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Abstract. The results of theoretical and numerical research into free vibrations of column
subjected to the follower force directed towards the positive pole locally resting on Winkler
elastic foundation were presented in this work. Differential equations of motion and bound-
ary conditions of considered system were determined taking into account total mechanical
energy and Hamilton’s principle. On the basis of solution of boundary problem, the courses
of free vibrations frequency curves as a function of external load were obtained taking into
consideration parameters of length and location of Winkler elastic base and also parameters
describing loading head geometry.
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1. Introduction

Slender systems have been discussed in a lot of scientific studies where issues
of stability for various cases of fixing and loading were analysed. Different cases of
conservative Euler’s load [1], specific load [2] and nonconservative load (general-
ised Beck’s load) [3] were taken into account.

The work [4] examined a slender system subjected to the follower force directed
towards the positive pole - a case of specific load that was described for the first
time by Tomski [5]. The column built of loading and receiving heads with circular
outlines (constant curvature) was considered in publication [6]. The boundary con-
ditions were defined on the basis of total mechanical energy of analysed system.

The issue of vibrations of column resting on elastic base is of real practical
significance. This problem was investigated by many authors [7, 8]. The simplest
model of weightless continuous Winkler elastic foundation was adopted in this
work. Abovementioned model is allowed for soft and lightweight foundations [9].
The geometrically nonlinear column with internal rod supported by Winkler elastic
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base along the entire length (partially) was described in [7]. Total mechanical
energy, differential equations of motion and boundary conditions were determined
in this publication. The conducted numerical simulations concerned changes in
courses of free transverse vibration frequency as a function of selected geometrical
and physical parameters of loading heads.

The problem discussed in this paper is close to the issues of local instability
of slender shell resting on an elastic foundation [10]. It is also worth noting that
the problems of instability very frequently are characterized by high sensitivity due
to the parameters of the considered system [11].

2. The physical model

The loading by follower force directed towards the positive pole (Fig. 1) is real-
ized by loading and receiving heads with circular outlines (constant curvature).
The system is loaded by external force P which direction passes through stationary
point O. The direction of force is also tangential to the line of deflection at the free
end of system (x = L). The total length of KL column is marked as L and equals:

L:ll+lz+l3 (1)

In order to model the local support by elastic base with stiffness coefficient K,
the system was divided into three rods with flexural rigidity (£J),, (EJ),, (EJ)s,
compression rigidity (EA);, (EA),, (EA); and mass per unit length (pA4);, (0A4),,
(pA); respectively, while:

(ET), =(ET),=(ET), = (EJ), )
(E4), = (E4), = (E4); = (E4), 3)
(p4), = (p4), = (p4); = (p4). (4)

The column is connected at the free end with receiving head via infinitely rigid
element with a length of /; and reduced concentrated mass m. This element is
an integral part of the system and its taking into consideration is necessary having
regard to the construction solution of loading head [12]. The flexural stiffness
of abovementioned element is many times higher than the flexural stiffness of
a slender system [1, 2]. The positive pole O is located at (R-/y) length from free
end of column.
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Fig. 1. The physical model of geometrically linear column (KL)
locally resting on Winkler elastic foundation

Parameters describing location and length of Winkler foundation in relation to the
total length may be written as:

« L

[=2=2c 5

cTTTT (5)
I = = 6
4= 3 (6)

3. Mechanical energy, equations of motion and boundary conditions

Taking into account the physical model of considered column, components of
kinetic and potential energies were determined according to the Bernoulli-Euler
bending theory. Total kinetic energy 7 is a sum of kinetic energies of particular
rods of column and concentrated mass m:

l; 2 2
i(pA), I(M) dx; +%m(%j dx;. (7

r=1

244 0 ot

The potential energy V consists of following components:
— energy of bending elasticity V;
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— potential energy V, resulting from external load P

=——ZP(EJ I set)] gy, 1 p(g ) M) ©)
ox; 2 22N
3773
— potential energy of Winkler elastic foundation V;
1 )
Vo= K[ 07:00.0) dx,. (10)
0
The total potential energy is defined as:
V=WV+V,+V;. (11)

The problems of stability and free vibrations of geometrically linear column were
solved by using the Hamilton’s principle [4]

§jz(T—V)dt=o (12)

n
where ¢ - variation operator.

Taking into account equations (7) and (11), after mechanical energy variation com-
putation, the following relations were obtained:
— equations of motion:

a“Wj(xj,t)JrP oW (x,.1)

oW \x .t
8x4 J 8 2 ( A) ( ) 09 j:193: (13)
J

(E7),

(), 22kt)  p T (5, Vel Wz(xﬂhwz(xz, D=0 a9

— geometrical boundary conditions:

oW, (x,.t o'W, (x,,1
Wl(O,t)=0, 1(721 ) _ 2(722 ) ,
aW( ) ox, 1=, ox, %320
1 xlat
Bkl \ad K0 I
5?61 2120 ’ 62W2(x2,t) — 82VV3(X3,I‘) s (15_21)

2
A B A (W) R e

ABEA) W3(13,t)=(1e_z)M ,

x3=l3
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— natural boundary conditions:

ale(le)| _ 82W2(x2,t)|

ox,” x1=l ox,’ x2=0’
asz (x2>t) _ 82I/V3(x3’t)
ax,’ N oy’ x3=0 |
53Wl(xlat)| _ oW, (xz,t)|
ox, A ’
xl |x1 =/ X =0 (22-26)
oWy (x,,1) _ oW (x3,1)
8x23 N 6x33 %320
oW, (x5, 1 W (x;,1
(EJ)3 83(35% ) _R_[ [(EJL 83(3253 ) ]
X3 x3=I3 0 X3 x3=[3
2
ot
oW (xs.,1)

Condition W, (13,1) = (R =1y )—

3 results from geometry of loading
X3

x3=13

3

head.

4. The solution of the boundary value problem

After separation of variables in function W, (x,, t) in relation to time # and spatial
coordinates x,, equations (13)-(14) may be formulated in form:

W, (x,,1) = y,(x, )cos e, 27)

where @ - frequency of free vibrations of column.

Equation of motion may be written as:

V) RYIE)-9,p,(¢,)=0./ =13,

; p (28, 29)
)’g( 2)+k22)’2 (52)_QzY2(§2)+K2( 2)=0,

In relations (28)-(29) the following dimensionless parameters were taken into
account:
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2
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The general solution of differential equation (28) takes the following form:
y;(&;)=A4;cosh(e,&;)+ B;sinh(a,& )+ C cos(B,5,) + D;sin(fB,5,).  (36)

Equation (29) has got three solutions that depend on mutual relations between
external load P, natural frequency @ and stiffness of Winkler elastic foundation K:

e | KBy P 37
N\ (), L' AE), (pA),

¥,(6)) = 4> sin( ) + Bre™ ™2 sin(BEy) + €™ 08(SE;) + Dae™ 2 cos(f55,)
(38)

where:

Y \/—k22+2q/K2—Q§

2

2
\/KZ(EJ)E_ P < /Kz(EJ)f @1
(pA), L" A(ET),(pA), (pA), L
V,(&) = Arcos(ad,) + Brsin(as, ) + C,cos(5S,) + Dasin(BE;) (42)
kK |k kK |k,
a:\/é—w/jugg—]g, ﬂ:\/?2+ 72+Q§—K2, (43, 44)
. K, (EJ),

7\ o] )

¥,(52) = Ay cosh(agy ) + Bysinh(ag,) + Crcos(55,) + Dosin(fsy) - (46)

- \/kz2 + 24K, — Q2

2

, (39, 40)

B

where:
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where:

ko |k ko |k
a=\/—72+ TZ+Q§—K2, ﬁ=\/72+ 72+Q§—K2. (47, 48)

On the basis of solution of equation of motion (36), relation describing the depend-
ency between external load P and free transverse vibration frequency @ was
obtained.

5. Results of numerical computations

Considering the solution of boundary problem (section 4), numerical research
with reference to free vibrations of analysed system were conducted. The possible
eigenvalues of column on external load parameter 1° (Eq. 49) - free vibration fre-
quency parameter Q" (Eq. 34) plane were presented in Figures 2-4:

2
p iy (49)
EJ
40 —
XI-1 |
30- /‘{
\ /.
20 N T =l
K*— 10 1 \\ L;‘=O 7
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o —K=60
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0 | - 0
0 10 20 3077 0 20 gj‘[] 30
Fig. 2. The courses of the first two Fig. 3. The courses of the first two free
free vibration frequencies curves vibration frequencies curves

of KL column of KL column
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Fig. 4. The courses of the first two free vibration frequencies curves of KL column

The characteristic curves were determined for selected values of loading head
parameters and with various values of parameters describing Winkler elastic
foundation. In the front range the curve is positively sloped to the abscissa, then
the slope is negative - free vibration frequency decreases and reaches zero under
load corresponding to the critical load.

8.4 T
-] 12.84
8_
i —K=5
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Fig. 5. A change of the first natural frequency Fig. 6. A change of the first natural frequency
parameter in relation to length of* Winkler parameter in relation to location qf Winkler
elastic base parameter /. foundation parameter /,

The influence of length of Winkler elastic foundation 1. and its location 7, (Egs.
(2)-(4)) on the values of first free transverse vibration frequency of KLW system
was presented in Figures 5 and 6. The numerical computations were carried out
for selected values of loading head parameters.
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Fig. 7. The influence of the concentrated mass m" on natural frequency parameter

The scope of change in the first natural frequency corresponding to the external
load parameter equals A°=9.538 was presented in Figure 7. The calculations
were performed for selected values of parameters of loading head and parameters
characterizing elastic foundation. It was proven that the first natural frequency
decreases with the rising value of concentrated mass.

6. Conclusions

Research into free vibrations of column under follower force directed towards
positive pole taking into consideration Winkler elastic foundation was the aim
of this paper. On the basis of courses of first two free vibration frequencies curves
it was found that considered system is classified as divergence pseudo-flutter type.
Parameters describing length and location of elastic foundations have influence
on the value of free vibration frequency. Consideration of Winkler elastic base
in physical model of column increases the value of vibration frequency. The value
of critical load increases with the stiffness of elastic foundation.
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