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COMPLEX OSCILLATION OF A SECOND
ORDER LINEAR DIFFERENTIAL EQUATION
WITH ENTIRE COEFFICIENTS OF

(a, B)-ORDER

Abstract. In this paper we study distribution of zeros and growth
of solutions of second order linear equations depending on the coefficients
of the equation and their (a, 8)-order. We obtain results in general form,
which considerably extend some results from [21].

1. Introduction, Definitions and Notations

Throughout this paper, we assume that the reader is familiar with the fun-
damental results and the standard notations of the Nevanlinna value distribution
theory of entire and meromorphic functions which are available in [11,18,20,26-28]
and therefore we do not explain those in details. It is well-known that the theory
of complex linear differential equations has been developed since 1960s. Several
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authors have investigated the second order linear differential equation

f"+A@)f =0, (1)

when A(z) is an entire function or a meromorphic function of finite order or finite
iterated order, and have obtained many results about the interaction between the
solutions and the coefficient of (1) (see [1-3,17]). Moreover, some authors have
investigated the exponent of convergence of zero sequence and pole sequence of the
solutions of second order differential equations and have obtained some interesting
results (see [6,7,17,25]).

We denote the linear measure and the logarithmic measure of a set E C
(1,400) by mE = [, dz and mE = [, %, Now let L be a class of continu-
ous functions «, non-negative on (—oo,400), such that a(x) = a(xg) > 0 for
z <z and a(z) = 400 as zg < & — +00.

During the past decades, several authors made close investigations on the prop-
erties of entire functions related to («, 8)-order in some different direction. Re-
cently Mulyava et al. [19] have investigated the properties of solutions of a hetero-
geneous differential equation of the second order under some different conditions
and have obtained several interesting results. For details one may see [19]. Now
it is interesting to investigate distribution of zeros and growth of solutions of sec-
ond order linear equations depending on the coefficients of the equation and their
(a, B)-order, which is the main aim of this paper. For this purpose, we rewrite the
definition of the («, 8)-order of a meromorphic function in the following way after
giving a minor modification to the original definition (e.g. see, [19,22]):

Definition 1. Let a € L and € L. The (a, 3)-order denoted by o4 p)[f] and
(a, B)-lower order denoted by pq p)f] of a meromorphic function f are, respec-
tively, defined by

v a(logT(r, f)) v ea(logT(r, f))
() f] _lirﬁfif B(log ) and . fi(a.p)f] _lrlgligg B(logr)

where T(r, f) is the Nevanlinna characteristic function of f.

Example 2. Let f be a meromorphic function. One can see that a(r) = logl?! r,
(p > 0) and B(r) = log[q] r, (¢ > 0) belong to the class L, where log[k]x =
log(log® =" z) (k> 1), with convention that log!” z = z. So, when p = 0 and
g = 0, i.e, afr) = B(r) = r, the Definition 1 coincides with the usual order
and lower order, when a(r) = log? "7 (p > 1) and B(r) = r, we obtain the
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iterated p—order and the iterated lower p—order (see [17], [23]), moreover when
a(r) = log[p_l] rand B(r) = log[q_l] r, (p > q > 1), we get the (p, ¢)-order and the
lower (p, g)-order (see [14], [15]). Finally, if a(r) = ¢ (e"), where ¢ is an increasing
unbounded function on [1,+00) and S(r) = r, we obtain the p—order and the
lower p—order (see [4], [8]).

Let f be a meromorphic function, n(r, f) be the number of poles of f(z) in
|z| < r, each counted with correct multiplicity, and let 7(r, f) be the number of
poles, where each multiple pole is counted only once. Similarly to Definition 1 we
can also define the (a, §)-exponent of convergence of the zero sequence and (o, 3)-
exponent of convergence of the distinct zero sequence of a meromorphic function
f in the following way:

Definition 3. Let « € L and 8 € L. The (a, B)-exponent of convergence of the
zero sequence of a meromorphic function f, denoted by X )[f], is defined by

o a(logn(r,1/f))
AR v S T R

Similarly, the («, 8)-exponent of convergence of the distinct zero sequence of f,
denoted by N.p)[f], is defined by

o a(logA(r1/f))
Aty /] = limsup==gr 5

We say that o € Ly, if @ € L and o((1+o(1))z) = (1 4+ 0o(1))a(z) as x — +oo
and « € Lg;, if @« € L and a(cz) = (1 + o(1))a(x) as © — +oo for each fixed
c € (0,400). It is clear that Ls; C L1. Now we add two conditions on « and 3:

(i) a and S always denote the functions belonging to Ls; and Ly, respectively,
and

(ii) a(logz) = o(B(x)) as v — +oc.

Throughout this paper, we assume that « and § always satisfy the above two
conditions unless otherwise specifically stated.

Proposition 4. Let fi, fa be non-constant meromorphic functions with o, g) [f1]
and 04,5 f2] as their (o, B)-order. Then

(i) o(a.p)f1 £ fo] < max{o(a,p[fil; o(a,p)(f]}:
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(1) 0(a,p)lf1 - fo] <max{o(ap)[fi], o(apfal}
(i41) if 0(a,p)[f1] # O(a,p)f2], then o(a,p)[f1 + fo] = max{o(a p)[fi], Oap)lfal}s

() if 0(a,p)[f1] # O(a,p)[f2], then oo p)[f1 - fo] = max{o(a,p)[f1], 0a,p)f2]}-

Proof. (i) Without loss of generality, we assume that o 5)[f1] < 0(a,)[f2] < +00.
From the definition of («, 8)-order, for any € > 0, we obtain for all sufficiently large
values of r that

T(r, f1) < exp(a™" ((0(ap) [f1] +€)B(logr))) (2)

and
T(r, f2) < exp(a” ((0(a,p) [f2] +€)B(log))). (3)

Since T'(r, f1 £ f2) < T(r, f1) +T(r, f2) + log 2 for all large r, we get from (2) and
(3), for all sufficiently large values of r, that

T(r, fi £ f2) 2exp(a” ((0(a,p)f2] +¢)B(logr))) +log 2,
+

< ) )
i, T(r.fr £ f2) < 3exp(a™ (a5 f2] +2)B(logr))),
ie., %T(r, fitf) < expla (0qslfz] +)B(logr)),
<

i.e., logT(r, fi £ f2) —log3 o ((0(a,p [ f2] +2)B(logr)).
We can write

log 3

log T(r, f1 & fo) — log 3 = (1 T logT(r, f1 £ fo)

> logT'(r, f1 £ f2).

: log 3
Since g T

Tog T(r,f1Ef2) — 0 asr — +o0 and « € L1, we obtain

7 log 3
log T'(r, f1 £ f2)

< (0(a,p)[f2] +€) B (logr),

(1+o(1))a(log T(r, f1 £ f2)) = a((1 )log T'(r, f1 £ f2))

which implies that

s (L ()00 T(r fi + 1)

< O(a +e€
im sug Bllog ) < 9aplfel
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holds for any € > 0. Hence

O(a,p) 1 £ f2] < max{o(a,plfil;0.p)f2]} (4)

(iii) Further, without loss of any generality, let o(q g)[f1] < 0(a,8)[f2] < 400
and f = fi £ fo. Then in view of (4) we get that o( g)[f] < 0(a,p)lf2] As

fo = £(f — f1), in this case we obtain that o, g)[f2] < max {04 g)[f], o(a,p)[f1]}-
As we assume that o, g)[f1] < 0(a,p)[f2], therefore we have o4 g)[f2] < 0(a,5)[f]

and hence 0(q.5)[f] = 0(a,p)[f2] = max{o(a,p)[f1], 0,8 [f2]}-
(ii) and (iv) Similarly, from T'(r, f1 - fo) < T'(r, f1) +T'(r, f2) for all large r, we
can also get

O(a,p)lf1 - fo] < max{o(a,p)fi]; oa,p(f2]}
and if J(aﬁ) [fl] 75 J(a,ﬁ)[fQ]v then

O(a,p)lf1 - fo] = max{o,p)[fi], o@a,p)lf]}

which completes the proof of Proposition 4. O

Proposition 5. Let f; and fo be mon-constant meromorphic functions with
O(alog),8) 1] and o(a(0g),8)f2] as their (a(log), B)-order. Then

(1) O(agog),)[f1 £ fo] < max{o(a(og),8) [f1]; T(aliog),s)[f2]}
(i) 0(aog),p)Lf1 - f2] < max{o(a(iog),8)[f1]; T(atiog).8)[f2]}

(i) if 0 (a(og),8)[f1] # T(alog),p)[f2], then

O (a(log),B [fl + f2] max{o(a(log),ﬁ) [fl}v O (a(log),B) [fQ]}a
() if 0(a(iog).5) 1] # T(a(iog)p) [ f2]; then

O (a(log),B) [f f2] = max{a(oz(log [fl] O(a(log),B [fZ]}

Since a((1 4 o(1))z) = (1 + o(1))(z) as x — 400, the proof of Proposition 5
would run parallelly to that of Proposition 4. We omit the details.

Proposition 6. (i) If f is an entire function, then

Y a(logT(r, f)) .. a(log® M(r, f))
Tenll = Iy T Sogr)
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and
o a(logT(r, f)) _ .. a(log® M(r, f))
=1 f—————— =1 f——o—
Hep) 7] P B(logr) e B(logr) ’
where M (r, f) = max{|f(2)|: |z| =r}.
(ii) If f is a meromorphic function, then

i sup2dos (/1) allog N(r,1/£))
et G (T R [

and
< . a(logn(r,1/f)) .. a(logN(r,1/f))
o) f] = limsup——g = 3= =limsup——cq "

7

where N(r,1/f) and N(r,1/f) are the corresponding counting functions of poles
of 1/f.

Proof. (i) By the inequality T'(r, f) < log™ M(r, f) < %T(R, f) (0 <r < R)
(cf. [11]) for an entire function f, set R = nr (n > 1), we have

n+1

LT ). 5)

T(r,f) <log" M(r, f) <

By (5), a((1+o(1))z) = (1 + o(1))a(z) as ¢ — 400 and S((1 4+ o(1))z) = (1 +
0(1))B(x) as © — 400, it is easy to see that conclusion (i) holds.

(ii) Without loss of generality, assume that f(0) # 0, then N(r,1/f) =

for Mdt. We have

N(r,1/f) = N(ro,1/f) :/T Mdtﬁn(r,l/f)log% (0<rg<r),

that is
N(r,1/f) < N(ro, 1/f) + n(r, 1/f) 1og% (0<ro<7),

: N(ro,1/f) r
ie., N(r,1/f) < <1+ W) n(r,l/f)log% 0<rg<r),

which implies
log N(r,1/f) <logn(r,1/f) + loglogr

logr r0,1/f)
+log <1 0 ( e, 1/0f 1og> (0<rg <), (6)
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then by (6), we have

 afeeNm1/p) . e((+o() (logn(r,1/f) +1og? 1))
T Slogn) I Alog™)

(I+0(1)a(logn(r,1/f)+ logm T)

< lim su
= e B(logr)
[2]
< lim Supa(Q max{logn(r,1/f), log'“ r})
r—+00 B(logr)
. (1+ 0(1)) max{a(logn(r,1/f)), a(log®r)}
= lim sup
00 B(logr)
[2]
e 20087 1/) + allog® 1)
r——+00 5(10g 7")
. a(logn(r,1/f)) . a(log r)
< limsup——————"" + limsup———=
oie Bllogr) s Bllogr)
. a(logn(r,1/f))
= limsuyp——————-—~ 7
B3 Bllogr) "
since a(logz) = o(B(x)) as & — 400 we have a/_(al((if[;i)r) — 0 asr — +oo.
On the other hand, we have
er er t 1
0 t : t
>n(r,1/f)loge =n(r,1/f). (8)

By (8) and the condition S((1 + o(1))x) = (1 4+ o(1))5(z) as x — +00, we have

. a(log N(er,1/1)) . a(logn(r,1/1))
lirﬁig) B(logr) = ET?:?W'
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We can write

. a(logN(er,1/f)) . a(log N(er,1/f))
IS Sogr) % Blloger — loge)
. a(log N(er,1/f))
= limsup
r—s+oo ﬂ((l — logler) log er)
o a(log N(er,1/f))
= S ST+ o (1) loger)
_ limsup 2o Ner 1/1))
rtoo (1+0(1)) Bloger)
. a(logN(r,1/f))
= T S og )

it follows that

a(log N(r, 1/f)) a(logn(r,1/f))

lim su > limsu 9
T~>+cx£) B(logr) o 7’—)+0<I>) B(IOg r) ©)
By (7) and (9), it is easy to see that
. allogn(r,1/f)) .. a(log N(r,1/1))
Aa =limsup—————= = limsup———————*~.
mlf] = I e =g ey~ P s log )
By the same proof as above, we can obtain the conclusion
< : a(logn(r,1/f)) _ .. a(log N(r,1/f))
Aa = limsup——————= = limsup——————"-.
( ’ﬁ)[ﬂ r—+400 B(logr) r—+400 B(logr)
|

Proposition 7. (i) If f is an entire function, then

. a(log? T(r, ) . a(log?® M(r, f))
a(lo =1 == D) ——_ 0
Peton ] = Imap =gy = A T Sllog )

and
aQog? T ) a(log? M(r, f))
atomm U] = Iy = I o)
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(i) If f is a meromorphic function, then

o allog®n(r,1/f) . a(log® N(r,1/f))
Atatio)p)[f] = limsup=——g7° === = limsup——53 * "3

and

< o a(log®'a(r,1/1)) _ . a(log® N(r, 1/))
Aatiog),5) /] = 1313_?_2? B(logr) B I:Iil-ss-lolf B(logr)

Since a((1 4 o(1))z) = (1 + o(1))a(z) as & — 400, the proof of Proposition 7
would run parallelly to the one of Proposition 6. We omit the details.

2. Main Results

In this paper, our aim is to make use of the concept of (a, 5)-order of entire
functions to investigate distribution of zeros and growth of solutions of equa-
tion (1), which considerably extends some results of [21].

Theorem 8. Let A(z) be an entire function satisfying o4 gy[A] > 0. Then
O(aiog),8) f] = 0(a,p)[A] holds for all non-trivial solutions of (1).

Remark 9. If we choose a(r) = log? %7 (p > 2) and B(r) = r in Theorem 8, we
obtain Theorem 3.1 in [17] for p > 2. Furthermore, by setting a(r) = log?~!r
(p > 2) and B(r) = log!? o(e™) (¢ > 1) in Theorem 8, we obtain Theorem 2.1
in [21] for p > ¢ > 2 and p = 2, ¢ = 1. We assume that ¢ : [0, +00) — (0, +00)
is a non-decreasing unbounded function and always satisfies the following two
conditions:

. . log, ;7
(1) Jim 10gp<p(r) =0.
r——+00 q

o log, p(nr)
(ii) TETOO lf’g“q% =1 for some 1 > 1.

Theorem 10. Let A(z) be an entire function satisfying o z)[A] >0, let fi and
fa be two linearly independent solutions of (1) and denote F' = f1- fo. Then

max{(a(iog),8) [f1]; Aa(iog),6) 2]} = A(aiog).s)[F] = 0(a(og),8) [F] < 0(a,p)[A]-
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If 0(agog),)[F] < 0(a,p)[A], then Xa(og),8)[f] = 0(a,p)[A] holds for all solutions
of type f = c1f1 + cafa, where c1- ca # 0.

Remark 11. By setting a(r) = log? "'+ (p > 2) and B(r) = r in Theorem 10,
we obtain Theorem 3.2 in [17] for p > 2. Moreover, by putting a(r) = log? =" r
(p > 2) and B(r) = logl w(e") (¢ > 1) in Theorem 10 for p > ¢ > 2 and p = 2,
g = 1, where ¢(r) satisfies the two conditions in Remark 9, we obtain Theorem 2.2
in [21].

Theorem 12. Let A(z) be an entire function satisfying Xa.p)[A] < o(a,p)[A].
Then Aa(og),8)[f] < 0(a,8)[A] < Aa,p)lf] holds for all non-trivial solutions of
(1).

Remark 13. If we put a(r) = log?? !+ (p > 2) and (r) = r in Theorem 12, we
obtain Theorem 3.3 in [17] for p > 2. Furthermore, by choosing a/(rr) = log? ™! r
(p > 2) and B(r) = log!’ ¢(e") (¢ > 1) in Theorem 12 for p > ¢ > 2 and p = 2,
g = 1, where ¢(r) satisfies the two conditions in Remark 9, we obtain Theorem 2.3
in [21].

3. Some Lemmas

In this section, we present the following lemmas which will be needed in the
sequel.

Lemma 14. ( [12,13,18]) Let f be a transcendental entire function, and let z be
a point with |z| = r at which |f(z)| = M(r, f). Then, for all |z| outside a set Ey
of r of finite logarithmic measure, we have

= (MDY 0oy Gem), (10)
where v(r, f) is the central index of f.

Lemma 15. ( [9,10,18]) Let g : [0,4+00) — R and h : [0,+00) = R be monotone
nondecreasing functions such that g(r) < h(r) outside of an exceptional set Es of
finite linear measure or finite logarithmic measure. Then, for any d > 1, there
exists ro > 0 such that g(r) < h(dr) for all r > rg.
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Lemma 16. ( [13], Theorems 1.9 and 1.10, or [16], Satz 4.3 and 4.4) Let f(z) =
::8 anz™ be any entire function, p(r, f) be the mazimum term, i.e., u(r, f) =

max {|a,|r™;n=0,1,..}, and v(r, ) be the central index of f.

(i) If lag| # 0, then

T

log u(r, f) = log |ao| + /@dt. (11)
0
(i) For r < R, we have
M f) <l £) (VB )+ 7). (12)

Lemma 17. Let f be an entire function satisfying o p)[f] = o1 and pa plf] =
w1, and let v(r, f) be the central index of f. Then
a(logv(r, f))

1
lim sup =01 and lim infM

e Bllogr) rotoe Bllogr) M

Proof. In view of the first part of Lemma 16, one may obtain that (cf. [5])

2r
t
log p(2r, f) = log|ao +/V(£f)dt
0
2r
t
> log|ao| + /@dt > log |ag| + v(r, f)log 2. (13)

T

Also, by Cauchy’s inequality, it is well known that (cf. [24])
p(r, f) < M(r, f). (14)
Therefore one may obtain from (13) and (14) that (cf. [5])
v(r, f)log2 <log M(2r, f) — log|ao|.

Thus, from above we get that

log |a
logv(r, ) +1og” 2 < log® M (2r, f) + log (1 - lgMizdf))
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S a((1+o(1))logv(r, f)) _ .. a((1 + o(1)) log® M (2r, f))
b-e., lim sup Bllog7) S D S og 2r —Tog2)

(1+o(1))a(logv(r, f)) (1 + o(1))a(log™ M (2r, f))

i.e., limsu < limsu ,
i Blogr) vt B((L+o(1))Tog2r)
. a(logv(r, ) _ . a(log® M (2r, f))
i.e., limsup————— < limsu ,
rotee Bllogr)  — raies (14 o(1))B(log 2r)
, : a(log® M(2r, ) _ . a(logv(r, f))
e, o =1 > 1 had LA ULF V2 15
He T Sogor) = P (s ) 1
and consequently
w1 > hmme. (16)

ro+oc - f(logr)

Further, for any constant K7 one may get from the second part of Lemma 16,
that (cf. [5])
log M(r, f) < v(r, f)logr + logv(2r, f) + K;.

Therefore from above we obtain that
lOgM(T‘,f) V(QT,f)IOg’I"—FV(QT,f)—f—Kh

<
i.e., logM(r, f) < v(2r f)(1+logr)+ Ky,
i.e., logM(r,f) < wv(2r f)log(e-r)+ Ki,

Kl )
v(2r, f)log(e 1)/’

S a(log® M(r, f)) _ . a((1+o(1))logv(2r, f))
e lifigfw = ligligf B(logr) ’

a(log® M(r, f)) (1 +o(1))a(logv(r, f))

ie., log® M(r, f) < loguv(2r, f) +1og? (e - r) + log (1 +

€ Hmsup Blogr) m gup B(logr —log2) ~
o allog® M (r,f) a(logv(r, f))
R T Goer) BT o) o)
S a(log® M(r, f)) _ a(logv(r, f))
e RIS o) Allog )
a(log® M(r, f)) alogv(r, f))

i.e., o1 = limsup < lim sup (17)

r—400 W r—+o00 6(10g 7“) ’
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and accordingly

allogv(r, /)

< lim inf 18
= B(logr) (18)
Combining (15), (17) and (16), (18) we obtain that
. a(logv(r, f)) . ca(logy(r, f))
limsup—————— = o3 and liminf————————= = p.
rotes Blogr)  CHUCTRERT Blogn) M
This proves the lemma. O

Lemma 18. Let f be an entire function satisfying

T(ation),p)lf] = 02 and  [aog),p)lf] = 12,

and let v(r, f) be the central index of f. Then

(2] [2]
lim SUPM = 09 and 1lim lnfw

s too B(logr) r—+oo  B(logr) = b2

The proof of Lemma 18 can be conducted along the same lines as the proof of
Lemma 17 and so it is omitted.

Lemma 19. Let f1 and fy be the entire functions of («, 8)-exponent of convergence
of the zero sequence and denote F = f1- fo. Then

Map) [F] = max{ a5 1], Ao lf2]}-

Proof. Let n(r,0,F),n(r,0, f1) and n(r,0, f2) be the unintegrated counting func-
tions for the number of zeros of F', f; and fy. For any r > 0, it is easy to see
that

n(r,0, F) > max{n(r,0, f1), n(r,0, f2)}. (19)

By Definition 3 and (19), we have

Moy [F] = max{ A p)[f1], Aa,plfe]}- (20)

On the other hand, since the zeros of F' must be the zeros of f; and the zeros of
fa, for any r > 0 we have

n(r,0,F) =n(r,0, f1) + n(r,0, f2) < 2max{n(r,0, f1), n(r,0, f2)}. (21)
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By Definition 3 and (21), we get that

ANap) [F] < max{Aa,)[f1]; Aa,p)f2]}- (22)

Therefore, by (20) and (22), we have

Map) [F] = max{A a5 [f1], Aap)lfe]}

This completes the proof. O

Lemma 20. Let fi and fo be the entire functions of (a(log), B)-exponent of con-
vergence of the zero sequence and denote F' = f1- fo. Then

Aa(log),®) [F] = max{A(a(og),s) [f1], Aaqog).s)[f2]}-

The proof of Lemma 20 can be conducted along the same lines as the proof of
Lemma 19 and so this proof is omitted.

Lemma 21. Let f be a transcendental meromorphic function satisfying o(q. gl f]
= o3 and let k > 1 be an integer. Then, for any € > 0, there exists a set E3,
having finite linear measure, such that for all r ¢ E3 we have

(k)
m(r, fT) =0 (a " ((o5+¢)B(logr))) .

Proof. Set k = 1. Since 04 p)[f] = 03 < 400, for sufficiently large r and for any
given € > 0, we have

T(r,f) <exp(a™" (05 +¢) B (logr))) . (23)

By the lemma of logarithmic derivative, we have

!
m(r, f7) — Ologr +10gT(r, f))  (r ¢ Es), (24)
where B3 C [0,+00) is a set of finite linear measure, not necessarily the same
at each occurrence. By (23) and (24) and the condition a(logz) = o(f(z)) as
T — +00, we have

m(n L) =0 (u+ e pogr) (g B
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We assume that

f® -1
m(r75) =0 (o™ (03 +2) Bllogr) (r ¢ E3) (25)

holds for a certain integer & > 1. By N(r, f*)) < (k+ 1)N(r, f), for all r ¢ Es,

we have

T(r, f®) = m(r, f®)+ N(r, f®)

f(k)
m(r, T) +m(r, f)+ (k+1)N(r, f)
< (k+1)T(r,f)+ O (a"" ((o5+¢)B(logr))). (26)

IN

By (24) and (26), for r ¢ E5, we obtain that

(k1) )’
m(r, ff(k) ) = m(n (J;f(m) ) = O(logr +log T'(r, fM))

— 0 (0™ (05 +2) B (log7) . (27)
Therefore, by (25) and (27), for r ¢ E3, we get that

(k+1) (k+1) (k)
m(r, ! fH ) m(r, ff(;l> + m(r, fT>

O (a " ((o3+¢)B(logr))) .

Hence the lemma follows. O

4. Proof of the Main Results

Proof of Theorem 8. Set 0(,4)[A] = 04 > 0. First, we prove that every
solution of (1) satisfies o'(q(10g),5)[f] < 04. If f is a polynomial solution of (1), it is
easy to show that o4 (10g),8)[f] = 0 < 04 holds. Suppose that f is a transcendental
solution of (1). By (1), we can write

f"(2)
f(z)

=[A(2)],
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so, by Lemma 14, there exists a set £ C (1, +00) having finite logarithmic measure
such that for all z satisfying |z| =r ¢ [0,1] U Ey and |f(z)| = M (r, f), we have

(LI 114 o)) < expl® (= (o0 + 5 ) B0 ) ).

and hence, we obtain that

v(r, f) < rexpPl(a™ (04 +)B(logr))) (r ¢ En). (28)

Therefore by (28) and Lemma 15, there exists some 7; > 1 such that for all > 7

we have
v(r, f) < mrexpPl (@™ (04 + €)B(log mr))).- (29)

By (29), Lemma 18, and the two conditions on « and 3, we obtain that

log? v
O (a(log),B) [f] = lim SHPW < oy4. (30)

r—+00

On the other hand, by (1), since f is a transcendental, we get that

1"

m(r,A) = m(r, —f7) = O(logrT'(r, f))

= O(logr +1ogT(r, f)), (r ¢ E3),

where E3 C [0,4+00) is a set of finite linear measure. By using Lemma 15, for any
72 > 1 and for all r > rq, we have

i
m(r, A) = m(’ra_f?) < K2(1Og772r+10gT(772T7 f))7 (31)
where K5 > 0 is some constant. By (31), by using the two inequalities log (z + y) <
logz + logy + log2 (x, y > 1) and = + y < 2max {z,y}, since A(z) is an entire
function, we have
) a(logm(r, A))
O(a.8) 4] = limsup—————-
(o) Al = =5 og )
< lim Supa(log Ky + loglog nar + loglog T'(ner, f) + log 2)
r—+00 B(log T)

< lim Supa((l + 0(1)) (loglog nor + loglog T'(n2r, f)))
r—-400 /6(1Ogr)
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(14 0(1)) a(loglog ner + loglog T'(nar, f))

= limsu
7“—>+OiD 5(10g 7')
< lim sup a(2max {loglog nyr, loglog T'(nar, f)})
r——+oo ﬁ(log r)
1+o(1 log1 loglog T
< lim sup (14 0(1)) max {« (loglog nar) , a (loglog T'(nar, f))}
r— 400 B(log )
< lim sup a (loglognsr) + o (loglog T'(nar, f))
r—+oo ﬂ(]og 7’)
log] loglog T
< lim sup o (loglogn,r) + lim supa (loglog T'(nar, f))

r—too B(logmer —logne) = rotoo B(logmer —logne)

. a (loglog nar) . a (loglog T'(nar, f))
< limsu + lim sup

ool (T+0(1) Bllogmar)  ratos (1+0(1)) Bllogmar)
a(log® nar) _ a(logl® R)

B(lognar) — B(log R)
R = nor — +o00. Therefore, we get that o(q(i0g),5)[f] = 0(a,)[A] holds for all

= O(a(log),8) Lf]s

since a(logz) = o(fB(x)) as + — 400 we have — 0 as

non-trivial solutions of (1). Thus Theorem 8 follows.
Proof of Theorem 10. Set o(,)[A] = 05 > 0, by Theorem 8 we have
O (a(log),B) [fl] = U(a(log),,@)[fﬂ = O0(a,B) [A} = 05. Hence, we have

Aa(log),8)[F] < 0(a(iog),s) [F]
< max{a((x(log),ﬁ’) [fl]v O (a(log),B) [f2]} = 0(a,B) [A] (32)
By (32) and Lemma 20, we have
max{(a(log),8) [f1]s Aa(log),8) 2]} = A(atiog),8) [F]

< 0(a(iog),8) [F] < 0(a,p)[A]- (33)

It remains to show that A(a(10g),8)[F'] = T (a(log),8) [F]- By (1), we have (see [17], [18,
pp. 76-77]) that all zeros of F' are simple and that

e o((5) -2(5) ) o
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where C' # 0 is a constant. Hence,

OT(r, F) = T(r, (%)2 - 2(%) - 4A) +0(1)

O(W(r,%) +m(r, %) —l—m(r,%) + m(r, A)) (35)

IN

BY 0(a(0g),8)[f] = 0(a,8)[A] = 05 < 400 and Lemma 21, for all ¢ E3, we have

m(r, ) = m (1, 22) = Ofexp(a™ (05 +2)5(1081),

/

m(r, 3+) = Olexpla™ (o5 +2)(10g 1)),

m(r, 22) = Olexp(a™" (05 + )30z ).

Therefore, by (35), for all » ¢ E3 we have

— 1
T(r,F) = O(N (1, ) + exp(a™" (05 +£)81log 1)) ) (36)
Now, let us assume that A(q(o0g),5)[F] < & < O(a(log),8)[F]. Since all zeros of F
are simple, we obtain

N(r, %) = N(r, %) = O(exp? (o™ (kB (logT)))). (37)

Hence by (36) and (37), for all r ¢ E3, we get that
T(r, F) = O(exp® (™! (kB (log1)))).

By Definition 1 and Lemma 15, we have o(q(iog),5)[F] < £ < 0(a(log),s)[F], this is
a contradiction. Therefore, the first assertion is proved.

If 0 (a(iog),8) [F] < 0(a,)[A], let us assume that A(a(10g),8)[f] < 0(a,8)[A] holds
for any solution of type f = c1f1 + cafa (c1c2 # 0). We denote F = f; - fo and
Fy = f- fi, then we have )\(a(log),ﬁ) [F] < 0(qa,p) [A} and )\(a(log).ﬂ) [Fl] < 0(a,p) [A]

Since (36) holds for F and Fy, Fy = f - fi = (e1f1 + caf2)fi = c1f? + coF, then
we obtain

T(r,f1) = OT(r,F1)+T(r,F)) = O(N(r, Fil)

+N(r, %) + exp(a*((o5 + €)B(log r)))) (38)
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By Aa(og),8)[F] < 0(a,)[A], Maog),s)[F1] < 0(a,p)[A] and (37), for some xk <
0(a,p)[A], we get that

T(r, f1) = O(exp? (e~ (kB(log1)))). (39)

By Definition 1 and (39), we have 04 (10g),8)[f1] < & < 0(a,8)[A4], this is a contra-
diction with Theorem 8. Therefore, we have that A, (10g),5)[f] = 0(a,3)[A4] holds
for all solutions of type f = c1f1 + cofa, where cico # 0. Hence the theorem
follows.

Proof of Theorem 12. By Theorem 8 and A(q(iog),8)[f] < 0(a(iog),8)[f], it
is easy to show that A(a(1og),8)[f] < 0(a,5)[A] holds. It remains to show that
a,p)[A] < Aa,p)lf]l. Let us assume that o5 [A] > Aap[f]. By (1) and
a similar proof of Theorem 5.6 in [18, pp. 82], we obtain

T(r, fi) - o(ﬁ(r, %) +N(r, %)) (r ¢ Es). (40)

By (40) and the assumption o4 g)[A] > A, [f] and X5 [A] < 0(a,5) 4], we
get for some k < 0(4,5)[A] that

7(r ) = Otexp(a™ (upl1og ). (41)

f/

o= (5 G

we get that 04, 8)[A] < 0(a,p) [Jﬂ < 0(a,5)[A], which is a contradiction. Hence,

Further, by Definition 1 and (41), we have o, g [L} = O(a,p) [’%] < Kk <
0(a,p)[A]. Therefore by

we have that A(a(10g),8) [f] < 0(a,8)[A] < A(a,p)[f] holds for all non-trivial solutions
of (1). The proof is complete.
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