lifetimes of components in the basic
system and Tj,(u) are lifetimes of reserve components.

The reliability function of the homogeneous multi-state

»m out of n” system with a hot reserve of its
components is given either by

IRO™ () =1, IR L2) ... IR (t,2)],

where

IR (4w =1- 37 )1 (F ) TR, (1)
t € (-o0,00), u=1.2,...,2,

or by
ROV () = [L RO (D) ..., IROT (1,2,

where

IROM (¢, u)

> (M@ u)P - (F @t u))21, ®)

m=n-m, te (-0,0m),u=12,.

MB\

W
o

Lemma 2.1.
case 1: If

_1%'@]' explv (L, u)l,

M O tuy=1-%
i=0

u=1,2,.
function,

(i) RO (t,u)is the reliability function of non-

degenerate multi-state ,,m out of n” system
with a hot reserve of its components defined by
(16),

(iii) a,(u) >0, b, (ue (-0,0),u=12,...,z,

(iv)  m=constant (m/n—0, as n— o),

then

.,Z, is non-degenerate reliability

lim IROS (a, (u)t +b, (u))=129™ (t,u),
teCpy,u=12,..7
if and only if

lim n[1-F*(a, ()t +b, (u))] = V(t,u), t € Cy,
u=1,2,..z,

case 2: If
2
) () 1 vt X
(i) RO (tu=1-—— | e 2dx,
'\/271' -0

u=12,.z, is non-degenerate reliability

function,
(ii) IRO (t,u) is the reliability function of

non-degenerate multi-state ,,m out of n”
system with a hot reserve of its components
defined by (16),

(iii) a,(u) >0, b, (u)e (-0,0),u=1,.2,..72,

(iv) m/n—up, O<p<l,a N—>o0,

then

lim IR ™ (@, (ut+b, (W)=12" (t,u),
te C|9y, u= 1,2,...,2,

if and only if

lim (n+)[L-F?(a, (u)t+b, (u))]-m

i
n—e /m(n—m+1)
n+1

u=1.2,..,z2.

=v(t,u),

case 3: If

W mwY™tu) = %N( ) explV @),

i=0
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m=n-m, u=1,2,...z is non-degenerate
reliability function,

(i) RO (t,u) is the reliability function of non-
degenerate multi-state ,,m out of n” system
with a hot reserve of its components defined
by (17),

(iii) a,(u) >0, b, (e (-0,0),u=12,..2z,

(iv) n-m=m =constant (m/n—lasn—x),

then

lim IR®;™ (a, ()t +b, () =7 O™ (t,u),

t eC@, u=1,2,..,.,

if and only if

'!irrol n[F(a, (u)t+b, (u)]* =V (t,u),teC,,
u=1,2,..,.z2

Proposition 2.1. If components of the homogeneous
multi-state ,,m out of n” system with a hot reserve of its
components have multi-state exponential reliability
functions

and

case 1 m = constant,

an(u)=%, bn(u) = ()Iog2n ,u=1,2,...,z,
then
192 0™ (tu) = 1- Z expl[' it] exp[-exp[-t]],

t € (-00,00), U= 1,2,..., Z,

case2 m/n—p, O<p<l, Nn—>oo,

_ e _ a
an(U)_k(u)Z\/m n() /1() y
u=1,2,..,,

then
t X2
1% O (tu) =1- —= [e 2dx,

J2z

t € (-o0,00),u=1.2,...2,

—00

case 3 n—m= m = constant, (m/n—1 n—oo),

ap(u)= ———,b,(U)=0,u=1.2,.

J_ nA(u)

then

17 0™ (t,u)=1, t <0,

_ g2
1707 ) = "L el 120,u=12...2
i I!

i=0
is its limit reliability function.

Proof:
case 1: Since for all fixed u, we have

a,u)t+b,(u) > as n—oo.
Therefore
V(t,u)=limn[1-F %(a, (Ut +b, ()]
= lim n[2exp[-A(u)(a, (u)t+b, (u))]
—exp[-24(u)(a, (U)t+b, (u))1]
= lim 2nexp[—-A(u)(a, (u)t + b, (u))]
1
[1—5 exp[-A(u)(a, (u)t+b, (u))]]
= lim exp[-t][2nexp[-A(u)b, (u)]
—nexp[-t]exp[-2A(u)b, (U)]]
= lim exp[—t][2n1—ni2exp[—t]]
n— n n
=exp[-t], t € (—o0,), u=1,2,..,2,
which by case 1 in Lemma 2.1 completes the proof.
case 2: Since for all fixed u, we have
a,(u)t+b,(U) > as n—oo,
moreover
1— F(a, (u)t + by (u))
= 2exp[-A(u)(a, (u)t+b;, (u))]

—exp[-24(u)(a, (u)t +b, (u))]
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=2[1-A(u)(a, (u)t+b, (u)) Therefore

%/12 )@, b, ()] V(t,u) = lim n[F (a, (u)t +b, (W) =0, t <0,

u=1,2,..,.,
—[1-22(u)(a, (u)t+b, (u)) and
a2y, uyt+b, )21+ o(—1—) V(t,u) = lim n[F (a, (W)t +b, (W)’
2 (n+1)
. t

2 2 1 = lim n[1—exp[- —=1]1*

=1- 2 (), @)t + by @)* +o( =) im nfL=expl=—=1]
next ) = lim n[%Jro(%)]2 =t?, t>0,

V(t.u) = lim (n+YA-F“(a,U)t+b, (u))I]-m n n

n—o \/m u= 1’21""21
n+1

which by case 3 in Lemma 2.1 completes the proof. [

”(1_“)t+ o 1 y-m Corollary 2.1. The reliability function of exponential
i In+1 H In+1 »m out of n” system with a hot reserve of its
=lim

lim \/m components is given by
Bl Sl case 1
n+1

(n+Y[-

I RO (tu)=1- nilexp[—i(/l(u_)t —log2n)]
=lim nd-wt+od) =-t, te(~o0,), i=0 il
u=12,...z, exp[—exp[—A(u)t +log2n], (3)

t e (—o0,00), U=1.2,..,2.
which by case 2 in Lemma 2.1 completes the proof.

case 2
case 3: Since for all fixed u, we have
XZ
a (U)t+b, (U) = —— <0 fort<0 IROW (tu)=1-—— Je 2 dx (4)
A@u)v/n Vor
and
t where
a,(wt+b,(u) = >0 fort>0,
A  2aunil, 2niLfica
3= t-  te (o), (5)
then \/; \/;
u=1.2,..,z2.
F?(a, (u)t+b,(u)=0, t<0
case 3
and B
IROM™ (t,u)=1, t <0,
F2(a, ()t +b, (u))
@™ _nm [ﬂ(U)\/ﬁt]Zi 2 2
=[1—exp[-A(u)(a, ()t + b, (U))]F IRTn " (Lu) = 3 == ——expE-2"(u)nt’], (6)

t>0,u=1.2,..,z.
—[l—exp[-——]F?, t>0.
n

\/_
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Definition 2.4. A multi-state system is called an ,,m out (ii)
of n” system with a cold reserve of its components if

its lifetime T®(u) in the state subset {u,u+1,...,z} is

given by

IR(Z)ﬁm) (t,u) is the reliability function of non-
degenerate multi-state ,,m out of n” system
with a cold reserve of its components defined
by (24),

(iii) a,(u) >0, b, (ue (-0,0),u=12,...,z,

@ = = =
T (U) T(n7m+1) (U),m 1121-.-,n1 u 112,-.-,21 (IV) m= COI’]Stant (m/n _)0, as n —)CX)),

then
where T,_..;,(u) is the m-th maximal order statistics in
the sequence of the component lifetimes lim IR®@™ (@, (U)t+b, (U)) = O™ tu), te
2
Tiw= XT;(u),i=12,.nu=12..z Cian
j=1
' if and only if
where Tj;(u) are lifetimes of components in the basic .
system and T;,(u) are lifetimes of reserve components. lim n[F(a, (u)t+b, (u))* F(a, (u)t+b, (W)]]
The reliability function of the homogeneous multi-state =V(tu),te Cy, U=1.2,..2
»m out of n” system with a cold reserve of its ’ ' -
components is given either by case 2 If
X2
IRP (t,) =[1, IROM (t,1),..., IR?Y (t2)], i P euw=1—— e 7 ax,
A/ 27[ —o0
where u=1,2,..,z is non-degenerate reliability
function,
IR (¢, u) (i) IR® (t,u) is the reliability function of non-
degenerate multi-state ,,m out of n” system
m-/ , with a cold reserve of its components defined
=1- 5~ Fw Fu)] by (24),
i=
(iii) a,(u) >0, b, (U) e (-0,0), u=1,2,...,2,
=-[F(t,u)*F(,U)]n_i (7) (lV) m/n—)l,l, 0<u<1,aS n—oo,
t € (-o0,00),u=1.2,...,2, then
or by lim IR? ™ (a_(u)t+b, (u))= 122" t,u),
n—o
RO () =[1, RP (t1),... IRO (t,2)], teCis
if and only if

where
tim (0D - F (@, (W)t + b, (u)) * F (@, (U)t + by (u))] —m

n—>2 \/m(n—m+1)
n+1

IR® Mt u)

= 3 (M)IF U« FEuI - FEu)«FEul™, @)
=0 _ =vy(t,u),u=12,..,z
t e (-0,0), M=n—m,u=1.2,.,2.

case 3: If
Lemma 2.2. B ¢
case 1: If (i) 7™ () = [V( u)] ol explV(t,u)],
. (2)(m) [V(t U)] . _ I_
Q) IR (tuy=1- 2 exp[-V (t,u)], M=n-m, U= 1,2,...,2, is non-degenerate
u=1.2,..,z isnon- degenerate reliability rellab(ll;ty function,
function, (ii) IR (t,u) is the reliability function of non-

degenerate multi-state ,,m out of n”” system
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with a cold reserve of its components defined
by (25),
(iii) a,(u) >0, b, (Ue (-o,m),u=12,..,2,
(iv) n-m= m =constant (m/n—1lasn— ),
then
(m)

lim IR@ (a, ()t + b, (u)) =77 @™ (t,u),

teC

m’
if and only if

lim n[F (a, ()t +b, (u)*F(a, (ut+b, (u)]=V (t,u),
teCyu=12,..,.2

Proposition 3.2. If components of the homogeneous
multi-state ,,m out of n” system with a cold reserve of
its components have multi-state exponential reliability
functions

and

case 1 m = constant,

a()= L SPRWbWI_ oy
AU Au)b, (u) ’

then

9?(2)( )(t ) 1- Z
t € (-o0,00), U = 1,2,..., Z,

eXp[ "] exp[-exp[-t]],

case2 m/n—u0<u<l n—oo,

L b, (u) = vi-u
Auvn+l A(u)

ap(u) = ,u=12,...7,

then

172 (t,u)=1 -

\/_ je XZ dx, t e (-o0,00),

u=1,2,..,.,

case 3 n-m=m =constant (m/n—1, n— ),

an(u) = V2 ybh(U)=0,u=12,..2,
Vna(u)
then
1% @™t u) =1, t<0,

270

_ g2
1FOT (tu) = S S expl ], 120,u=12,..2
i I!

i=0
is its limit reliability function.

Proof:
case 1: Since for all fixed u, we have

a,(Wt+b,(u) »>o as n—>w, t e (—wo,0).
Therefore

V(t,u) = limn[1+ A(u)(a, (Ut + b, (u))]
exp[-A(u)(a, (Wt +b, (u))]

=lim n[lét
T oo exp[/l(U)bn (U)]

A(u)b,, (u
M] exp[_t]
exp[A(u)b, (u)]

=exp[-t], t € (—o0, ), u=1,2,...2,
which by case 1 in Lemma 2.2 completes the proof.

case 2: Since for all fixed u, we have

__ 1
a,(u)t+b,(u)= k(u)\/mt + 1) J1-u

—>— 1-u>0a n—>w
A(u)

and
1- F(a, t+b, (u))*F(a, (u)t+b,(u))

=[1+A(u)(@, (u)t +b, (u))]

exp[-A(u) (@, (u)t +b, (u))]

=[1+A(u)(@, (u)t +b, (u))]

[1-A(u)(a, (W)t +b, (u)) +

%ﬁz ()@, (Wt +b, (1)? ~0(—)]
n+1
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=1-%ﬂ3 (u) (@, (u)t +b, ())?

1
- O(m)], te (—OO, OO)

Therefore

v(t,u)

o 0+ DIL= F @, (W + by (1) * F(ay ()t + by ()] - m

o /m(n—m+1)
n+1

Ju 1
:“m(n+1)[— \/— trp—o( - )l-m
N \/m

n+1
_ jjm ¥zt ol = —t, te(oo,0),

which by case 2 in Lemma 2.2 completes the proof.

case 3: Since for all fixed u, we have

Jat

b, (u) =
a, (u)t+Db, (u) 2Wn

<0 fort<0

and

>0 for t=0,

a, W)t +b, (1) =2
A

u)v/n
then
F(a, (u)t+b, (u)) =0 for t<0
and
F(a, (Wt +b, (u))* F(a, (u)t +b, (u))

=R -1+ A(u)(@, (Ut +b, ()]

exp[=A(u)(a, (u)t + by, (u))]]

M2 epr- 423
PN

=1-(1+

2
Yoy tx0
n n

Therefore

v(t,u) = r!ml n[F(a, (u)t+b, (u))

*F(a, (u)t+b, (u))]

W2) o D2
Jn Jn

= lim n[1- 1+
n—oo
2

_lim [+ o(3)]=t2, t20, u=12,.2,
nsw N n

which by case 3 in Lemma 2.2 completes the proof. [

Corollary 2.2. The reliability function of exponential
,m out of n” system whit a cold reserve of its
components is given by

case 1

ROW ¢ o) =1 ilexp[ m(u>”(t b, ()]

expf-exp[-A(u)t+A(u)b, (W1, (9)

te(-o000), U=12,.72.
case 2
_ 2
IROY (¢ uy=1- L Je 7 dx (10)
27 —
where
n+1,1-—
go AN+l In+lyi-ou te(—w,0). (1)
Ju Ju
case 3
IR®M™ (t,u) =1, t <0,
IROT™ (¢, u)]
2i
=5 W“)‘/—” 21 LW, (12)
t>0. u-12, 2
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Definition 2.5. A multi-state series system is called an
,m out of n” system with a mixed reserve of its
components if its lifetime T®(u) in the state subset

{u,u+1,...,z} is given by
TOWU) = Tpmp@)M=12,.,n,u=12,..2
where T, ., (u) is the m-th maximal order statistics in

the sequence of the component lifetimes

Ti(u) = { max{max{T;; (u)}} max {ZT.,(U)}}

1<i<sin 1<j<2
i=1,2,..n,u=1.2,..z,
where Ti;(u) are lifetimes of components in the basic
system and Ti(u) are lifetimes of reserve components
and s;, S; where s;+ s, = 1 are fractions of the
components with hot and cold reserve, respectively.
The reliability function of the homogeneous multi-state

,m out of n” system with a mixed reserve of its
components is given either by

IROM (t,) =1, IRO™ (t,1),..., IR (t,2)],

where
ROT ©=1-5(7 - (F )T
[1—F(t,u)* F (t, u)]? [F (t,u)]"" "2

[F(tu)+Fu]™2,
t e (-0,0),u=12,...2

(13)

or by

RO () =[1, IROV (¢1).,..., IROY(t,2) ],

where
IR® (m)(t) z( )[F(t u)]zsll[F(t u)*F(t u)]SZI

- (F(L0) 14 - F ) FLu) ™,
t € (-0,00),M=n-m,u=12,...,z

(14)

Lemma 2.3.

case 1: If

i O u)=1- z[v( D)} expV (t, u)],
u=1.2,..,z isnon- degenerate reliability

272

function,

(i) IR(3)§m) (t,u) is the reliability function of non-
degenerate multi-state ,,m out of n” system
whit a mixed reserve of its components
defined by (30),

(iii) a,(u) >0, b, (ue (-o,0),u=12,...,z,

(iv) m = constant (m/n—0, as n—x),

then

fim IRO™ (a, )t +b, () = 12O (t,u),

te C|yf, u=1,2,..1z

if and only if

lim n[s, [1-[F (a, (u)t +b, )]
+5,[1- F(a, ()t +b, (u)) * F(a, (Ut +b, (U))]]

=V(tu), te Cy, u=12,.2,

case 2: If

—v(t,u) _ﬁ

1 [ e 2dx,

Jor

,Z, is non-degenerate reliability function,

i w9 u= 1- u =

—00

1,2,..

Giy 1RO (t,u) is the reliability function of non-
degenerate multi-state ,,m out of n” system
whit a mixed reserve of its components
defined by (30),

(ii)  a,(u)>0,b, (u)e (-0,0),u=1,.2,...z,

(iv) m/n—u, 0<u<l, przy n— o,

then

lim IR® ™ (a_(u)t+b, ) =71929" (t,u),
n—o
te C|9y, u= 1,2,...,2,

if and only if
tim (DS E-TF (@, (Wt +D, )]
/m(n—m+1)
n+1
S[1- F(a, (u)t +b, (u)) * F(a, (u)t +b, (u))]]-m
fm(n -m+1)
n+1

=v(t,u),u=12,...,z

n—o
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case 3: If then
\/ i
(I) In (3)( )( ) = gwexp[_va, u)] , 2
i=0 I! (1) _ 1 t =
M=n-m, u=12,..z is non-degenerat 997 (tu)=1- Tos Je dx,

reliability function, te (woo) u=12,..2,

(i) IRO™ (t,u) is the reliability function of non-
degenerate multi-state ,,m out of n”” system case3n-m=m =constant(m/n—1 n—oo),
with a mixed reserve of its components
defined by (31), 2
(iii) an(u) > O by (U) e (-0,00), u=1,2,...,Z, a,(u)= , b, (U)=0,u=12,..z2,
(iv) n-m=m =constant (m/n—>1lasn— ), AU)y/(2s, +5,)n
then

then

lim IR a, (Ut +b, (u 7™ (t,u e
(@, (uyt +b, (u))= (t,u), 17O™ (=1, t<0,

te C, g U= 1.2,...2,
— m n—thi
if and only if 17O™ (¢ u) = ZO ?exp[—tz], t>0,u=12,..2
1= H
lim n[s,[F (a, (W)t + b, (U))T is its limit reliability function.

Proof:

+5,[F(a, (W)t +b, () * F(@, (W)t +b, (W)]] case 1: Since for all fixed u, we have

=V (t,u) a, (ut+b,(u) > as n—oo for t e (—oo,x),
teC;,u=12,.2
and
Proposition 2.3. If components of the homogeneous )
multi-state ,,m out of n” system with a mixed reserve of 1-[F(a, (ut+b,(u))]
its components have multi-state exponential reliability
functions =2exp[-A(u)(a, (u)t+b, (u))]
and
case L m = constant, —exp[-2A(U) (@, (U)t-+b, ()]t (o0,20),

a (u)=—L, XPRWLWIT _ -y, 1- F(a, (u)t+b, u))*F(a, (W)t +b, )

Au) " 2s, +s,A(u)b, (u)

=[1+ A(u) (@, (u)t +Db, (u))]

then

1%29™ (t,u) = 1- iexp[ ] exp[-exp[-t] exp[-A(u)(@, (u)t +b, (U))], t € (~o0,0).

t € (-0,0), U = 1,2,..., z, Therefore
case2 m/n—p 0<pu<l n—oo, V(t,u) = r!im n[s,[1-[F(a, (u)t +b, u))*]

a (U)= ul2 | +5,[1- F(a, (Ut + b, (u))

AU)y/(23; +5,)(n+1)
*F(a, (u)t+b, ()]l
b, (U) = —— 1 [2(1-p) —19
A Vs rs, T = lim[ns,[2exp[-A(u)(a, (W)t +b, ()]
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—exp[-24(u)(a, (u)t+b, ()] a (Ut () > L[240 oo o
A(u) \ 2s, +5,
+ns, [1+A(u)(a, (u)t+b, (u))] t & (—o0, 0).
exp[-A(u) (@, (Wt +b, (u))I] and
= lim[ns, 2exp[-A(u)(@, ()t +b, ())] 1 — [F(a, Wt +b, )]
[1-1/2exp[-A(u)(a, (u)t+b, (u))]] = 2exp[-A(u) (@, ()t +b, (u))]
—exp[-24 t+b
+nsz/i(u)bn(u)[1+1+/1(u)a”(u)t] exp[-2A(u)(@, (u)t+b, (u))]
A(u)by, (u)

=2[1-A(u)(a, (u)t+b, (u))

exp[=A(u) (@, (Ut +b, (U))1] 1
+= 22 (U)(a, (Wt +b, (u))*]
=limexp[-t][ns, 2exp[-A(u)b, (u)] 2

n—o0o

—[1-24(u)(a, (u)t+b, (u))

[ expl-expE-AWb, ()] . .

#2422 W)@, @)D, ()] +0(-)

2 n+1
1+t ]

+ns,A(u)b, (U)[1+
AW, (u) —1- 2 (U)(a, (Wt +b, () +o(-1),

exp=A(u)b, (u)]] t € (—o0,00),

= lim exp[-t][ns, 2exp[-A(u)b, (u)] 1- F(a, (Wt+b, (W) *F(a, (u)t+b, (u))

—ns, exp[-t]exp[-24(u)b, (U)] =[1+A(u)(@, (u)t+b, (U))]

+ 1, A(U)by, (u) exp-A(u)b, ()] [L-A(u)(a, (Wt +b, (W)
s, [Lrtexp-AWb, W]l +%f ()@, (Wt +b, ()* ~0(=1)]

= lim exp[-t]
o — 12 22 ()@, (W)t b, () —o(-1o],
2 n+1

s t € (—o0, 0).
[1- L ~exp[-t]
n(2s, + ()b, (U)s,) Therefore
2 A+ s,[1-[F (a, (Ut +b, (W)F’]

" (25, + ()b, (s,)
_exp[ ], te(o0,00), U=12, .2, +8,[F(a, (U)t+b, (u))*F(a, (u)t+b, ()]
which by case 1 in Lemma 2.3 completes the proof. =5,[1-2° (U)(a, (W)t +b, (u))’]

case 2: Since for all fixed u, we have 1, 2 1
+8[1=5 A7 (U) (@, (U)t+by ()71 +o( =)
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1 231 +5S, ZZ(U)(a (U)t+b (U)) +O(—)
pd—p1) 1
- \/m t+ﬂ_0(m), t e (~o0, ),
next
vt u) = lim B F @, @)t b, (W)F]
o m(n—m-+1)
n+1

| Sol1-F(@, (Wt+b, (W)*F(a, (W)t +b, (U)I]-m

m(n—m+1)
n+1
1= p)
DI- —o(—))1-
:”m(n+)[ i t+ o(n )]-m
n—e m(n—-m+1)
n+1
L - mt+o()
= lim =—t, t € (—o0,),
e Jul-p)
u=1.2,.., 12,

which by case 2 in Lemma 2.3 completes the proof.

case 3: Since for all fixed u, we have

a,(ut+b,(u)= <0, t<0

A(U)/(2s; +5S,)N
and

a_ (U)t+b. (u) = t/2 >0, >0,

A(U)/(2s; +5S,)N

then
F(a, (u)t+b, (u)=0, t<0,

and for t>0
[F(a, (u)t+b, )]
= [1-exp[-A(u)(a, (u)t+b, ()],

F(a, (u)t+b, (u))*F(a, (u)t+b, (u))
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=[1-[1+A(u)(a, (U)t+Db, ()]

exp-A(u)(@, (u)t+b, (U)]11.

Therefore

V (t,u) = lim nfs, [F a, (W)t +b, ()P
+5,[F (@, (Wt +b, (u))* F(a, (W)t +b, (W)]]
= lim[ns, [1-exp[-2(u) @, (Wt +b, (W)]F
18, [1-[L+ A(U) @, (W)t +b, (U))]

exp[-A(u)(a, (u)t+b, ()11

= lim[ns,[A(u)(a, (u)t +b, (u))F
+ns,[A% (u) (@, (U)t +by, (u))?

_%,12 (u)(a, (Wt +b, (U))*1]
= 1im 2252 (au)a, ()]

= lim n[—] t?

n—oo

L t20, te(=o,0m), U=12,..2,

which by case 3 in Lemma 2.3 completes the proof. [

Corollary 2.3. The reliability function of exponential
»m out of n” system with a mixed reserve of its
components is given by

case 1

(m) m1exp[-iA(u)(t - b, (u))]
IR®y (t,u)=1- z ;

exp[-exp[-A(u)t+ A(u)b, (u)], (15)
t € (—o0,00), U=1.2,..,2.
case 2
2
IR®Y (t,u) = 1—;F=je2dx (16)

where
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A(U)/(2s, +5,)(n+1)2 t

Ju

t € (—o0,0), u=1.2,...,2.

X TSN
i

~

S =

. (17)

case 3

y (M)

IR®y7 (t,u)=1, t<0,

st [A(u)\/(2s, +s,)nt/ /2]
i-0 i!

(m)

IR®L (t,u

exp[-42 (u)(2s, +s,)nt* /2],
t>0u=1.2,..,z

(18)

Proposition 2.3. If components of the homogeneous
multi-state ,,m out of n” system have improved
component reliability functions i.e. its components
failure rates A(u) is reduced by a factor p(u),
ou)e<0,1>u=12,..2,

and

case 1 m = constant,

1 logn

an(u) = m bn(u) = m =12,..1z,
then
129" ()= eXp[ " expl-exp[-1]]
t € (-00,00),
case2 m/n—u, O<p<l, n—>oo,
_ 1 1-u _ log(1/ u)
n - ] bn NN
W= sl 2 YT Zwe)
u=1,2,..,.,
then

X2

O () =1- —2 [e 2 dx, t e (o),

=

case 3 n—m=m constant(m/n—1 n— o),

an(u) = ybh(U)=0,u=12,..2,

1
nA(u)p(u)

then

1% @™ (t,u) =1, t <0,
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1O g u)y =3 t—exp[t] t>0,

|_0
is its limit reliability function.

Corollary 2.3. The reliability function of exponential
,»mout of n” system with improved reliability functions
of its components is given by

case 1

4 lexp[-iA(u) p(u)t —logn)]
IROM™ (t,u) =1— z :

exp[—exp[—A(u) p(u)t +logn], (19)
te(—o,), u=12,..,z.
case 2
132
IROY (t,u) =1— \/Z_Le 2 gy, (20)
where
- Ap+Du  n+1u

3= - log(L/ 1), (21)

N

t e (—o0,00), U=1,2,...,2.

case 3
IROM™(t,u) =1, t <0,
IROT™ (t,u)

[/I(u)p(u)nt] 22)

S g exp[-A(u) p(u)nt],

i
>0,

—

u 1,2,...,z.
3. Comparison of reliability improvement

effects

The comparisons of the limit reliability functions of the
systems with different kinds of reserve and such
systems with improved components allow us to find
the value of the components decreasing failure rate
factor p(u), which warrants an equivalent effect of the
system reliability improvement.

3.1. The “m out of n” system

The comparison of the system reliability improvement
effects in the case of the reservation to the effects in
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the case its components reliability improvement may
be obtained by solving with respect to the factor
p(u) = p(t,u) the following equations

1929 ((t=b, (W) /2, (u))

=129 ((t—b, (u) /2, (u), (23)
u=1.2,..zk=1,23.

The factors p(u) = p(t,u) decreasing components

failure rates of the homogeneous exponential multi-
state ,,m out of n” system equivalent with the effects of
hot, cold and mixed reserve of its components as a
solution of the comparisons (23) are respectively given

by

k=1
case l p(u) = (tu)—l—ln—2 u=12,..,z
p p L /’L(u)t, 1 &y
2J1-pu 20-w)+ulo
case 2 p(u) = it ;,lzu)zt gu
u=1,2,..,.,

case 3 p(u)=p(t,u)=A(Ut,u=12,...z

k=2
A(u)b, (u)—logn

case 1 p(u)=1- 200t

=1—M, u=12,...z,
A(ut

v _#—1_#+’u|Og'u,u=1,2,...,z,

1
case 2 p(u) =
u A(u)

case 3 p(u) = p(t,u) = }“(:)t Lu=1.2,...z,

k=3
A(u)b, (u)—logn
A(u)t

case 1 p(u)=1—

1 log(2s, +5,4(u)b, (u)) ,u=12,..z,
A(u)t

case 2

b= V225t i 20 )+ plog s

AL (U
u=1,2,..,.,

2 A(u)t
case 3 p(u) = p(t,u) = % u=12,..,z

4. Conclusion

Proposed in the paper application of the limit multi-
state reliability functions for reliability of large
systems evaluation and improvement simplifies
calculations. The methods may be useful not only in
the technical objects operation processes but also in
their new processes designing, especially in their
optimization. The case of series, parallel (in part 1) and
,,m out of n” systems composed of components having
exponential reliability functions with double reserve of
their components is considered only. It seems to be
possible to extend the results to the systems having
other much complicated reliability structures and
components with different from the exponential
reliability function. Further, it seems to be reasonable
to elaborate a computer programs supporting
calculations and accelerating decision making,
addressed to reliability practitioners.
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