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Abstract. In this paper we study the following nonlinear boundary-value problem
—Apyu = Af(z,u) in Q,
Va2 0 4 )l = gl ) on 00,

where Q C R¥ is a bounded domain with smooth boundary 99, % is the outer unit normal

derivative on 9Q, \, 1 are two real numbers such that A% + p? # 0, p is a continuous function
on Q with inf, sp(z) > 1, B € L>(9Q) with 87 := infeeon B(z) > 0 and f: Q2 x R — R,
g : 00 x R — R are continuous functions. Under appropriate assumptions on f and g, we
obtain the existence and multiplicity of solutions using the variational method. The positive
solution of the problem is also considered.
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1. INTRODUCTION

This paper is devoted to finding existence and multiplicity results for the following
nonlinear problem

—Apyu = Af(z,u) inQ,

1.1
IVul”(mH%+ﬂ(x)IUIp(“’)’QU=ug(x,U) on 9, .

where Q C RY is a bounded smooth domain, g—jj is the outer unit normal deriva-

tive on 9Q, A\, u € R such that A2 + u? # 0, p is a continuous function on Q
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with p~ = inf__gp(zr) > 1 and g € L*>®(0Q) with 7 := infyecaq B(x) > 0. The
main interest in studying such problems arises from the presence of the p(z)-Laplace
operator div(|Vu[P®®)=2Vu), which is a natural extension of the classical p-Laplace
operator div(|Vu|P~2Vu) obtained in the case when p is a positive constant. However,
such generalizations are not trivial since the p(x)-Laplace operator possesses a more
complicated structure than p-Laplace operator, for example it is inhomogeneous.

In recent years increasing attention has been paid to the study of differential
and partial differential equations involving variable exponent conditions. The inter-
est in studying such problems was stimulated by their applications in elastic me-
chanics, fluid dynamics and the calculus of variations, for information on modelling
physical phenomena by equations involving the p(z)-growth condition we refer to
[1,8,10,17,19,20,24, 29,31, 32]. In the past decades a vast amount of literature that
deal with the existence for problems of the type —A,yu = f(z,u) with different
boundary conditions (Dirichlet, Neumann, Robin, nonlinear, etc.) have appeared. See,
for instance [9,11,14,16,27,30] and references therein.

In [16], the authors have studied the problem (1.1) with g(x,u) = 0. Using the
variational approach based on the nonsmooth critical point theory for locally Lipschitz
functions, they obtain the existence of at least two nontrivial solutions. This same
problem has been studied in [26]. Under appropriate assumptions on f, and using
variational methods, we have obtained important results on existence and multiplicity
of solutions. In [3], the authors considered the problem (1.1) with Af(z,u) = |u|P®) 2y
and B(z) = 0. Using Ricceri’s variational principle, they establish the existence of at
least three solutions of the problem. If S(z) = 0 and ug(z,u) = 0, the problem (1.1)
becomes the nonlinear Neumann boundary value problem. It was studied in [27]. Using
the three critical point theorem due to Ricceri, under the appropriate assumptions on
f, the authors establish the existence of at least three solutions of this problem.

The purpose of this paper is to prove the existence and multiplicity results of
solutions to the problem (1.1) under appropriate assumptions on f and g following
ideas from [30]. These results extend some of the results in [25] for the p-Laplacian.

Next, we make the following assumptions on f and g:

(fo) f: QxR — R satisfies the Carathéodory condition and there exist two constants
C1 > 0, Cy > 0 such that

|f(x,8)] < O+ Cols|*®~1 forall (z,s) € Q xR,

where a(z) € C(Q) and a(z) < p*(x), for all z € Q, where

Np(z) :
() = Np(a) if p(z) < N,
+00, if p(z) > N;

(f1) there exist M7y > 0, 6; > p™ such that
0<60,F(x,s) <sf(x,s) forall |[s|>M, x€Q;

(f2) f(z,s) = 0(|s|p+*1), s — 0 for z € Q uniformly;
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(f3) flx,—s)=—f(z,s) forall z € Q, s € R;
(g0) g : 00 x R — R satisfies the Carathéodory condition and there exist two con-
stants C7 > 0, C4 > 0 such that

lg(z, s)| < CL+Chls|" @71 forall (z,s) € I x R,

where v(z) € C,(99Q) and v(z) < p?(z), for all z € 99, where

(N=Dp(z)
pa(x) _ N—_p(z) ° ?fp(x) <N,
400, if p(z) > N;

(g1) there exist My > 0, 65 > p™ such that
0 < 0:G(x,8) < sg(x,s) forall [s|> M, € 0Q;

(92) g(z,s) = o(|s|P" 1), s = 0 for = € AN uniformly;
(93) g(z,—s) = —g(x,s) for all x € 9, s € R.

Let H be the energy functional corresponding to problem (1.1).
The main results of this paper are the following:

Theorem 1.1. If (fo),(go) hold and o™, v+ < p~, then problem (1.1) has a weak
solution.

Theorem 1.2. If (fo), (f1), (f2), (90), (91), (92) hold and a™,y~ > p*, A, > 0, then
problem (1.1) has a nontrivial weak solution.

Theorem 1.3. If (fo), (f1), (f3), (90), (91), (g93) hold and o~ ,v~ > p*t, X\, u >0, then
H has a sequence of critical points (tu,) such that H(tu,) — oo as n — oo.
Meanwhile, problem (1.1) has infinite many pairs of weak solutions.

Theorem 1.4. Let a(z) € C+(Q), y(z) € CL(0N) and
alz) <p*(x) foral z€ ~(x)<p®(x) foral z€dQ.
If f(z,u) = [u|*® 24, g(z,u) = [u]"®2u, a= >pt, and vt < p~, then we have:

(i) for all A > 0 and p € R, problem (1.1) has a sequence of weak solutions (Fuy)
such that H(tuy) — 0o as k — 0o;

(ii) for all p > 0 and X € R, problem (1.1) has a sequence of weak solutions (Lvy)
such that H(xwvi) <0, and H(fvg) — 0 as k — oo.

Theorem 1.5. If (fo), (go) hold and a™,vT < p~, then problem (1.1) has a nonne-
gative weak solution.

Theorem 1.6. If (fo), (f1), (f2), (90), (91), (92) hold and a™,y~ > p™, A\, > 0, then

problem (1.1) has a nonnegative nontrivial weak solution.

This article is organized as follows. In Section 2, we introduce some necessary pre-
liminary knowledge on variable exponent Lebesgue and Sobolev spaces. In Section 3,
we will give the proof of Theorems 1.1-1.4. In Section 4, we will give the proof of
Theorems 1.5-1.6.
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2. PRELIMINARIES

For completeness, we first recall some facts on the variable exponent spaces LP(*) (Q)
and W1P(®)(Q). Suppose that 2 is a bounded open domain of RY with smooth bound-

ary 092 and p € C(2), where

Ci(Q) = {p € C(Q): inf p(z) > 1}.

€N
Denote by p~ := inf__gp(x) and p* := sup, g p(z). Define the variable exponent
Lebesgue space LP(®)(Q) by

LP@(Q) = {u :  — R is measurable and / luP@da < +oo}
Q

with the norm

. u |P(z)
U] Loy (@) = |U]p(z) = inf {T > 0: /‘;‘ dx < 1}.
Q

Define the variable exponent Sobolev space W) (Q) by
W@ (Q) = {u € LP@(Q) : |Vu € LT’(“")(Q)} ,

with the norm

Vu p(z

T

P(w))dx < 1}7

) u
N
.

Jul = int {7 > 0: /(

lull = [Vulp() + [ulpa)-

We refer the reader to [9,12,13] for the basic properties of the variable exponent
Lebesgue and Sobolev spaces.

Lemma 2.1 ([13]). Both (LP®)(Q),| - |p)) and (WHPE(Q), || - ||) are separable,
reflexive and uniformly convex Banach spaces.

Lemma 2.2 ([13]). Hélder inequality holds, namely

/|uv|dw L 2lulpy|[vlp @y for all w e LP@)(Q),v € LY@ (Q),
Q

1 1
wherem—&—m—l.

Now, we introduce a norm, which will be used later. For u € Wl’p(“’)(ﬂ), define

u(z)

x
A

Vu(x) p(x) o < 1
)\ r =

p(z)
lulls = inf )\>0:/’ dm+/ﬁ(m)
Q o0

Then, by Theorem 2.1 in [9], ||u|/5 is also a norm on WP (Q) which is equivalent
to ||u.
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Lemma 2.3 (see [13,14,30]).

(1) Ifq € CL(Q) and q(x) < p*(x) for any x € Q, then the imbedding from WP (Q)
to LI®)(Q) is compact and continuous.

(2) If ¢ € CL(Q) and q(z) < p°(x) for any x € O, then the trace imbedding from
WLr)(Q) to L) (99Q) is compact and continuous.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is
played by the mapping defined by

Io(u) = / VP das + / B[P doy for all u € WPE(Q).

Lemma 2.4 ([9]).
- +
(1) llulls = 1= lully < Is(w) < [lullf

+ _
(2) llullp <1 =Jlullp < Ip(u) < ulf ,

(3) llullg — 0 if and only if Ig(u) — 0 (as k — o0),

(4) |u(z)|p@) — oo if and only if Ig(u) — oo (as k — 00).

Remark 2.5. From (1) and (2) of the previous lemma, one can easily deduce that
lulls < (= >)1 4 In(u) < (= >)L. 1)
Theorem 2.6. If f : 2 xR — R is a continuous function satisfying
|f(z,8)] < CA+|s|*®~Y) forall (x,5) € A xR,
where C > 0 is a constant a(a:) € C+(§) such that for all v € ﬁ a(ac) < p*(x).

Set X = Wirl)(Q), F = [y f(=, t dt and P(u) = —fQ ))dx. Then
P(u) € CHX,R) and Dw(u ) = @' (u = —fQ <pdx Mm”eover the
operator v’ : X — X* is compact.

Proof. Tt is easily adapted from that of [27, Theorem 2.1]. O

Theorem 2.7. If g: 022 x R — R is a Carathéodory function and
lg(x,s)| < C”(1+ [s|*@=Y)  for all (z,s) € I x R,

where C” is a positive constant and a(x) € C+(89) such that for all x 6 GQ a( ) <
p2(z). Set X = WH@(Q), G(z,u) = [} g(z,t)dt, v(u) = — [, G(z,u(z))do,.
Then ¢ (u) € CH(X,R) and Dy(u, ) = (w’(u),cp fagg x,u(z ))godax Moreover,
the operator ' : X — X* is compact.

Proof. Tt is easily adapted from that of [2, Theorem 2.9]. O
Let X = WP (Q) and define

Q

w(u):f/F(xu)d /Gxudom,
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¢

where F(z,t) = ffa?sds and G(z,t) = [g(x,s)ds. It is easy to see that ¢ €
0

C1(X,R) and

(¢’ (u) /|Vu|p(x ZVqudm—i-/ﬂ NulP® 2w do,, ve X.
59

Moreover, we have the following proposition.
Proposition 2.8 ([16, Proposition 2.2]).

(1) ¢ : X — X* is a continuous, bounded and strictly monotone operator.
(2) ¢ : X — X* is a mapping of type (S), that is, if u, — u in X and
lim sup(¢' (un) — &' (u), up, —u) <0, then u, — u in X.
n—oo

(3) ¢' : X — X* is a homeomorphism.

Under the conditions (fy) and (go), and from Theorem 2.6 and Theorem 2.7,
and J are continuously Gateaux differentiable functionals whose Gateaux derivative
is compact, and we have

- [ s, (7w, = [ gleu)odon.
Q o0

The energy functional corresponding to problem (1.1) is defined on X as

H(u) = ¢(u) + Mp(u) + pJ (u).

The functional H is of class C*(X,R), and the weak solution of problem (1.1) corre-
sponds to the critical point of the functional H.

Definition 2.9. We say that u € WP (Q) is a weak solution of the problem (1.1)
if for all v € WHPE)(Q)

/|Vu|p(7" QVqudx—i—/ﬂ )NulP®2up do, —)\/f z,u de—i—u/ (x,u)vdoy,
[5}9]

where do, is the measure on the boundary Of).

Remark 2.10. In the following sections, the symbols C, D, M denote the generic
nonnegative of positive constants, which may not be the same at each occurrence.

3. EXISTENCE AND MULTIPLICITY OF SOLUTIONS

In this section, we shall prove Theorems 1.1-1.4. By using the variational principle,
we prove the existence and multiplicity of results for problem (1.1).
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Proof of Theorem 1.1. From (fy) and (go), there exist C' > 0 such that
[P, 0l < OO+ [t*®),  (2,t) € xR,
|G(z, )| < OO+ [t @), (x,t) € QA x R.

Obviously, H is weakly lower semicontinuous. It suffices to show that H is coercive.
Let u € X be such that ||ul|g > 1. Then

W= [ v g
H{u) /p(%)IVI et

+/ 1 ﬂ($)|u|p($)do'x —/AF(m,u)dﬁc—/uG(%u)dox >
p
G19) Q

()
9

1 - oz x
zﬁﬂwgfw/bu+w<hmfw/cuﬁwﬂw%z
Q onN

1 - + +
> ijUHZ —ACllullg = [ulCllully — M.
So H(u) — o0 as |lullg — oo, since at,y" < p~. Then H is coercive and H has a
minimum point v in X which is a weak solution of problem (1.1). O

Corollary 3.1. Under the assumptions in Theorem 1.1, if \,u # 0, and there exist
two positive constants dy,ds < p~ such that:

sgn(M) F(z, 1)

hgglglf e >0 forax € Q uniformly, (3.1)
t
lim infM >0 forxz € dQ uniformly, (3.2)
t—0 |t|d2

then the problem (1.1) has a nontrivial weak solution.

Proof. From Theorem 1.1 we know that H has a global minimum point u. It suffices
to show that u is nontrivial. From (3.1) and (3.2), for 0 < ¢ < 1 small enough, there
exists a positive constant C' such that

sgn(NP(z,8) > ClH®,  sgn(u)G(z, ) > Clt|™.
Choose ug = M > 0, then ug € X. Then we have

Hitug) < Zaé B() | MIPDdoy — ) Q/ (sgn(\) F(x, tM)dz—

—w/wwwM%MMm%g
o0

P
< p—_/ﬁ(w)|M|p(I)daz _ |/\\/C|tM\d1d;v 1l /C|tM|d2dam <
o0 Q o0

< DitP — [N Dath — || Dst .
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Since dyi,ds < p~, there exists 0 < ¢y < 1 small enough such that H(toug) < 0. So
the global minimum point u of H is nontrivial. O

Remark 3.2. The conclusion of Corollary 3.1 remains valid if we suppose one of the
following conditions:

(i) # =0, #0 and there exist a positive constant d; < p~ such that (3.1) holds,
(ii) A =0, # 0 and there exist a positive constant do < p~ such that (3.2) holds.

Remark 3.3. If f(x,u) = sgn(\)|u|*®~2u and g(z,u) = sgn(p)|u|’®~2u with
at,yT < p~, then the conditions in Corollary 3.1 can be fulfilled.

To prove Theorem 1.2, we need the following lemma.

Lemma 3.4. If (fo),(f1),(g0),(g1) hold and A\, > 0, then H satisfies the (PS)

condition.
Proof. Suppose that (u,) C X is a (PS) sequence, i.e.

sup |H (un)| < M, H'(up)— 0asn— occ.

Let us show that (u,) is bounded so as to verify it is precompact in X. By
Lemma 2.3, and Theorems 2.6, 2.7, we know that ¢ and J are booth weakly con-
tinuous and their derivative operators are compact. By Proposition 2.8, we deduce
that H' = ¢’ + M)’ + pJ’ is also of type (ST). For n large enough, we have

M+1> H(uy) — é(H’(un),un> + %(H’(un),u,J =

1

=/—|Vun|p('”)dx+/@mn?(”’)d%—
p(x) p(z)

O 89

—)\/F(x,un)dx—,u/G(x,un)daz—
Q o9
1
—0[/|Vun|p(””)dx+/B(x)|un|p(”“')dam—
Q o9

— A flz,up)upde — p g(m,un)undaw] +
[

o2

1
b L ), )
1 1 -1
P /
> (o= ) Il = GUA @l s = € >

11 1
> (- 5 ) Il = Glenlls =

where 6 = min{6;,02}. From the inequality above, we know that (u,) is bounded in
X since 6 > p™. This completes the proof. O
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Proof of Theorem 1.2. We will use the mountain pass theorem (see [4,28]). By the
previous lemma, we know that H satisfies the (PS) condition. So it suffices to verify the
geometric conditions in the mountain pass theorem. We have the following compact
embedding

WP (Q) — 1P (Q), WPE(Q) — LP (09),
since
pt<a <a(z)<p'(z) forall ze€Q; ph<y <y(x)<p?(x) forall zc .
So there exists a constant C' > 0 such that

ful o @y < Cllulls,  ulot oy < Cllulls for all e X.

Conditions (fy), (f2) and (go), (g2) assure that there exists an arbitrary constant 0 <
e < 1 and two positive constants (both denoted by C(e)) such that

IF(z,t)| < etfP” + C@E)[t*™@ forall (z,t) € Q xR,
Gz, t)| < et + CE)tP™  forall (z,t) € 02 x R.

So for |Ju||s small enough (Jjulsg < 1). We have

1 +
H(u) > p—+|\u||§ —)\/F(x,u)dx—u/G(x,u)dax >

1
> Sl = / (chul?” + CE)ul*@)) de—

Q

- u/ (E|u|p+ + C(6)|u|7(w)) do, >

o0

1 + + o -
>pj|\U||’5 = (AeC 4 peQ)ullz = AC(E)Cllullz — nC(e)Clully -

Choose ¢ > 0 small enough such that 0 < A\eC + peC' < 57+ Then we obtain

1

+ 1 a”—pt ~—pt
> fJulf; (m—cw,emnuﬂ Al ))‘

+ o -
lullp = CA . e)Clullz + llulf ) =

Since p™ < a™,v~, the function
1 _ _
togr = COum )0 7+ )

is strictly positive in a neighborhood of zero. It follows that there exist » > 0 and
0 > 0 such that
H(u)>9d forall uweX:|ulg=r.
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Now, to apply the mountain pass theorem, we must prove that
H(tu) - —c0 as t— 400,

for a certain v € X. From conditions (f;) and (g1) we have for suitable positive
constants C, D

F(z,s) > C|s|* =D forall (x,s)€QxR,
G(z,s) > C|s|’” =D forall (x,s)ecdNxR.
Let w € X and ¢t > 1. We have

tp(@) tP(®) B (x)
H(tw) — e / UB(E) @) g,
(tu) Q/ s +aQ o,

- )\/F(x,tu)dx— u/G(x,tu)dow <

Q

gt—_ / V@) + / B@)uf@)do, ) -

A/ (Cltu|®* — D)dx — /(C\tu|92 — D)do, <

Q o0
P

F< |Vu|p(x)da:+/ﬁ |u|p(m)d0)

~+

t‘gl)\C/|u|91dx t92u0/|u|92d0 + M.
0

The fact that 61,602 > p™ implies
H(tu) » —co0 as t— +oo.

It follows that there exists e € X such that ||le||g > r and H(e) < 0. According to the
mountain pass theorem, H admits a critical value 7 > ¢ which is characterized by

7= inf sup H(h(t
pnf sup (h(t)),

where
I'={heC(0,1],X):h(0) =0 and h(1) =e}.
The proof is complete. 0

Proof of Theorem 1.3. Since X is a separable and reflexive Banach space [7,12], there
exist {ep}52; C X and {f,}52; C X* such that

1, if n=m,

Fn(em) = Onm = {0, if n £ m.
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X =span{e, :n=1,2,...}, X" :spanW*{fn n=1,2,... }
For n =1,2,... denote by
X, =span{e,}, Y, = @?:1Xj» Z, = @?’;HX]-.

Then we have the following lemma.
Lemma 3.5 ([15, Proposition 3.5]). If a(x) € C4 (), a(z) < p*(z) for all x € Q,
and y(z) € CL(09Q), v(z) < p°(x) for all x € O, denote

ap = sup {[ulpaw () : lulls =1, u € Zi},

Y& = sup {|ul @ a0y : llullg =1, u € Zy} .
Then limg_ o ar, = 0 and limy_, o v = 0.

Now, we return to the proof of Theorem 1.3. To do that, we will use the Fountain
theorem (see [28]). Obviously, H is an even functional and satisfies the (PS) condition.
We will prove that if k is large enough, then there exist pi > r, > 0 such that
(A1) by :=1inf{H(u) : u € Zy, ||lul|g = 1t} = +0o0 as k — 400,

(A2) ap :=max{H(u) :u € Yy, |lullg = pr} <0as k — +oo.

(A1) For u € Zj, such that |ju||g = ry > 1, by conditions (fy) and (go), we have
1
H(u) = / —— | Vu|P® dx + / M\u|p(m)da$ - /\/F(x,u)dx - ,u/G(x,u)daw >
i9) Q

p(x) p(z)
Q o0

1 _
> -l - )\/C(l T uf®)dg — M/ca + | ®)do, >
Q o0

1 - + -
>l = ACmax {Julf e s ooy | -
. )

—uC max{|u|zw<w>(ag)» |u|2w(w)(8§2)} -M =
1 _
> Sl -

+ - + -
- C()‘a ,u) max {|u|%a(m)(g)a |u|za(m)(Q)’ |u|’£v(m)(ag)a |u"£«/(z)(ag)} — M.

+ - + - N
If max {|u‘%"(’)(9)’ |u|%a(m)(9)’ |“|z~(w>(aﬂ)7 ‘“Qw(z)(ag)} = \u|%(,<x)(9), then we have

1

Hw>

- ot et

lull = C\ pwai lullz — M.
1

If we choose ri, = (oz"‘C()\,u)ozjc’ﬁ)f*ﬂ+ , we obtain

- (1 1
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Since ay — 0, rp — +oo and p™ < o~ < a™, we have H(u) — 400 as k — +oo. In
the other three cases, we can deduce in the same way that

H(u) = oo, since a — 0, v, — 0 as k — +o0.

So (A1) holds.
(A2) Conditions (f;) and g; implies that there exist positive constants C, D such
that

F(z,5) > C|s| =D forall (z,5)€QxR,

G(z,s) > C|s|’ =D forall (z,5) € N xR.

Let u € Y), be such that||ul|g = px > 7, > 1. Then

1
H(u) < — ||u||gJr — /\/(C|u|91 — D)dzx — u/(C\u|92 — D)do, <
p
Q a0

1
< Ly - a0 / Wl do — uC / ul dory 1 M.
P Q oN

Since the space Y} has finite dimension, then all norms are equivalents and we obtain
1 pt 01 02
H(u) < ]T_IIUHB — ACJullg" — pCllullg + M.
Finally,
H(u) = —o0 as |lullg = +oo,u €Yy,

since 01,02 > p*. So the assertion (A2) is then satisfied and the proof of Theorem 1.3
is complete. O

Proof of Theorem 1.4. (i) As in the proof of Theorem 1.3, we will use in a similar
way, the Fountain theorem. So, it suffices to verify the (PS) condition. Assume

(un) C X, supH(u,) <M, H'(u,)—0 asn— +oo.



Existence and multiplicity results for nonlinear problems. . . 633

For n large enough, we have
1 !/ 1 !/
M +12> H(uy) — O?<H (Un), un) + O?<H (un), un) =

= [LAVualr s+ [ 2D s, -
p(z) p(z)
Q o

1 1
- )\/ U | d — u/ ——|un|"® do, —
a@ " J 3@

Q
_ 1_{/|Vun|p(“:)d:c+/6(x)|un|p(‘”)dcrm
o
Q o0

—)\/|un|"‘($)dx—,u/|un|7("”)dam]+

Q o0

1
+ aT<H/(Un),Un> >
11 o S
> (= ) lonlly” = Clnlly” = 1 ()l s 2
1 1 - + 1
> (o = on ) Il = Cllunly” = =l

Since a~ > pT,vt < p~, we know that (u,) is bounded in X. This completes the
proof.

(ii) We will use the dual of the Fountain theorem. We need to prove that H satisfies

the (PS)} condition (see [28]) and there exist p, > r; > 0 such that for k large enough
we have

(B1) a :=max{H(u) : u € Yy, ||ullg = r} <0,
(B2) by :=inf {H(u) : u € Z, ||u|lg = px} >0,
(B3) di :=max{H(u) : u € Yy, ||ullg < px} — 0 as k — +o0.

Let us show that (B1) holds. We assume ||u|ls < 1 for convenience. For u € Y,
we have

p\r

1 1
—/\/— Unp, O‘(m)dzfﬂ/— Un [T @ do, <
a@ " J

Q
1 - A 7
< L 2 L[ e@yg 77/ 1) oy
< l[ull5 +a_9/|u x 7+m [u[""*do

0= [ v p@ae+ [ PO w6 g,
H = | SV [ L.
Q oN

If we choose 7 > 0 small enough, we get aj := max{H (u) : u € Yy, |luljg =} <O,
since dim Yy < oo and p~ > v+, o~ > p*. So (B1) holds.
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(B2) Let u € Zj, then
1 W e
Hw) 2 —[ull - /|| \da — _/w o, >
onN

1 C|)\|
>l = T2y~ 2 [ o, >

1 +  CA - + -
P v v
> ol = L™ — L max{lul} o oy [l o
There exists pg > 0 small enough such that %Huﬂg_ < QP%HUHZ; as 0 < p =
llullg < po, since @~ > pT. Then we have

1 + " + -
H(U) > 7”””% - Fmaxﬂu"zww)(ag)? |U|Zw(m)(ag)}'

= 2p+
+ - +
If max{|u|z~r(x)(ag)v |u|zw(m)(ag)} = |u|zw(m)(aﬂ)v then

H(u) >

+ [ +
e LA LT

AN
Choose pr = (2”:# )=, then H(u) > 0. Since p~ > vF, v, — 0, we get

pr — 0 as k — oo. The case max{\urL’:(
o (B2) holds.

(B3) From the proof above and the fact that Y, N Zy # (), we know that for u € Z,
llukllg < pr small enough

2 (99)’ |u|zw(m)(aﬂ)} = \u|zw<z)(am is similar,

e + noo- -
H(U)Z—FWZ lul 3 or —F%Z lull -

Since 7, — 0 and pr — 0 as k — oo, (B3) holds and obviously we can choose
Pr > Tk > 0.
Now, to verify the (PS)? condition, we consider a sequence (u,,) C X such that

nj =00, Un;, €Y, H(un,)—=C, (Hly, ) (un;) = 0.

Assume ||ul|g > 1, then for n large enough and A > 0 we have

1 1 - + 1
P v
> (5 = a2 ) un18” = Dl 13" = =l s

C+12> H(up,)— ai—<Hl(u”j)’unj> + ai_<H'(un],),unj> >

Since o~ > p* and p~ >+, we deduce that (u,,) is bounded in X.
If A <0, then for n large enough, we have

1 1
C+12>H(uy,;)— aT<H/(u"j)’unj> + a—+<H/(unj),unj>.
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Going if necessary to a subsequence, we can assume that u,, — u weakly in X. As
X = Uy, Yy,, we can choose v,; € Y,,; such that v,;, — u. Hence

i o, o, =)= i Ao, =)+ i I, =) =
= njl-iinoo(H|Y"J' )/(ung )(Un, - Unj) = 0.

Then we can conclude that u,, — u since H' is of type (S*). Moreover, we have
H'(uy;) — H'(u). Now, it only remains to prove that H'(u) = 0. For an arbitrary
wy, € Yy, we have for n; > k

H'(u)wy = (H'(u) — H' (un,))wi + H' (uy, )wr, =
= (H'(u) = H' (un,))wi + (Hly, ) (un, ) w.

J

Going to the limit on the right side of the above equation, one get
H'(u)wy =0 for all wy € Yy,

so H'(u) = 0, this shows that the functional H satisfies the (PS)} condition for every
¢ € R. The proof of Theorem 1.4 is complete. O
4. EXISTENCE OF NONNEGATIVE SOLUTION AND POSITIVE SOLUTION

In this section, we will assume that f and g satisfy the following condition:

f(z,00=0 forall z€Q, and g¢(z,0)=0 forall ze€ 9.

Define
fla,t), ift>0,
)=
f+l@:t) {0, ift <0,
g(z,t), ift>0,
b)) =
g+(@:1) {0, it < 0.

¢ ¢
Let Fi(z,t) = [ fi(x,s)ds and G4 (z,t) = [ g4 (x,s)ds. Consider the following prob-
0 0
lem:
—Ap@yu = Afy(z,u) in Q,
4.1
P20 4 )2 = g (e, u) on 09, b
v

The energy functional associated with problem (4.1) is

_ [ g L P(@) gy _
Hew) = [ Ve + / @,
Q o0

7/)\F+(£L’,U)d$*//LG+(:C,U)dO’I.

Q o0
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Proof of Theorem 1.5. By Theorem 1.1, we know that problem (4.1) has a weak so-
lution u. Multiplying the equation in (4.1) by v~ := max{—u, 0} and integrating over
Q, in view of the boundary condition, we get

/|Vu7|p(m)da:+ /ﬂ(x)|u7|p(“’)dcrx =0,
Q a0

which implies that ||u~||g = 0 and then u~ = 0 in X. So we conclude that u is a
nonnegative solution of the problem (4.1). O

By the same arguments, and using Theorem 1.2, we prove Theorem 1.6.
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