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Abstract: Using the method of singular integral equations, the elastic-plastic problem for cracked Brazilian disk was solved. Based
on the Dugdale model and deformation fracture criterion, the relationships between critical load, notch tip opening displacement and length
of the plastic strips were established. Also, the comparison between the present solution for the finite domain and the known solution

obtained for the semi-infinite notch in the elastic plane was performed.
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1. INTRODUCTION

The application of the deformation fracture criterion in deter-
mining the basic fracture mechanics parameters requires the
knowledge of the relationship between the load level and the
opening displacement at the crack tip. This means that for an
arbitrary test element, not only the stress field should be deter-
mined, but also the strain field considering the changes taking
place in the fracture process zone. The general solutions for a
crack or notch in the infinite plane are known ([1], see also the
literature [2]) but for a particular specimen, these solutions can be
only regarded as asymptotic. This work aims to determine the
relationship between the load level and the opening displacement
at the notch tip for a cylindrical specimen with a central narrow
slot.

The Brazilian test is a simple indirect testing method, which is
used to obtain the tensile strength of brittle materials such as
concrete, rock, and rock-like materials. An up-to-date review of
works concerning various aspects of the Brazilian test can be find
in the literature [3,4].

A disc with an internal central crack as a convenient experi-
mental specimen was considered analytically by [5-9]. These
results concerning stress field distribution and values of the stress
intensity factors were confirmed by Atkinsons et al. [10] and Awaji
and Sato [11]. Recent works devoted to the investigation of the
fracture process in quasi-brittle materials using a compressed disc
with a central slot are [12-21].

The basic material parameter in fracture mechanics is the crit-
ical stress intensity factor determined experimentally on speci-
mens with initial cracks. In the case of metals, the procedure for
determining this parameter is standardised and widely used. The
fracture process in this case begins with the fatigue-initiated
crack. For quasi-brittle materials such as concrete, ceramics or
rocks, it is difficult to obtain an initial crack with strictly defined
parameters. Usually, the initial crack is produced at the specimen
forming stage. In this way, slots of quite significant (2-4 mm)
width and rounded tips are obtained. Also, previously cited

sources devoted to analytical investigation of stress concentration
in disc specimens refer to strict mathematical crack, i.e. the crack
of zero width.

The method of determining the critical stress intensity factor of
a quasi-brittle material on a compressed disc specimen with a
centrally located narrow slot is presented. Knowing the value of
the critical load and standard material constants, the critical stress
intensity factor is calculated using the deformation fracture criteri-
on [22] based on the Dugdale model [23,24]. The results were
compared to previously published approximate relationships for
semi-infinite U-notch in an elastic-plastic plate subjected to ten-
sion [25].

2. PROBLEM FORMULATION

There are two equal (1, =13 = #) linear cuts (contours L,
and L) emanating from the slot vertices and placed on the axis
Ox. These cuts will model the fracture process zone as plastic
strips 26]. We assume that that Tresca-Saint Venant plasticity
condition is fulfilled in these bands. The overall unknown relative
extent of all defects weakening disc specimen we define as
Y= ({o +4)/R.

The set of dimensionless geometric parameters (&, v, ) ful-
ly describes the domain under consideration. Assuming radius R
as the basic unit length, we obtain relationships

to=YoR £=U—-Y)R p=¢&YoR (1)

Suppose that the hole edge (the smooth contour L, ) is free of
applied loads. The disc is loaded by two concentrated forces P,
which compress the specimen along the Ox axis (Fig.1). Such
type of loading causes the concentration of tensile stresses inver-
tices (+£,) of the hole.

The problem will be solved using the singular integral equation
method [27] (see also Savruk and Kazberuk [2]). Complex stress
potentials are written in the form [27]
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D.(2) = ©p(2) + ©(2), Y.(2) =¥ (2) + ¥(2), (2)
where functions [28]:

4
Bo(2) = 0y s, WD) =0, )

Nominal stress a,, = P/(mR) is equal to normal stress o,
alongside Ox axis, z = x + iy.

Fig. 1. Disc specimen weakened by central narrow slot and plastic strips
subjected to compression by concentrated forces

Functions @, (z), ¥, (z) describe the stress state in the solid
disc (i.e. without a hole) loaded by concentrated forces, whereas
potentials ®(z), W(z) characterise the disturbed stress state
induced by the opening (L,) and cuts (L,, L3). These potentials
are written in the following form [27]:

o0 =) {5

2(¢ T —R%) (2t —2R?)
* w0 g dt}, @

1 Z E(zE—sRZ)(tE—RZ)] —— _}
+ t—z + 7t —R? + (zt —RZ)3 9 (t) dey.

zt

Here g'(t) (t € Ly, k = 1,2,3) is an unknown function of
the derivative of displacement discontinuity vector across the cut
contour.

The boundary condition at the contour L has the following
form:

N(@)+iT(t) =p(t) t€L L=Uj_; Ly (5)

where N and T are normal and tangential components of the
stress vector. The right side of the Eq. (5) is equal [27]:

pit)=o, - {@ (t)+ @, (t)+ [t@ )+, (t)}} tel,  (6)

where

{0, k=1, .
%=, k=23 7

In further calculations, it was assumed that o, is equal to the
material strength of the specimen determined in the Brazilian test
(compressed disc without slot).

In further calculations, it was assumed that a; is equal to the
material strength of the specimen determined in the Brazilian test

394

(compressed disc without slot).

Fulfiling boundary condition Eq. (5) using potentials Eq. (4)
we obtain the system of singular integral equations with unknown
functions g',,,(t) (m = 1,2,3)

;;![Kkm(tt)g (dt+ Ly, (1) g O dt | = py (1), "
t e L, m = 1,23,

m

where kernels are as follows:

Kt t) =fitt) + R0+ 0560 + R ],
L) = fott) + A +5 [0, 0) + R |,

and

t,t' ! + ¢
At) =315+ =

, t'(tt — R®)(t't — 2R?)
Ltt) = e re—
2R%(t't — R?)

N _1[ 1 t2
g:tt) = 2 Le—en)2 (nf—RZ)Z]’

, _ R%(tt-R?
g@tt) = (trT—R2)3’

Y L]
htt) = 2 [ (t—tn)2 + (trt —Rr2)2]’

, _1f 1 | t[4R*-3R*T (tr+t)+trfz(tr+t)]}
h (1) = 2 {t—tl + (t/T —R2)3 )

3. NUMERICAL SOLUTION OF INTEGRAL SINGULAR
EQUATIONS

We assume a clockwise direction of tracing the contour L; so
the elastic region stays on the left during tracing. Taking into
consideration the symmetry of the contour concerning both coor-
dinate axes, we can write its parametric equation in the form [2]:

t=Rwi(§) =

wq(§), 0< § <m/2,
I—wq(n—f), n/2< & <m,

| —wq(§ —m), T< & <3m/2, @)
\w, 2 — ), 3m/2< & <2m

Here, the function w, (&) describes the segment of contour
L, laying in the fourth quarter of the coordinate system:
wq(§) =
{1 — & + go(coscE —isincé), 0 <& <m/(2¢),
goc(m/2 — &) —igy, n/(2c) <& <m/2,
where parameter ¢ =1+ 2(1/¢y — 1)/m. Total curve L,
length equals to 2me,y, Re.

The parametric equation describing cut L, was written in the
form

t=Rw () =R [ro+30 — 1)1 +9)], ~1<¢§<1
(11)

Contour L is symmetrical to L, concerning the Oy axis so
t=Rw3(§) =—-Rwy(§), —1<¢&<1 (12)

(10)
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Introducing substitutions
t =Rw, (&), t' =Rw, (1),
tt €L, 0<§¢ n<2m

t = R(J)k(f), t' = ka(n)'
tt €L, k=23, -1<&n<1,

(13)

we reduce the system of integral equations Eq. (8) to the canoni-
cal form

.  [Man(Em01(6) + Nun () TTCE) Jité + (14)
i [ M EnGh )+ N (€ 2= )
m=1,2,3,
where

Mn(&1) = RK, (Ro, (£), Reg,, (1)),
Nim(§.1) = RLg (Reo (£), Raoy, (),
9(&) =9 (R, (£) i (S),

Pn(17) = P(Rao,, (1))

The solution of the system of integral equations (14) consists
of three complex functions g'; (¢) assigned to the contours Lj.
Function g, (¢) (0 < & < 2m) is 2m-periodic continuous function.
However, in order to obtain a sufficiently accurate numerical
solution, we have to densify quadrature nodes and collocation
points in the vicinity of narrow slot tips. We use here a variant of
sigmoid transformation [29,30] adapted to periodic case [29]:

f=G(‘L’)=T—§Sin2T, 0<t<2m (15)
Consequently, the function we are looking for is as follows
u (1) = g'1(G (7)), 0<7<2m (16)

A solution of the system of integral equations Eq. (14) for con-
tours L, and L is sought in the class of functions, which have an
integrable singularity at the ends of the integration interval

9 (§) = L&)

J1-¢2’

—1<¢<1, (17)

where u, (&) (k = 2,3) are continuous functions.
Finally, a modified system of the singular integral equations
Eq. (14) takes the form

2z

[ Mun(Emu () + N (€, (7) |G}l +

T

?[ (18)
L
V4

3 1
> [ [Min U () + Ny (£m)0 () [0 = p, (),
k=2_1

m=1,23,
In points t = +#, where contours L, and L intersect con-

tour L, the values of g'; (—1) (k = 2,3) must be finite, thus we
should provide two additional equations

w(-1) =0, k=23 (19)

For numerical integration of the singular integral equation (18)
two different methods must be used. For the closed-loop contour
L4, we apply the midpoint rule [31] and Gauss-Chebyshev quad-
rature [27] for L, and L5 contours. Finally we get a system of
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complex linear algebraic equations which is the discrete analogue
of the respective system of integral equations (18)

2 & -
=2 Mm@ + NG )(E) [8E)+ g

+Z{ni _k [Mkm(gi’nj)uk(éi)J" Nkm(éi'ﬂj)m:l} = pm(ﬂj):
m=1, j=1...,n,
m=23, j=1...,(n -1,

where quadrature nodes and collocation points are determined by
formulas:

fi =G (Ti), T, = T[(Zi_l), i= 1, v, Ny,

ni
", —6(9) 9 _ 2n(- 1)’ j=1,..,n,

" (21)
& = cos%, i=1,..,n, k=23

k
n;j =cos:—1, j=1,.,(np—1), k=23
k

The linear system Eq. (20) consists of ny + (n, — 1) +
(n; — 1) complex equations. Using Lagrange interpolation on
Chebyshev nodes [27] to conditions Eq. (19), we obtain two miss-
ing equations

71:(21 1)

iz (=Di*tan T2V 0 &) =0, k=23 (22)

The right side of the Eq. (20) can be easily calculated using
the relationship Eq. (6). Introducing the relationship A = g, /0,

(o, = P/(m R)) as a relative load level parameter, we can write
down p,,, (1;) in compact form:

p1(n;), m=1,
““m=<ﬁ—3pmm.m=za (23)
where
n(n)=c ‘C‘M‘Z—l{ 2 m _‘wk(nj)‘2+1 ’
o pt%(ﬂﬁz—lLakvh)*—1a40n) @, ()" -1 | (24)
k=1,2,3.

The solution to the problem is symmetrical concerning the axis
Ox i 0y. The conditions resulting from symmetry concerning the
sought function u,(¢) and necessary kernel modifications are
described in detail in Savruk et al. [32] (see also the literature [2]).
Thus, the rank of the linear system Eq. (20) and (23) can be
easily reduced by a factor of four.

The obtained values of sought function u (&) fully determine
the stress-strain state in the whole elastic region through an inte-
gral representation of complex stress potentials Eq. (4).

The slot edge (contour L,) is free of applied loads, then the
contour stress at the edge can be calculated using a simple for-
mula [2].

o, =t S5 4o 5 U0 -
&|(€) @{(G(7))

Stress intensity factors in crack tips K; and Kj; can be directly
expressed through the sought function g', (t) Eq. (17). Let us
introduce corresponding dimensionless stress intensity factors F;
and Fj; using the following relationship

iFf) ap\/ﬁ. (26)

ki — ik = (Ff -
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Here upper indexes (+) indicate crack tip at & = +1. Taking
into account relation Eq. (17), we get coefficients F; and Fy; [27]

Fr —iFt = —Jlop(+D] 222 k=23, (27)
wp(+1)

where

up(+1) = 2T (D we(§) cot™2, k=23 (28)

Cracks L, and L; simulate fracture process zones (plastic
strips) at the tips of narrow slot L,, thus stresses at the crack L,
end must be finite

g, (=4 +0) =g (Ro(+D) =0, -
w(+1) =0, k=23. (29)

This condition allows us to calculate the unknown length
£ = (¥ — yo)R using a simple iteration process.

Fig. 2. U-notch tip opening displacement

The opening displacement in the notch tip (Fig. 2) can be cal-
culated based on the known [27] relationship between function
gk (®) (k=2,3) and displacement discontinuity (vi — vi)
across the contour Ly,

d
26 = —vi) = 1+ 1)y’ (X’)

xELk, k=23, (30)

where x' is a local abscissa at contour L, G — shear modulus, x
— Muskhelishvili's constant.

In plane stress state (1 + «)/(4G) = 2/E, so we come to
the formula for crack opening displacement in its left tip x" = I
(x = +4,), i.e.inslot tips, in the form [32]

5,=6,0,)= gmgka;) =~ d]F g0t =

- pERJ‘*lU(éZ) dé =

(31)

an (&), k=23

kll

4. NUMRICAL RESULTS

The calculations were performed for the constant rounding ra-
dius of slot tips p, = 1/75 R. Relative slot span y, was chosen
from the set y, = {0.1,0.2,0.3,0.4,0.5,0.6}, so the relative
rounding radius of the slot vertices can be easily calculated as
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&y = 1/(75y,). For every slot geometry and for arbitrary load
level A =0,/0; (Amin <A <1) the plastic strips range
y = (£, + £)/R and notch tip opening displacement &; were
calculated. These values are presented in Figs 3 and 4 respec-
tively.

o+ ¢
R

I 1

&
26 )

0.8
0.7
06}
0.5
0.4
03f =
0.2} -~
01f -

i
0.1 02 03 04 05 06 07 08 op/o;

Fig. 3. Relative plastic strips range versus relative load level
for the following relative slot span: 1-0.1,2-0.2,3-0.3,
4-04,5-05,6-0.6

| | |
0.1 02 03 04 05 06 07 08 op/o:
Fig. 4. Dimensionless notch tip opening displacement versus relative load

level for the following relative slot spa:n1-0.1,2-0.2,3-0.3,
4-04,5-05,6-0.6

As it can be easily seen, the values of relative load level 4
start with a certain value A,,;,. Plastic strips arise when the max-
imum normal stress gy, at the vertex of the narrow slot reaches
the limit value o;. If we denote the stress concentration factor in
the rounded notch tip as k, then ko, = opmax < 0, and the
minimum value of the load level parameter will be equal to
Amin = 1/k. Stress concentration factor can be easily calculated
(see Savruk and Kazberuk [2]) by solving the system of equations
(20) taking into account contour L, only and then using Eq. (26).
A list of the stress concentration factors for all y, values used
here is shown in Tab. 1.

When the plastic deformations are small, the critical stress in-
tensity factor K. can be calculated with the formula [1,33]

K.=./6,Eo, =+/8; 1 o R. (32)
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Tab. 1. Stress concentrations factors at the rounded vertex of narrow slot
and dimensionless stress intensity factors at the tips
of a corresponding central crack in disc specimen

£ p Omax K
=g | 0T | T | AToum
01 0.1333 9.685 0.3210
0.2 0.0667 12.75 0.4741
0.3 0.0444 15.89 0.6220
04 0.0333 19.54 0.7866
05 0.0267 24.04 0.9838
0.6 0.0222 29.90 1.2364

Let's compare the obtained results with the approximate esti-
mation calculated for a semi-infinite U-notch [25]. The relative load
level parameter is equal

0 1 Kj F1 1 P _ F1 (33)

= —— = —_— — — = A
14 J2mp o J2&7Y0 0t TR V2&0Y0

Dimensionless notch opening displacement is equal [25]

Soo _ _ 1
P =1- (34)
where the stress rounding factor [34] is equal R; = 2.993 [35].
The value of the critical stress intensity factor, calculated
based on the criteria condition Eq. (32), is equal

’5OOKI—F1/10} ’5 T[R (35)

where dimensionless stress intensity factors F; are shown in
Tab 1.

In Fig. 5. the comparison of the values of the critical stress in-
tensity factors calculated for the notched disk Eq. (33) and for
semi-finite U-notch in the tensile plane Eq. (36) is shown. It can be
seen that coarse approximation is only valid for the smallest slot
(Yo = 0.1) under load level 0.4 < A < 0.8. For relative slot
span y, = 0.2 differences between exact and approximated
values are much greater — nearly 30% at A~0.5.

c
o VNaR L. .

06-

0.5

0.4

0.3

0.2

0.1

|
0.1 02 03 04 05 06 07 08 op/o:

Fig. 5. Comparison of the values of the critical stress intensity factors
calculated for notched disc (solid lines) and at the vertex
of the semi-infinite U-notch (dashed lines) as a function
of the relative load level for the following parameters:
1 =Yoo = 0.1,2—YO =0.2
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5. CONCLUSIONS

The elastic-plastic problem for the Brazilian disc with a central
narrow slot in the plane stress state condition was solved. The
solution was obtained by the method of singular integral equations
using complex stress potentials for a system of cracks and open-
ings in the two-dimensional circular elastic domain. All necessary
analytical background was documented in detail. Based on the
Dugdale model of fracture process zone and deformation fracture
criterion, the relationships between critical load, notch tip opening
displacement and length of the plastic strips were established.
Numerical calculations for arbitrary but representative sets of
geometrical parameters were performed. The correctness of the
solution was checked by comparing the results with the approxi-
mate relationships obtained for the problem of semi-infinite U-
notch in an elastic plane subjected to unidirectional tension. For a
small relative slot span, both results are in good agreement.

The presented approach, despite the obvious simplifications
resulting from the adopted assumptions (plane stress state, frac-
ture process zone as a plastic strip), can be used to estimate the
fracture mechanics parameters of quasi-brittle materials deter-
mined in the Brazilian test.
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