Opuscula Math. 42, no. 2 (2022), 157178
https: //doi.org/10.7494/OpMath.2022.42.2.157 OPUSCULA MATHEMATICA

GROUND STATES
FOR FRACTIONAL NONLOCAL EQUATIONS
WITH LOGARITHMIC NONLINEARITY

Lifeng Guo, Yan Sun, and Guannan Shi

Communicated by Binlin Zhang

Abstract. In this paper, we study on the fractional nonlocal equation with the logarithmic
nonlinearity formed by

Lru(z) +ulog|u| + [u|T?u=0, z€cQ,

u =0, x €R™\ Q,
where 2 < ¢ < 2}, Lk is a non-local operator, €2 is an open bounded set of R"™ with Lipschitz

boundary. By using the fractional logarithmic Sobolev inequality and the linking theorem,
we present the existence theorem of the ground state solutions for this nonlocal problem.
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1. INTRODUCTION

In this paper, our main work is to study the existence of the ground state solutions to
the fractional non-local equation with the logarithmic term followed as

(1.1)

Lxu+ulog|u| + [u|7?u=0, in Q,
u=0, in R™\ Q,

where 2 < ¢ < 2%, 2% = 2% 5 ¢ (0,1) is fixed with n > 25, Q@ C R" is an open

n—2s’
bounded set with Lipschitz boundary, and the integro-differential operator L is

defined by

Licu(w) = 5 [ (ule ) + ule ~ ) — 2u(2) K ()dy (12)
Rn
for any z € R™.
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Here, the kernel K : R"\{0} — (0, +00) is a function with the properties such that:

(k1) 7K € L*(R™), where () = min{|z|?, 1},
(ko) there exist 6 > 0 such that K (z) > d|z|~("+2%) for any = € R"\{0},
(k3) K(z) = K(—z), for any x € R"\{0}.

It is well known that the operator Lk in (1.2) is a good generalization of the
fractional Laplacian operators. For instance, if we take K (z) = |z|~("*2%) 2 € R™\ {0},
up to some normalization constant, the nonlocal operator Lg is equal to the classical
operator

—(=A)’u(x) = %/ @ +y) +y1|t(("x+;s)y) — 2ul@) dy, zeR" (1.3)
]Rn

Due to the advantage that they provide a powerful way to describe many complicated
physical phenomena, the fractional Laplacian operators (—A)® play a very important
role in many fields of mathematics, especially in harmonic analysis, probability theory
and potential theory. As a consequence of studies, there are various definitions about
this type of operators. For example, in probability theory (see [2,9,10] for more details),
it can be given via a singular integral by

s s uly) —ulx n
(—A)’°u(x) = C(n,s) gli%ﬂ / |JE—)y|"+(25)dy’ x € R", (1.4)
R™\B(,e)

where B(x,¢) is a ball centered at & € R™ with radius €. Also, the fractional Laplacian
operator can be defined in an alternative way via the Fourier transform by

(=8)*u(z) =§ 7" (IE*@u)(©) (2), £eR™, (1.5)

where § is the Fourier transform. In fact, Nezza et al. has proved that (1.4) and (1.5)
are equivalent. We refer to [17] for more information. Since the operator (—A)® and
its generalization are both nonlocal operators, the fractional equations are naturally
called fractional and nonlocal problems, see [16] for basic results based on variational
methods.

In recent years, much attention has been focused on the nonlocal problems. However,
the nonlocal problems are more difficult than the local ones. In 2007, Caffarelli and
Silvestre established the fundamental characterizations of the fractional Laplacian
equations in [3], including the regularity and extremum principle. This is the pioneering
work for the later related researches and makes the theory of the nonlocal equations
developed rapidly.

For example, more and more researchers have been interested in the nonlocal
problems driven by (—A)?® (or its generalization) with the critical nonlinearity. For
the following equation

(=A)*u — Au = |[u* 2u, in Q,
u =0, in R™ \Q,
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Servadei and Valdinoci discussed the non-trivial existence of solutions for the above
model by two cases. Precisely, in the case of 2s < n < 4s, [21] showed that for any
A > ) different from the eigenvalue of the operator (—A)?®, there admits a non-trivial
solution. Afterward, in the case of n > 4s, [23] proved that if A < A1 4, then there also
exists non-trivial solutions, where \; , is the first eigenvalue of the operator (—A)®.
We refer the readers to [11,13,14,18,29,31] and references therein for the details of
the critical nonlinearity.

Meanwhile, there are many researchers devoted to the nonlocal problems with
the subcritical term (see for examples [15,24,27,28]), especially for the existence and
multiplicity of solutions for the fractional problems involving different nonlinear term,
such as the logarithmic nonlinearity. Precisely, by applying the mountain pass theorem
and linking theorem, Servadei and Valdinoci in [22] derived some existence results for
the following equation

(=A)You — Au = f(z,u), in Q,
u=0, in R™\ Q,

where f satisfies superlinear and sublinear growth condition at zero and infinity.
Concerning the discrete case of fractional Laplacian, Ciaurri et al. in [5] studied the
fractional discrete Laplacian

(_Ah)su = f7
where u, f : Zy, > Rand h > 0, 0 < s < 1. (—Ay)* is the fractional powers of the
discrete Laplace operator defined as

Ooemhu i) — u(j
ot = o [ e
0

where T is the Gamma function, see also [30] for more related results obtained by
using variational methods. In [7], d’Avenia et al. considered the following fractional
logarithmic Schrédinger equation

(=A)Su +wu = ulog |ul?, z¢€R",

where w > 0, and the existence of infinite many solutions was obtained by using the
Sobolev inequality of fractional logarithms. We refer to [1,4] and references therein for
more results in this direction.

On the other hand, we notice that, for the elliptic problem involving the Laplacian
operator, by the linking theorem, Liu et al. in [12] proved the existence of the ground
state solution for a fourth-order nonlinear elliptic problem with logarithmic nonlinearity
as form by

A%y + cAu = ulog|u|, in Q,
u=Au=0, on 0f,

where A2 denotes the biharmonic operator, € is a bounded domain in R™ with
smooth boundary 9. See also [25] for Kirchhoff-type fractional diffusion problem
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with logarithmic nonlinearity. Concerning further applications of the linking theorem,
for instance, we refer to [8,22,32].

Inspired by the preceding results, in this article we are devoted to studying the
ground state solutions of the nonlocal problems with the logarithmic term. More
precisely, we investigate the existence of the ground states for the equation (1.1). In
order to derive the desired existence theorem, we first introduce a suitable energy
functional, and show the continuity and the Gateaux derivative. Then, in order to
use the linking theorem, we prove Lemmas 3.1-3.3 and then the existence of the
non-trivial solutions is obtained. Finally, we prove the existence of the ground state of
the nonlocal problem (1.1).

In order to present the main result, we start with the introduction of the essential
function spaces and the basic definitions.

Denote by X the linear space of Lebesgue measurable functions from R™ to R such
that the restriction to Q of any function u in X belongs to L?(£2) and the map

(z,y) = (u(@) — u(y) VK (@ —y) € L*(Q, dudy),
with the norm defined as

1
2

Jullx =z + | [ fute) = u)PK (@ - y)dody |
Q

where Q = R*\ (CQ x CQ), CQ =R™\ Q. Moreover, let
Xo={ueX:u=0ae in R"\ Q},
with the norm endowed by

2

lullxo = / () — u(y) K (& — y)dedy
Q

Obviously, X is the Hilbert space. So, for each u € Xy, it can be decomposed as

oo
U = E ax Pk,
k=1

where {¢}7°, is a set of orthogonal bases for Xj. In addition, let
E1 = Pk+1 = {u EX() : (u,(pj>XD :O,j = 1,...,]@‘}

and
E5 :=span{p1,..., ¢k},

then we have Xy = F1 @ F5 (see Proposition 2.4 below).
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Now, we give the definition of the weak solution of the problem (1.1) as follows.

Definition 1.1. we say u € X, is a weak solution of problem (1.1) if

/|u(x) —u(y)||v(z) —v(y)|K(z — y)dzdy = /ulog |u|vdz + / |u|92uvdx (1.6)
R2n Q Q

holds for any v € Xj.

Additionally, throughout this paper, we continue to use || - ||, as the norm of
LP(R™)(1 < p < o0) and denote by H?(R™) the fractional Sobolev space with the
norm as

oy = | [ uPde )+ /dey (L)

|z —y|nt2s
R™ R2n

and the seminorm given by
|u(x
H&(R" */ ‘n+2s d dy.

It should be noted that the constant ¢; > 0 (i = 1,2,...) appeared in this paper may
differ from one line to another.

2. SOME PRELIMINARY PROPOSITIONS

In this section, we will give some necessary definitions, propositions and some results
of the function spaces X and X for the main assertion.

First, according Proposition 4.4 in [17] and Lemma 5 in [20], it is easy to
derive Proposition 2.1. For the completeness, we give the proof in details.

Proposition 2.1. Let X(; be the dual space of Xy , then we have that

s 2
I(=2) 2 ullfa @) < Slullx, (2.1)

holds for any u € Xg.
Proof. For every u € Xg, we know that v € H*(R"), so it follows that

1 s
[U]HS(RH) = §||(_A)2'U/||L2(Rn) (22)

Observe the formula (1.7), according to Lemma 5 in [20], we know that

/ |Li§c)—y|"‘(*‘26|2d dy < 5 //|“ —u(y)|’K (z — y)dady (2.3)

R2n
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where § is given in (kz). So, combining (2.2) with (2.3), we obtain that

1(=A) 2 ul|72(gny < 5HU||X0
as desired. O

With the above the fact in mind, we are ready to show a very significant logarithm
inequality for our later argument. Actually, the key tool to prove Proposition 2.2 is
the fractional logarithm Sobolev inequality in [6].

Proposition 2.2. For any real number a > 0 and u € Xy, we have

[ o108 () o < gl = 5 (n+ Sroga v rog T2 )l (24)
Q

Proof. According to the fractional logarithm Sobolev inequality

[ aos (g ) o (e Hromas tow T )l < -yl
J

together with the property of logarithm

/uQIOg( )dw—Q/u210g< [ul )dw,
Jull3 [[wll2

R”L R’Vl
we derive that

§ : 1 sT'(3)
u210g<|u|>dx§a —-A 2u2—( loga—|—10g 2 ) .
RZ ||UH2 2ﬂ-sH( ) H2 2 (gl) H ||2

Notice that for any x € R™\ Q, we have u = 0. Then, by applying (2.1), it implies that

[ o1on () < et =5 (n+ 1ona+lon S5
Q

Therefore, we finish the proof of Proposition 2.2. O

Now, before going on, let us go back to the problem (1.1). Since this equation has
a variational structure, we can define the energy functional J : Xg — R as the form

J(u) = %/ lu(z) — u(y)|> K (z — y)dedy — %/u2 log |u|dx
R27 Q
(2.5)

1 1
+ f/u2dsc— 7/\u|qd:v.
4 q
Q Q

Thanks to the conditions (k1) — (k3), to Proposition 2.2, and to the fact that LY — X
compactly, we can derive easily that J is well defined on Xj.

Next, we need to turn out that J € C'(Xy,R), namely, Proposition 2.3, which is
equivalent to say that J has a continuous Géateaux derivative.
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Proposition 2.3. The energy functional J defined as (2.5) has the Fréchet derivative
and is continuous on Xg. Moreover, for every u,v € X, we have that

U%Wﬂ»://W@)*MMXW@‘W@DK@*yMwy
R n

f/uvlog|u|dxf/|u|q*2uvdx.
Q

Q

Proof. We will prove this proposition by two steps, namely, the existence and continuity
of Gateaux derivative. A simple observation tells that there are four terms at the right
side of (2.5). Since the proof methods are similar, here, we only show the first and
third term.

For the first term, applying the definition of Gateaux, together with the inner
product property, we get that

1 2 _ 2 _
L T G S U T R )
2 t—0 t 2 t—0 t
_ 1 lim 2(u, tv) + (tv, tv) (2.6)
2 t—0 t

1.
3 }1_% 2{u,v) + (v, tv) = (u,v)

holds for all u,v € Xj.

Now, let us turn to prove the third term. For the simplicity, define
f(u) = % [,u?(z)dz. According to the definition of Gateaux derivative, that is,
for any u,v € Xy, it is given as

<f/(u)’v>:itlg%f(u+tvt)_f(u):}g% W
Q

dx.

So, it is equivalent to show that

, L (u+tv)? —u? B . (u+tv)? —u? B
(F'(w),v) = lim m de= [ lim it do =
Q Q

DN | =

/ uvdx.
Q

Given z € Q and 0 < |t| < 1, by the mean value theorem, there exists a parameter
d € (0,1) such that

(u(z) + to(x))* — u?(x)
4t

1
[0 st

(lu(@)] + fo(2)]) [v(@)]-

AN
N | =
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By applying the Holder inequality and Minkowski inequalities, along with the fact
Xo < L?(), we derive that

/(\u|+|v (ol < (/ fu] + [o])? >é</|v2dz>é
Q Q

Q
= (lullzz + l[oll2) - o]l
< C(llullxo + Mvllxo) - 1ol x

where C' > 0 is a suitable constant, which implies that (|u| + |v|)|v| € L*(2). Thus,
using the Lebesgue theorem yields

y L (uttv)?—u? [ (u+tv)?—u? 1
(f'(u),v) = }gr(l) — dx = }51(1) — dx = 5 wodx. (2.7)
Q Q Q

Now, let us turn to prove the continuity of the Gateaux derivative on Xy. Assume
that {u,} C Xo and u,, = up in Xy, by the embedding Xy — L” (1 < v < 2¥) again,
which implies

|ln — upll, = 0, as n — oo

Therefore, due to the definition of the operator norm and the Hoélder inequality,
we have that

1 (un) = f'(w)]| = sup  [(f"(un) — f'(u), h)]
hGXO,‘thonl
= sup /| u)h|dx
heXOthHX[)—l
1
2
< /\un7u| dx /\h|2d:c
hEXO,Hh”XO—l o
<C sup ||un — ull2]|h||x, — O.

hGXOa”hHXo:l

as n — oo, where C > 0 is a suitable constant. Therefore, we derive that f’ is
continuous on Xj.
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Similarly, for the second and last term, we have that

1 I (u+ tv)2log(u + tv)>z — ulogu®z
2 1550 t

dx

1 lim 2 (u+ tv)?log(u + tv)? — Ju?log u? .
t—0 t

}ir%(u + tv)vlog(u + tv)? + (u + tv)vdz
(2.8)

Q/
/(uv log u? + uv)dz
Q
Q/

wvlog u’dx — %/uvdm
Q
= —/uvlogudx— %/uvdm.
Q Q

and

1 t 2.4 2.1
—= lim/ (ut o)™ — u dr = —/uq*2uvdx. (2.9)
q t—0 t

Q Q

So, combining (2.6)—(2.9) together, we derive that

(7' (), v) = / / (ulz) — u())(0(z) — v(v)) K (& — y)dady

R2n
—/uvlog|u\dm—/\u|q_2uvdac.
Q Q

Furthermore, by using the Holder inequality and definition of continuity for the linear
operator, it is simple to see that the Gateaux derivative of J is continuous for every
u € Xg. Therefore, the desired result holds. O

Now, we finish this section with the following propositions.

Proposition 2.4 (Proposition 9 in [22]). Let K : R"\{0} — (0, +o0) be the function
satisfying assumptions (k1)—(ks) and {\;} be the sequence of the eigenvalues of the
operator — L with homogeneous Dirichlet boundary data and

O<)\1<)\2§-~-§)\k§)\k+1§---

and
A — 00

as k — 400, and let {pr} be the sequence of the eigenfunctions corresponding to A.
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Then:

(1) first eigenvalue A1 that can be characterized as follows

M= min [ fu(e) - u(y)PK(z - y)dedy
lull2=1 s

or, equivalently

/ () — u(y)PK (z - y)dady

. R2n
A =

ueXo / () [2da
Q
(2) for any k € N, the eigenvalues A, can be characterized as follows

M= min [ [ u(e) ~ ul) P (e - )dndy

u€Pp g
lull L2 gy—1 R2n

or, equivalently

[ 106e) = ww)PK @ - y)dody

. R2n
Ak+1 = min ;
u€PL1\0 /|u(z)|2d:c
Q

where
Pk-‘rl = {U € XO : <u,§0j>X0 = 07.] = 17 .- ~7k}7
(3) the sequence {py} is an orthonormal basis of L*(2) and an orthogonal basis of Xo.

Proposition 2.5 (Proposition 2.3 in [19]). Let K : R™"\{0} — (0,4+0c0) be the
function satisfying assumptions (k1)—(ks), {\r} be the sequence of the eigenvalues of
the operator —L i with homogeneous Dirichlet boundary data and {p} be the sequence
of the eigenfunctions corresponding to {\i}. Then, for any k € N, the eigenvalues Ay,
can be characterized as follows

S gen Jux) — w(y)|*K (x — y)dady
u€span{pi,...,pr }\{0} fQ |u\2da: '

Proposition 2.6 (Lemma 9 in [23]). Let K : R"\{0} — (0,+00) be the function
satisfying assumptions (k1)—(ks). Then the following assertions holds:

(1) the embedding Xog — L* () is compact for any v € [1,2%),

(2) the embedding Xo — L3 (Q) is continuous.

Proposition 2.7 (Linking Theorem [26]). Let X, be a real Hilbert space.
Suppose that J € C'(Xo,R), Xo = E1 @ Eo, where dim By < 0o, and there exist
R>p>0,a>0and0# e € E1, such that

inf J (El ﬂSp) >a and supJ(0T) <0,

Ak =
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where
Sy={ue Xy |lu|=p} and T:={u=v+teyg:ve€ Esyt>0,]u| <R}

If all b € [a,supJ(T)] meet the (PS) conditions, then J has a critical value
in [a,sup J(T)].

3. MAIN RESULTS AND PROOFS

To facilitate the upcoming main theorem, we will assert the following lemmas.

Lemma 3.1. Assume that u € Ey satisfies ||ul|x, = p, then there exist p >0, a > 0
such that J(u) > a.

Proof. Let u € Eq, a direct calculation from (2.4) and (2.5) gives that

1 1
me=i/|ww—uwWKu—ymwy—i/wbmmm
R2n Q

1 1
+ f/u2dx— 7/\u|qu
4 q
Q Q

_ %// u(z) — u(y) 2K (x — y)dady

RQ n

1
- it/"UQ(IOgIUI**log\hLHQAFIOglhiﬂz)dx

Q

1 1
+7/u2dxf 7/\u|qdz
4 q
Q Q

1 1 3.1
= 7/ lu(z) — u(y)|* K (z — y)dedy — 7/u2 log [l dx 3-1)
2 ? full
R2n Q
1 1 1
- ilog ||u||2/u2d:£ + 1 /u2da¢ — ;/|u|qd;ﬂ
Q Q Q
1, o a? 9 1 n sI'(5) 9
> Sl = gl + (1 + oo+ log T ) Jul
1 1 1
— g3 gl + gl — ol
1 a? , 1, 1
> (5 - ogs ) B, + 10l = Sl

1 (2 1
{3 (n+ Broga-+ion 1) — Liog full 1l

2s
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Notice that the number a > 0 is arbitrary in Proposition 2.2, so taking a = 57;
leads to
1 1 n oms sT'(2)
ﬂ@ZMM%+4<n+8bg o+ los o) ) ul
2s (3.2)

1 1 1
— gl 1og ulla + glhul = Il

Meanwhile, when

1 oms s(z
lul|2 < exp {2 (n 4 n log s +log (n2)
s

2 F(zs)>}

due to the monotonicity of the logarithmic function, we get that

2 I(2)

2s

1 ors Tz
log ||u|2 <5 (n—i— " log /22 +1og (2)> .
S

Then, we have that

sT'(3)
I'(35)
Furthermore, by virtue of 2 < ¢ < 2% and 2 is a bounded domain, applying Proposi-
tion 2.6 ensures that

1 c 1 4c 9
) 2 Ylull, = SNl = 3ol (1= S0

1 n
- <n+loga+log
2 s

) — log ||lull2 > 0.

holds for some suitable constant c. On the other hand, when [[ul|x, < *%/4&, it follows

that 4 1
C -2

1—— - > .

S ulfe? > 5

Thus, let

. c n oms sI'(%)
p=min | exp | o n—f—glog > +logr(£)

2s

be such that

IR

holds for all u € Xy with ||u||x, = p- The proof is thus complete. O

1 1
I = Sl = g* =a

Lemma 3.2. Suppose that piy1 is defined as in Proposition 2.5 and
Rtpk+1 = Span{@k-i'l}'
Then, there exists R > 0 such that
J(u) <0

forallue E; @R with ||u||x, > R.

Pr+1
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Proof. First we recall the inequality

2 logt] < Cy(lt] + 1), (3.3)
where C), > 0, for any ¢ > 0, 2 < p < min{4, 2 }. Then, for any u € E; ® R, with
llul|x, = 1, we have

ull % < Mg flull3. (3.4)

Combining Proposition 2.5, Proposition 2.6, (3.3), (3.4) with (2.5), we obtain

t2
J(tu) = / lu(z) — u(y)|> K (z — )da:dy—;/u log |tu|dx
Q

R2n

2 [, t1
+— [ ude— — [ |u|%zx
4 q
Q Q
t? 9 t? 9
S— lu(z) — u(y)|* K (z — )d:z:dy——logt udx

Rzn

/|u log|u||dx+f/ ulde — — /|u|qdw
t2logt t2

< Sl — Sl + S Cllull, + ul,)

—mm——/wwx

1 1
’ [Ilu§<0 + *C(Iluon + [lullk,) + 7 lullk,

|| ||Xo t2 /|u‘qu
21

where C' > 0 is a constant. Let

1 1
>0 cg3=—>0.
241 ’ q
Since all norms are equivalent in a subspace of the finite dimensional space,
it is readily to derive that

01:1+O>0, Coy =

J(tu) < c1t? — cot?logt — c3t? — —c0 as t — +oo. (3.5)
Therefore, there exists t; > 0 large enough such that for all v € 9T with
R = |tyullx, = t1,

it results that
J(u) <0,

where T ={u=v+teg:v € Ea,t > 0,|ul|x, < R} O
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Now, with the above lemmas in hand, we are ready to assert the following result.

Lemma 3.3. Let v € Xy and J(u) given as (2.5). Then, we have that
J(u) satisfies Palais-Smale (PS) condition, that is, for any (PS) sequence
{u;} C Xo, there admits a subsequence strongly convergent in X.

Proof. Similarly to the proof of Lemma 3.3 in [12], we proceed by two steps.

Step 1. The sequence {u;} is bounded in X,. Assume that {u;} C Xy is a sequence
satisfying that

| (uj)] <k (3.6)
and
sup{|<Jl(uj),<p)| cp € Xoylellx, =1} =0 as n— oo, (3.7)

where k is some positive constant. For any j € N, according to (3.6) and (3.7), there
exists a constant b > 0 such that

|J () < b (3.8)
and

(O (uy)u5) o

< (3.9)
[l

From Proposition 2.3, (3.8), (3.9) and (2.5), it follows that
1,
A6(1 + [luyllxo) 2 4[J(uy) = 54T (u5), uy)]

= 2/ luj(z) — uj(y)|2K(x —y)dxdy — 2/u§ log |uj|dz
R2n Q

4
+/u?d:r— f/|u|qdw
q
Q Q

_ 2// luj(z) — u;j(y)|* K (z — y)dzdy + 2/u§ log |u;|dz
o)

R2n

+2/|uj|q*2u?dx
Q

4
:/u?dm— f/|uj|qu+2/|uj|q_2u?dx
7 Q

Q
2 4 q q
= llu;llz - gHqu + 2([u; (I

2q —4

= [lu;13 + [[e513-



Ground states for fractional nonlocal equations with logarithmic nonlinearity 171
Then, it is easy to derive that
9 q 2qb
l[ujllz < 4b(1 + [lusllx,) and  [lu;]|g < m(l + [lullx, )- (3.10)

According to inequality (3.2) and (3.3), we have

b= |J(uy)

1 9 1 n
2 ZHU’]'HXO + 1 n -+ glog

o sT'(3)
+ log ——2
2 I'(3%)

1, ., 1
+ gtz = Clusle,

which yields

n oms sT(2)
lujl3, <4b— [ n+ —log/ —— +log === | llu;3 + 2[lusl3 log [|u; 2
s 2 I'(5%)

4
= llusll3 + Zlalld

63
§4b—<n+nlog\/ T + log
s 2
4

+2Cp([lujll2 + llu;113) + 2l

sI'(3) 2

r(n
< 4b — 4b <n+ ﬁlogaJrlog 5 (n?) + 1) (1 + [Jugll x,)
s I'(3z)
8b
50+ )

+2C, (20214 [lugll )2 + 20721+ s, 2]

< eallullx, + ca,

1
> et 15 = 51l 13 o [l 12

where ¢35 > 0, ¢4 > 0 are some suitable constants, independent of j, and
2 < p < min{4, 2*}. Hence, the proof of Step 1 is complete.

Step 2. The sequence {u;} (up to a subsequence) converges strongly to ug, that is,
the following relation holds

|lu; —uol|x, =0 as j— oo.

Recall that the sequence {u;} is bounded in Xy and X is reflexive Hilbert space.
Then, there exists a subsequence of {u;} weakly convergent to ug in Xy. Without loss
of generality, this subsequence is still denoted by {u;}, that is

Uj — Ug in Xg.

(3.11)
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First, making use of Proposition 2.3 again yields

<J ), uj — ug)
-/ / i) = )] 0) = wol)) = 15 (0) = o)z = y)dndy
RZn
— /uj(uj — ug) log |uj|dx — / |uj\q72uj(uj — up)dx
Q Q
- / / (3 () — 03 (9))? — (g () — ;) (wol) — o (9) K (& — y)dardy
R27‘L
- /uj(uj — o) log |u|dz — / ;|97 %u; (uj — ug)dx
Q Q

and

(J )s uj — o)

-/ / o () — 1o ()][(u5 () — o)) — (1) — uo(W))K (& — v)dady
RQTL
— uo(uj — up) log |up|dx — |u0|q_2u0(uj — ug)dzx
! /
— [ 100 = ) w0(0) ~ 0(0)) = (un() = wo(w)*} K (& — v}y
R2n
— [ wo(uj — ug)log Jug|dz — [ |uo|?%uo(uj — ug)dz.
/ /

Then, by the definition of the norm for space X, we have

s = ol = [ 100500 = (@) — 05(0) — ual)) K (& —y)dady
R2n

= (J (uj),uj — uo) — (J (uo), uj — uo)

+ [ (us1oglus| — wo log o (us — wo)dz
Q

/(W g — oo 7 2u) (1 — o) d.

Q
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Also, by using the embedding properties repeatedly, along with (3.11), we know that
u; —>up in L”(Q) (3.12)
and
uj = ug a.e.in €, (3.13)

as j — oo for any 1 < v < 2%. Moreover, by the Holder inequality, (3.12) and Step 1,
we have that

/Iujlq’zuj(uj —ug)dr as j— o0 (3.14)
Q

and

/|Uo|q72U0(uj —ug)dr as j—oo. (3.15)
Q

According to the inequality (3.3), we get that

/(uj log |u;| — uolog |uo|)(u; — ug)dx
Q

1 1
§2/|ujlog|uj|2\|uj —u0|dx—2/\uolog|u0|2\|uj — ugp|dz
Q Q
1 » 1 »
<20, [ Nyl + 1l s — woldz —2C, [ ol + fuof s — wold
Q Q

Then, the Holder inequality, (3.12) and the boundedness of {u;} ensure that

Jlhusl + fus £ = woldo = 0 (3.16)
Q

and
/Huo\% + o2 lluy — woldz — 0 (3.17)
Q

as j — oo. Meanwhile, by (3.7), (3.9) and the boundedness of {u;}, it is easy to
derive that

’

(J (uj),uj —ug) >0 as j— oo. (3.18)
and

(J (uo),u; —upg) =0 as j— oo. (3.19)

Therefore, the assertion of Step 2 comes for (3.17) and (3.18). O
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Lemma 3.4. Assume that 2 < g < 2% and the operator K satisfies the conditions
(k1)—(ks). Then, we have that equation (1.1) has a nontrivial solution.

Proof. Lemmas 3.1-3.3 imply that all the conditions for the proposition are satisfied.
Thus, the functional J(u) has a nontrivial critical point in Xy, that is to say, the
equation (1.1) has a nontrivial solution. O

It should be pointed out that all these basic results given in this section will be
used to obtain Theorem 3.5, which is our main result.

Now, with the aid of compactly embedding properties of the function space and
the above propositions and lemmas, we shall assert the existence of the ground state
solution for the nonlocal problem (1.1).

Theorem 3.5. Assume that 2 < g < 2% and the operator K satisfies the conditions
(k1)—(k3). Then, the problem (1.1) has a ground state solution.

Proof. Let /
N ={ue Xy\{0}}:J (u) =0}

By the above proof, we know that A is nonempty. So for any u € N, we get Propo-
sition 2.3. For any solution of (1.1) u € Xy, due to that J (u) = 0, it follows that
(J (u),u) = 0. By Propositions 2.2 and 2.3, we can get

0=(J (u),u)
= // lu(z) — u(y)|> K (z — y)dedy — /u2 log |uldz — / |u|92u?dx
Q Q Q

— [[ 1ut@) = P Ko~ g)dody ~ [ (g ul - og uls + log [u])dz

Q Q
7/|u|q*2u2d:c
Q
= //|u(:1c) —u(y)|2K(:1c—y)d:lcdy—/u2 log |||u: dac—logHu||2/u2dm
u
Q Q 2 Q
f/|u|q72u2dx
Q

> é [ 1u(@) ~ ) PRz = p)dady - 5=l

1 I'(s
5 (n+ F1oga+tog o))l = i og e —
a2 1 n sT(%)
— (1 _ 67r3> lullx, + B (n—l— gloga—i-log I‘(;j)) [lull3

— [l log [full2 — [lull3.
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Take a = /2Z° into the above inequality and let

2
1 n oms sI'(%)
= = —1 1 22 ).
K 2<n+sog 5 +Ogl"(2”5)>

Then, we obtain that
1
0> 3 lullx, + (5 —log lull2) [ull3 — [|ull3- (3.20)
For any u € N, if k — log |Ju|l2 < 0, that is ||ul|2 > e, by a simple calculation and

q > 2, we have that

1, 1 —2 1 1,

I - 37 @) = gl + 2 el = el 2 e G2
On the other side, if x — log|lulla > 0, by the expression of (3.20) and
Xo < L9(2), there exists a constant ¢; , > 0, independent of u, such that

*IIUHXU < lull§ < ergllull,, (3.22)

which yields that
lullxy > (2e1,)" 7 =2 ey (3.23)

Moreover, by adapting the process of (3.21), along with (3.22) and (3.23), there exists
a constant c3 4 > 0, such that

J(w) = (T (v),u) *II ||2+7|| ¥ >7II ¥

crola—2) (3.24)

2q

Y

[ullxy > ¢34

1,
Notice that §<J (u),u) = 0 holds for each u € N. So, combining (3.21) with (3.24),

we get that

inf J(u)>¢>0,

ueN
where ¢ = min {ie”, 63,(1}. This indicates that any limit points of the sequence in N are
different from zero. Let the sequence {u,} C N satisfy limy, oo J(uy) = infyepn J(u).
Similarly to the process of Lemmas 3.3 and 3.4, we can assert that {u,} is bounded
in Xo and there is a subsequence converging strongly to ug € Xo \ {0}. Hence, by
J (up) =0 and J € C'(Xo,R), we can achieve readily that J(ig) = 0 and J (@) = 0.
Therefore, u € Xy is a ground state solution of the problem (1.1) as desired. O
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