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Theory decision under uncertainty applies differemdthods to predict future
events, physical measurements, which are alreakiyouvn. The paper shows one of
the decision-making methods in conditions of sewsreertainty in application to a
problem. Some aspects of the robustness and opposdss functions of Info-Gap
Theory are presented and used to evaluate the éxahpfficient fuel allocation.
A general outline of decision analysis is presentadiuding its orientation and
models.

Keywords: uncertainty, info-gap model, robustnesgfion, opportuneness function

1. Introduction

There are different definitions of uncertainty the most common is that it is
a situation where the current state of knowleddgbasthe order or nature of things
is unknown, the consequences, extent, or magnidfid@cumstances, conditions,
or events are unpredictable, and credible proliegsilto possible outcomes cannot
be assigned [6]. In decision-making theory thee raany problems with limited
information or conjecture. Along with the developrhef science and technology,
new methods and tools dealing with uncertainty app&mong these methods and
theories: fuzzy mathematics by L.A. Zadeh (1960Qd)],[ interval arithmetic by
R.E. Moore (1960s) [8], grey systems theory by ehd (1980s) [7], rough set
theory by Z. Pawlak (1980s) [9], uncertainty math&éos by H. Bandemer (2005)



[2] can be mentioned. Each of these methods haswis interpretation and
modeling of uncertainty and they are used to dffiémproblems. It is difficult to
compare these methods, because there is no steatdhrdethod of verification.
Hence some scientists introduce and suggest still approaches and methods.
One of them is Info-Gap Theory developed by Y. Btxim (2001) [3, 4]. Info-
Gap Theory is used to non-probabilistic problemenshthere is no information on
probabilities and there are not any probabilitytribsitions. It concerns seeking for
and determining optimal or possibly good problertutsmns taking into account
robustness and opportuneness models, which aetan described in next section.
The problem of efficient fuel allocation solvedthis paper is a good example to
show an assessment of this method applicability.

2. Description of Info-Gap Theory

Info-Gap Decision Theory is the quantitative assesds assist the decision
maker to evaluate options and strategies in lighthe analysis of uncertainties.
The method is described in many papers, books sed in a range of applications
[12]. The name of the method comes from the wofd-gap. The definition of
info-gap says that it is the disparity between whanown, and what needs to be
known in order to make a comprehensive and relialdeision. The method
consists of a main info-gap model of uncertaintyislan unbounded family of
nested sets that share a common structure. [3]sffheture of the sets in an info-
gap model depends on information about the uncgytaln general terms, the
structure of an info-gap model of uncertainty i®s#n to define the smallest or
strictest family of sets whose elements are cagsiswith the prior information.
This model measures how distant other values ofpdw@ameter are from the
estimate. It can be represented as follows [4]:

U(a,u)={u:lu-ua},a=0 (1)

where U denotes the best estimate of an uncertain functiomhile the fractional
error from this estimateg, is unknown. Info-Gap Theory assumes that
represents a poor guess at the true values of dn@mgters. At any level of
uncertaintya , the setU (a,u) contains all functions whose fractional deviation

from U is no greater tham [1]. The consequences of uncertainty can be both
catastrophic failure or windfall success. Hence-Beamn introduced to his method
two immunity functions: robustness and opportunsriesctions. The first one
assesses the immunity to failure, while the secomel assesses the immunity of
windfall. These functions express the basic knogdednd expectations, which a

229



decision maker brings to the decision problem. gsimbustness and
opportuneness functions the preferences on thergptian be formulated.

The robustness function can be expressed as thé@nmaxvalue of the
uncertainty parameter of an info-gap model [1, 3]:

a(q) = max{a : min requirements are always satisfied}
a(q) =max,.{a:0ulU (a,u)} (2)

where g denotes a vector of decision variables such agcehaf a model or its
parameters. The robustness function involves maaiticin of the uncertainty, or
the range of variation in a variable, parametemodel, at which decisiog would
satisfy the performance at a tolerable level [3le Dpportuneness function can be
expressed as the lowest horizon of uncertainty ithatecessary for better than
anticipated outcomes to be possible:

[(q) = min{a :sweeping success is possible}
B(a) =min,{a:OullU(a,0)} (3)
where g denotes a vector of decision variables such agcehaf a model or its

parameters. A small value oB(q) reflects the opportune situation that great

reward is possible even in the presence of litttbiant uncertainty. If we use
robustness and opportuneness function simultane@msl add decision maker’s
expectations we can get possibly good solutiontiwgharesented in next section in
the numerical example.

3. Numerical example

The problem concerns the efficient fuel allocationa rally vehicle. The car
takes part in a multiday race and during one daliould be able to travel at least a
distanced,. Otherwise, the driver will be disqualified froret race. If the driver
travels a longer distance thdgthe total distance to the end will be shorter and i
will increase his chance to win. To ensure pastiegequired minimum route, the
driver must take the appropriate amount of fyeThe distance, which a vehicle
can travel with quantity of fuel takes form [3]:

4G9 = oz @

wherecis a coefficient of road difficulty.
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Figure 1. A qualitative distance depending on a fuel

It seems that the greater amount of fyéicreases the chance of overcoming
the minimum distancd.. However, if the car takes less fuel, it is lightemaller
total weight), can easier overcome hills and haallemfuel consumption. For this
reason, too much fuel does not guarantee to pass the minimum rdutdhe
distance is not only dependent on a fuel but owedficient of road difficulty as
well. The value of this coefficient is unknown addpends on many factors as
weather, terrain, car's weight, etc. The only krexge is that the more difficult
road, the greater value of coefficiemt
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Figure2. The distancel(qg, c)with different values of coefficiemt
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Fig. 2 shows that a vehicle can sometimes tra\&ufits of distance or 1.4
units taking 2 units of fuel. It depends on theftoent c. The left and right border
of interval value ofc is uncertain, so it is difficult to say in whichtérval L,
Cmay the value oft is contained. The lack of knowledge about value isfan info-
gap in this problem. The question is how to estariats coefficient to travel the
appropriate distance.

It is known that the driver took part in previowes twice and he defeated
considered road once with good weather conditiosgnlg g =2 and traveled
distanced = 1.6667 and next time with bad weather conditibegookq =5 and
traveled distancd = 0.6896. On the basis of this informati@ngan be calculated
by the following formula:

=94 )
g
Travel 1:q;=2 AND d;=1.6667 THENc;=0.05
Travel 2:q,=5 AND d, =0.6896 THEN:,;=0.25

Informationc; andc;, are the only information on the degree of coeffitc which
we have. On this basis the estimated degree oficieet c is calculated.

- +
c=59"% - 915 ©6)

The estimated value o is highly uncertain and based only on two expenime
trips. The info-gap model of this problem is deysld.

U(a,c) ={c:lc-Ckac},a=0 (7
where a - is a coefficient of uncertainty of thevalue. Sincec = 0.15, a more
concrete form of info-gap model of uncertainty t@npresented:

U(a,c)={c:|c- 015k 013}, a =0 (8)
Interpretation of the model:
Value |c—C| is an absolute error of the estimate of actuabefficient value on

the route during the journey.
Record|c—C £ ac means that it is easier to make a big estimatemt &€ when

the value ofc is greater. The minimal distance which has toréeeled isd. = 1.0.
The robustness functiom takes form:
a(c,d.) =max{a :mingy, 4 ) d(g,c) 2 d:} 9)
We want to determine the amount of fugl which enables car to travel at
least a critical minimum distancel.(d >d.). Robustnessa determines the

maximum allowable error of estimate. If the real value of the uncertainty
does not exceed it, the amount of fgegives the possibility to travel at leakt
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Robustnessy(qg,):c>¢ means that so difficult road and conditions duniage
were not suspected.
On the basis of (7) we get:

c-c<ac

c<c+ac

cs(+a)c

IF c<(@+a)E THENd>— 1 (10)
1+ (1+a)cq

If the real uncertainty ofa equals the uncertainty limity defined as the
robustness, then the distamteill be equald,.

— 5 —q - q
IF(a=a) THENd=d,=——— 11
( ) ¢ 1+ @1+a)cq? D
The robustnesg& where the vehicle travels at least distadcekes form:
g=9"% 4 (12)
cd.q

Let consider five options of taken fuel (only ftukl tanks can be taken):
0.= 1 andg,= 2 andgs = 3 andg, = 4 andgs = 5 [units].
For ;=1 (d.=1,c=0.15):
g=9"0% -
cd.g;
Negative value of robustness <0 means that there is no robustness according
Info-Gap Theory. The lowest value of fugwhere the robustness is honnegative

equalsg = 1.5 units.
The maximum robustness has a decision where2. To understand the meaning

of a, we can assume thatdf = thenc=C¢C:
c(a)=c+ac
Ac(a)=Cc-c=ac (13)

Table 1. The values of erroAC(Q) of C for each robustnegs

i 1| 2 3 4 5
g |15] 2 3 4 5
a, 0 | 0.667| 0.481| 0.250| 0.067
AS(a;) | 0 | 0.100| 0.072| 0.038| 0.010
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Figure 4. The relationship betweet and fuel for robustness function

Fig. 4. shows that i = 2, the error of estimate valugwill be 0.100 what
represents 66.7% ofc = 015 and the distance will bel >d_. Other decisions
about taking a different amount of fuel do not haueh a great robustness, so they
are more risky.

As it was said in section two, uncertain variationgy be either adverse or
favorable. The uncertainty in this problem will ddverse if the real value ofwill
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be higher thart. Otherwise, it will be a windfall gain, because &iete will travel
further than expected and it is called opportunesésgation.

csc

c@l-a)<c

The driver will be satisfied if he manages to oeene the distancd,= 1.4, so the
sweeping success will be if he travels further than

d=d,
The opportunenes,é’ is the least level of uncertainty which must be tolerated in
order to travel a distance equdls

—q = q
d=d,=———— 14
Yo1+E- P’ oo
The opportunenesf% takes form:
P q- dw
=1--—Y 15
JEC) ed.q? (15)

IF(a@=/) THEN (d=>d,)
Let consider the opportunene,és‘or each of five options of fug and calculate
the error of estimatio€3=¢ - & =AC.

Table 2. The values of erroA€ for each opportuneneaé
i 1 2 3 4 5
g | 1.4 2 3 4 5

[3' 1 | 0.400| 0.154| 0.226| 0.314
AZ | 0 | 0.100| 0.072| 0.038| 0.010

As shown the greatest opportunity to travel thetadise d >d, gives a
decision about taking 3 units of fuel because it lhe lowest value of
opportuneness? . In this case, if the real value ofs 15.4% lower thart = 015,

travelling distanced,, = 1.4 will be guaranteed. These all results aregmtes! in
Fig. 5 and Fig. 6.
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Figure 6. The relationship betwee@ and fuel for opportuneness function

Fig.6. shows that the best chance of passing admstignce gives decisian= 3
units of fuel. However, taking into account theccddtion of robustness, it

shows that better decisionds= 2 units of fuel. The relationshiyg) and ,@(q) is
presented in Fig. 7.
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Figure 7. The robustnes&(g) and opportuneneﬁq) curves

Fig. 7 shows that two decisions= 2 andq = 3 compete with each other. Decision

g = 2 has a higher robustnessbut also a higher opportunen@s The question

is which decision is better. The answer dependslamision maker’s risk-taking
propensity [5].To determine the optimal decision, a criterion uidihg risk-taking
propensity should be developdthe proposed criterion has the following equation:
K(q;) = robustness (1 — risk-taking propensity) — oppwehess (risk-taking
propensity)

K(g) = @-r)a(g)-rB(G) (16)
Assume that risk-taking propensity in this problisrtow and it isr = 0.3, where
r 0[o; 1] :

K(qj) = 0.7a(q;) - 038(q;)
It means that a driver, who is a decision makezfgus to have guarantee to travel
the minimum required distance than to travel lontien satisfied distance,.
With these assumptions, we can calculate the icnitefior decisionsg, = 2 and
Oz =3:
K(2) =070 0667- 03[ 0400= 0052
K(3)=0.7[ 0400- 0.3[ 0153= 0043

As a result we get that with a low risk-taking peopity it is better to takg = 2
units of fuel. If the risk-taking propensity woute higher, for example= 0.6, it
would be better to takg= 3 units of fuel and the results would be asfeihg:
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K(2) =041 0667-0.6[ 0400= 0027
K(3) =041 0400- 0.6[ 0153= 0068
It shows how important risk-taking propensity otidéon maker is.

4, Conclusions

Decision-making is a field used in all science aréseople want to understand
and manage the gap between what they know andttwdnatould known order to
make an appropriate decisioinfo-Gap Theory is a method for supporting
problems with severe uncertainty solves decision making problems without any
probability distributions of uncertain variables wembership functions, which
most of all classical decision making methods nexjuiThe paper presents the
general outline of this method and its models. fibtmerical example of efficient
fuel allocation with one uncertain variable is gzald. The solved problem shows
how to use robustness and opportuneness functiongltaneously and how
important is decision maker’s risk-taking propeynsit make a final decision.
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