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Summary

The paper presents an analysis of the accuracy in determining the position of a  point using 
Network Real Time Kinematic (NRTK) method, which applies the MAC solution based on 
the active network of NadowskiNet reference stations. The object of the study was a 24-hour 
time series of point coordinates registered with a 30-second recording interval. The collected 
data were compared with the catalog coordinates of the point. The average values of the mean 
square errors of X, Y and h coordinates were determined, and their random nature was verified. 
An analysis was carried out in order to establish whether the distribution of errors obtained 
remains normal for parameters sufficiently close to the theoretical parameters.
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1.	 Introduction 

Currently, the most popular measurement methods in geodesy are the methods of 
phased satellite measurements that allow determination of the position in real time. 
These methods include the Real Time Kinematic (RTK) and Network Real Time 
Kinematic (NRTK) methods, which determine the horizontal position with a centi-
metre-level error. The methods of RTK and NRTK measurements are very similar, 
whereas the difference lies in the way of generating corrections in real time. In the 
RTK method, corrections are sent from a single physical reference station to a mobile 
receiver. The limit for the use of the RTK method is the distance of the mobile receiver 
from the base station and the resulting measurement errors. Therefore, in the 1990s, 
a  new RTK measurement method elaboration was proposed, the idea of which was 
based on the use of many reference stations. As the result, the infrastructure defined 
as the system of virtual reference stations (VRS) and the NRTK measurement method 
were created [Euler and Ziegler 2000, Townsend et al. 2000, Vollath et al. 2000, Rizos 
2002, Rizos and Han 2003]. In the NRTK method that applies the VRS, the correction 
to the mobile receiver is sent from the virtual reference station, which is located near 
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the mobile receiver. VRS is generated on the basis of the information concerning the 
approximate position of the mobile receiver, and the corrections are interpolated on the 
basis of adjustments obtained from the nearest physical reference stations. Real-time 
measurement methods are not free of errors. The results of RTK and NRTK measure-
ments are affected, among other things, by clock errors, satellite orbit errors, the impact 
of the ionospheric and tropospheric delay, and the local effects [Grejner-Brzezinska 
et al. 2004, Wielgosz et al. 2005, Emardson et al. 2010, Kowalczyk 2011]. The NRTK 
method, thanks to the concept of using the network of base stations, enables better 
modelling and estimation of the values of these errors compared to the classical RTK 
method [Brown et al. 2005, Ouassou et al. 2018]. Currently, there are several meth-
ods available on the market for the position determination with the use of the NRTK 
method. These are the following methods: Master-Auxiliary Concept (MAC), Virtual 
Reference Station (VRS) [Vollath et al. 2000, Landau et al. 2002], Pseudo-Reference 
Station (PRS), Individualised Master-Auxiliary Corrections (i-MAX) and German 
Flächenkorrekturparameter (FKP) [Takac and Zelzer 2008].

Master-Auxiliary Concept 

The MAC method assumes providing as much information about the network and 
errors as possible to the mobile receiver. This enables the selection of the optimal 
algorithms to determine the position of the mobile receiver [Brown et al. 2005]. The 
position determination with the use of the MAC method is as follows: data from the 
reference stations are sent to the network processing centre, then the uncertainty of the 
network is solved [Euler et al. 2001] and the choice of the optimal reference station is 
made. The latter will be used to estimate the corrections for the mobile receiver. In the 
next step, a network message is created, which is sent to the mobile receiver, and then 
locating errors for the position of the mobile receiver takes place. In the final stage, 
the position of the mobile receiver is determined with the use of the full information 
about the reference network [Brown et al. 2005, Ouassou et al. 2018]. The research, 
which compared the FKP and VRS methods with the MAC, demonstrated that the 
use of the MAC method is characterized by reliability in determining uncertainty, and 
accuracy. The MAC method offers the highest performance relative to the repair time 
[Brown et al. 2005]. The network of base stations plays a  key role in the RTK, and 
especially in the NRTK measurements. The majority of countries have their own refer-
ence station networks. In Poland, besides the state-run ASG-EUPOS geodetic network, 
there are also commercial networks such as: VRSNet, Leica SmartNet, TPI Netpro, 
NadowskiNet. The results of NRTK measurements, which apply selected active base 
station networks, have been the subject of many studies [Uznański 2009, Kudas et al. 
2016, Uznański 2016, Kudas et al. 2017, Uznański 2017].

NadowskiNet Reference Stations Network 

The NadowskiNet network consists of 40 reference stations (as of 31 January 2019), 
equipped mainly with the Leica GR10 PRO receivers and the Leica AR10 GNSS 
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antennas. The stations are located in the southern Poland in the Opolskie, Śląskie, 
Małopolskie, Podkarpackie and Świętokrzyskie regions (see Fig. 3). The antennas 
receive signals from the GPS, GLONASS, GALILEO and BeiDou systems. For the users 
registered at IP 213.241.57.10 address, different types of real time solutions with vari-
ous reference data stream are available (Table 1).

Table 1.	 The types of real time solutions available in the NadowskiNet network

Port Correction type Data stream

2101 NRTK (GPS&GLO) NAVGEO_VRS_3_1, NAVGEO_MAX_3_1 
NAVGEO_FKP_3_1, NAVGEO_iMAX_3_1

2101 NRTK (GPS&GLO&GAL&BDS) VRS_MSM4, 
VRS_MSM5

8080 NRTK NAVGEO_VRS_3_1, NAVGEO_MAX_3_1 
NAVGEO_FKP_3_1, NAVGEO_iMAX_3_1

2101 RTK (automatic selection) NAVGEO_NAJBL_POJ_3_1 
NAJBL_POJ_MSM4, NAJBL_POJ_MSM5

8082 RTK (user choice is possible)
XXXX_RTCM_3_1, 
XXXX_MSM5 
XXXX – station ID

Source: www.nadowski.pl

Considering the dependence of indicating the connection of each NadowskiNet 
network station with the 4 nearest stations, the average length of the vectors deter-
mined in such a  way, expressed in Cartesian coordinates PL ETRF2000 (epoch 
2011.0), equals 44901m. The minimum length of the vector equals 24441m, while 
the maximum equals 77703m. The relative position of the network points in three-
dimensional space is represented by the division of vector lengths into classes, as 
described above (Fig. 1). 

The classification of the area of the southern Poland depending on the distance 
from the nearest reference station of the NadowskiNet network is shown in Figure 
2. The sum of the areas where the distance from the station in the plane belongs to 
the range from 0 to10 km constitutes 18.0% of the total surface area of the indicated 
regions. In the case of distances between 0 and 20 km, this is 63.9%; and for the range 
from 0 to 30 km, it is equal to 90.7%. For the distances between 10 and 20 km from the 
station, this area occupies 45.9% of the total analysed area, and for the range from 20 to 
30km, it equals 26.7%. In most cases, the distance from the reference station remains in 
the range from 10 to 20 km (Table 2).

The aim of the research was to analyse the accuracy of the position determina-
tion with the application of the NRTK method, using the MAC method based on the 
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Table 2.	 The share of the area of distance zones in the area of regions

Region (voivodeship)
Share of buffer area in the area of regions [%]

0−10 [km] 0−20 [km] 0−30 [km] 10−20 [km] 20−30 [km]

opolskie 17.9 65.2 97.3 47.4 32.0

świętokrzyskie 18.3 63.8 91.5 45.5 27.6

małopolskie 20.3 73.7 97.6 53.4 23.9

podkarpackie 13.9 51.1 75.4 37.2 24.3

śląskie 20.9 69.7 98.5 48.8 28.8

Source: Authors’ own study

Source: Authors’ own study

Fig. 1.	 Position of the NadowskiNet network points in three-dimensional space, represented by 
the lengths of the vectors

commercial network of NadowskiNet reference stations. The test measurement was 
carried out on one measurement point, on which data were recorded over 24 hours 
with a 30-second recording interval.
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2.	 Material and methods 

The measurement was carried out on 140th day of the year 2017 (140 DOY 2017) 
using the Trimble R8 GNSS/SPS88x Internal receiver integrated with the antenna, on 
a specially prepared measuring point with forced centering. The NAVGEO_MAX_3_1 
correction was used in the RTMC 3 format (IP 213.241.57.10: 2101) (see Table 1). Due 
to the very good observation conditions (e.g. no horizon shading, no sources interfer-
ing with satellite signals), the value of the elevation mask equal to 5° and the PDOP 6 
mask were assumed on the point. The location of the measurement site in relation to 
the station is shown in Figure 3.

The nearest reference station was KRAK station located in Krakow (No. 173.112-
1810). The length of the 3D vector thereto equalled 14389 m. Before the start of the 
measurement, the initialization of the receiver was verified at 2 points of the state 
network. Then, without switching off the receiver, a  NRTK 24 h measuring session 
was carried out on the measuring point with a  registration interval of 30 s. During 
the measurement, the PDOP value was in the range between 1.0 and 1.6. The precise 
coordinates of the measuring point were obtained as a result of adjusting static satellite 
observations from two measurement sessions with lengths of 12 hours in relation to the 
nearby reference stations of the ASG-EUPOS network.

The data constituting a  series of X, Y coordinates in the PL-2000/21 system and 
the h-coordinate in the Kronstadt 86 system were then used in order to determine 
the coordinates residuals, which were obtained as differences between the registered 
coordinates, and the coordinates determined from static measurement. 

Source: Authors’ own study

Fig. 2.	 The distance zones for individual reference stations in NadowskiNet
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Source: Authors’ own study

Fig. 3.	 The position of the measuring point against the background of the NadowskiNet network

Source: Authors’ own study

Fig. 4. The time series of residuals ΔX(30), ΔY(30) , Δh(30) during 24 h
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On the basis of the test set containing residuals ΔX (30), ΔY (30) and Δh (30) (Fig. 
4), four new sets were created (Fig. 5). These sets were created by selecting residuals at 
intervals of 60 s – S1, 300 s – S2, 600 s – S3 and 900 s – S4. The sets connecting respec-
tively 1440, 288, 144 and 96 data items were obtained. For each of the sets, the mean 
square error of a single observation was estimated.

Source: Authors’ own study

Fig. 5.	 Flow chart of the distribution of measurement data 

In order to check whether the residuals obtained are of random nature, an analysis 
was carried out to verify whether the residuals distribution is normal, with parameters 
sufficiently close to the theoretical parameters. For the analysed test sets, basic statistics 
were estimated, including the measurements of the shape of the distribution (kurtosis 
and skewness). We verified whether there exists a dependency between successive data 
defining the autocorrelation function (ACF) and the partial autocorrelation function 
(PACF) for a set of residuals with a 30 second interval of registration. The ACF func-
tion is a measure of the linear correlation between observations removed from each 
other by a distance of specific number of time units, and the PACF function makes it 
possible to determine the direct relationship between observations distant from each 
other by a specific number of time units. For the purpose of the final verification of 
the distribution normality of the residuals of the point coordinates, tests for normality 
of the distribution were conducted. The test with the highest power was used, i.e. the 
Shapiro-Wilk test, but also weaker tests, such as Kolmogorov-Smirnov and Anderson-
Darling. In these tests a null hypothesis is made, which assumes that the distribution 
of the analysed features is normal, while the alternative hypothesis assumes that the 
distribution of the analysed feature is not normal. Testing the normality of the distribu-
tion was performed assuming a significance level of 0.05. 

The statistical analysis was carried out in the R environment [R Core Team 2018] 
and using packages such as: moments [Komsta and Novomestky 2015], olsrr [Hebbali 
2018], and forecast [Hyndman and Khandakar 2008, Hyndman et al. 2019].
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3.	 Results 

Considering the main test set of residuals ΔX (30), ΔY (30) and Δh (30), a mean square 
error of one measurement equal to 0.007 m for ΔX (30), 0.010 m for ΔY (30) and 0.109 
m for Δh was obtained. Based on the location of the position ΔX (30) and ΔY (30) 
on a plane (Fig. 6), it can be observed that in most cases they take negative values, 
especially in the case of ΔY (30). The rounding of residuals to the nearest centimetre 
using the Krylov-Bradis rule leads us to conclude that among 25 different residuals on 
the plane, in 14 cases ΔY (30) takes values below zero, and so does ΔX (30), in 11 cases.

Source: Authors’ own study

Fig. 6.	 The location of residuals ∆X(30) and ∆Y(30) on the plane

Source: Authors’ own study

Fig. 7.	 Histograms of residuals ΔX(30), ΔY(30), and Δh(30)
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The histograms depicted in Figure 7 are characterized by a slenderness of the distri-
bution curve, leading to an observation that in all cases residual values are concen-
trated around the mean values. The average residuals, however, take the following 
values: −0.001 m for ΔX (30), 0.008 m for ΔY (30), and −0.108 m for Δh (30). The 
concentration of residuals around the mean value is also confirmed by the obtained 
kurtosis values (Table 3), which for all three residuals are significantly greater than 0. 
The analysis of histograms shows that in the case of ΔY (30) and Δh (30) the frequency 
graph is skewed, which is also confirmed by the obtained skewness values of 0.55 and 
0.23, respectively.

Table 3.	 Basic statistics of residuals ∆X(30), ∆Y(30), and ∆h(30)

ΔX (30) ΔY (30) Δh (30)

Mean [m] −0.001 −0.008 −0.108

Standard deviation [m] 0.007 0.006 0.013

Variance [m] 0.000 0.000 0.000

Minimum [m] −0.034 −0.029 −0.149

Maximum [m] 0.023 0.019 −0.054

Kurtosis 0.42 2.14 0.64

Skewness 0.15 0.55 0.23

Source: Authors’ own study

In order to verify whether there is a dependency between successive data, the auto-
correlation function (ACF) was determined. Figure 8 presents the values of the ACF 
functions obtained for ΔX (30), ΔY (30), and Δh (30) respectively, and the dotted blue 
line determines the level of their statistical significance. 

In all three cases, the ACF function is positive and its values disappear slowly, 
suggesting that the residuals may contain a deterministic component. Basing on the 
analysis of the PACF function graphs, it is clearly visible that this function achieves 
a 0.8 value in all three cases for the lag = 1, which also suggests the existence of a deter-
ministic component. The analysis of the autocorrelation, therefore, does not allow us to 
conclude that the obtained residuals are independent.

In order to verify whether the distribution of the analysed residuals is normal, tests 
for normality of the distribution have been carried out. The Shapiro-Wilk test was used, 
as well as the Kolmogorov-Smirnov and Anderson-Darling tests. Obtained p-values 
equal to 0.00 for ΔX (30), ΔY (30), and Δh (30) in all three tests indicate the necessity of 
rejecting the null hypothesis about the normality of the examined feature distribution 
in favour of the alternative hypothesis. The results obtained for the test suggest the 
existence of dependencies between residuals. In order to verify whether the observed 
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correlation does not result from a short time interval between successive coordinate 
records, the analyses were carried out for the sets created by selecting residuals at inter-
vals of 60 s − S1, 300 s − S2, 600 s − S3, and 900 s − S4. The mean square error of a single 
observation in all sets reached the same values as in the test set, i.e. 0.007 m for ΔX, 
0.010 m for ΔY, and 0.109 m for Δh. The basic statistics of residuals for sets S1, S2, S3, 
and S4 (Table 4) for the mean value, standard deviation and variance, do not differ 
significantly from the values obtained for the test set. 

Source: Authors’ own study

Fig. 8.	 Autocorrelation function (ACF) and partial autocorrelation function (PACF) of residuals 
ΔX (30), ΔY (30), and Δh (30)
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Table 4.	Statistics of residuals ΔX (30), ΔY (30) and Δh (30) for the sets S1, S2, S3 and S4

Residuals Set Mean 
[m]

Standard deviation 
[m]

Variance 
[m] Kurtosis Skewness

ΔX

S1 –0.001 0.007 0.000 0.31 0.14

S2 –0.001 0.007 0.000 –0.04 0.19

S3 –0.002 0.007 0.000 –0.07 0.14

S4 –0.001 0.006 0.000 –0.45 0.52

ΔY

S1 –0.008 0.006 0.000 2.17 0.52

S2 –0.008 0.006 0.000 1.60 0.45

S3 –0.008 0.005 0.000 1.92 0.64

S4 –0.008 0.005 0.000 2.32 0.30

Δh

S1 –0.108 0.013 0.000 0.57 0.22

S2 –0.108 0.013 0.000 0.56 0.32

S3 –0.108 0.012 0.000 0.09 0.20

S4 –0.108 0.012 0.000 –0.26 –0.20

Source: Authors’ own study

Table 5.	 P-value of normality tests for residuals ΔX (30), ΔY (30), and Δh (30) for the sets S1, S2, 
S3 and S4

  ΔX ΔY Δh

Set S1 S2 S3 S4 S1 S2 S3 S4 S1 S2 S3 S4

Shapiro-Wilk 0.00 0.29 0.76 0.01 0.00 0.00 0.00 0.00 0.00 0.02 0.79 0.76

Kolmogorov-Smirnov 0.00 0.24 0.61 0.25 0.00 0.13 0.13 0.39 0.03 0.61 0.91 0.77

Anderson-Darling 0.00 0.09 0.39 0.02 0.00 0.00 0.00 0.02 0.00 0.20 0.79 0.58

Source: Authors’ own study

4.	 Conclusions 

The paper presents the analysis of the accuracy of position determination using the 
NRTK method, applying the MAC method and corrections received from the commer-
cial NadowskiNet network of reference stations. Specifically, the pertinent research was 
based on the verification whether the coordinate’s residuals are of random character. 
It was estimated that the mean residual values are equal to −0.001 m for ΔX, 0.008 m 
for ΔY, and −0.108 m for Δh. The range of the obtained residuals for ΔX equals 0.057 m, 
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for ΔY it equals 0.048 m, and 0.095 m for Δh. The mean values for ΔX and Δh differ 
from the mean values obtained by Uznański [2017], who obtained the mean value for 
ΔX equal to 0.004 m and for Δh, equal to −0.05 m. The discrepancies in the mean value 
may be the result of the different methods used to determine corrections to satellite 
observations. In this paper, only the MAC method was used, which is considered one 
of the most accurate, whereas Uznański [2017] used all available methods of correction 
streams. Basing on the obtained mean values, it can be stated that the X and Y coordi-
nates determined using the NRTK method and the MAC stream, based on the network 
of NadowskiNet reference stations, are characterized by the error below 0.01 m. The 
worse result is obtained, however, in the case of coordinate h, where the mean error 
exceeds the permissible value, which was defined for determining the height of points 
in legal regulations [Ordinance 2011]. The studies carried out regarding the normality 
of the distribution of the analysed residuals showed that these residuals did not take 
the random values. The observed correlation between the residuals from a 30-second 
set can result from a very short time interval between successive measurements. This is 
related to the occurrence of the invariable satellite conditions during the measurement, 
which in turn means a  similar determination of error values for the position of the 
mobile receiver. Extending the interval between successive measurements did not show 
the randomness of the errors obtained. The results may have been affected by the small 
distance between the measurement site and the nearest reference station.

This research project was financed by the Ministry of Science and Higher Education of 
the Republic of Poland for the statutory activities SUB/2019-0318000000-D310 and 
from the grant No. W301/KG/2017. 
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