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Abstract. A family of Dirichlet-Morrey spaces Dy i of functions analytic in the open
unit disk D are defined in this paper. We completely characterize the boundedness
of the Volterra integral operators T, I, and the multiplication operator M, on the
space Dy k. In addition, the compactness and essential norm of the operators 7, and
I, on D) g are also investigated.
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1. INTRODUCTION

Let D be the open unit disc in the complex plane and H (D) be the set of all analytic
functions in D. Let H*® denote the space of all bounded analytic functions. For A > —1,
0 < p < 00, a function f € H(D) belongs to the weighted Dirichlet space DY if

1/p

[ flloy = [£(0)] + /If’(Z)\p(l —[)MdAR) | <o,
D

where dA denotes the normalized area measure on . When A = 1, p = 2, the space
DY coincides with the classical Hardy space H 2. When X = p, the space DY becomes
the Bergman space, denoted by AP.

Let 0 <p< oo, —2< g<ooand 0<s<oco. A function f € H(D) belongs to the
space F(p,q,s) if

1/p

1l 7.0 = [FO)] + sup / ()P = 1)1 = |pa(2)[*)"dA(2) < 00,
D
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where ¢, = {#7Z= is a Mébius map that interchanges 0 and . The space F'(p,q, s)

was introduced by Zhao in [37]. From [37], when ¢ = p — 2, the space F(p,p — 2,5)
coincides with the Bloch space B if s > 1. Furthermore, F(p,p — 2,0) is just the
Besov space B,. When p = 2, the space F(p,p — 2, s) becomes the Qs space (see [32]).
In particular, F(2,0,1) is the BMOA space, the set of all analytic functions of bounded
mean oscillation.

For 0 < p< oo, —2< g < oo and 0 < s < oo, a function f € F(p,q,s) belongs to
the little space Fy(p,q,s) if

|a]—1

lim /If’(Z)I”(l — [2[)1(1 = pa(2)[*)*dA(2) = 0.
D

Let g, f € H(D). The Volterra integral operator T, and its associated operator I,
are defined by

T, () = / FOFQde, T,f(z) = / F(Qg(0)de, zeD.
0 0

Obviously, T, f(z) = Myf(z) — I, f(z) — f(0)g(0), where M, f(z) = f(2)g(2) is the
multiplication operator. These integral operators, as well as their various generalizations
have attracted attention of many authors (see, e.g., [1-11,15,17-23,26-28,36] and the
related references therein).

For any arc I C 9D, let |I| = 1 [} |d¢| be the normalized arc length of I and

S(I)y={z=re?eD:1-|I|<r<1,e’cI}

be the Carleson box based on I. For 0 < s < 0o, we say that a positive Borel measure
pon D is an s-Carleson measure if (see [17])
w(S(I
lille = sup 2D o,
rcon ||
For 0 < A < 1, a function f € H?(D) belongs to the analytic Morrey space £L2* (D),
which was introduced by Wu and Xie in [29], if

1 2 |dn|
sup —+ — — < 00,
sup s / Fn) = i

where dnl
_ 1 n
fl—m/f(n)2W~

Li, Liu and Lou showed that T} is bounded on Morrey space L£2X(D) if and only if
g € BMOA for 0 < A < 1in [10]. Let K : [0,00) — [0,00) be a nondecreasing and
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right-continuous function, not identically equal to zero. In [28], Sun and Wulan defined
a Morrey type space D3, which consists of all functions f € H(D) such that

(1= Jaf?)

by, = LFO) + sup 1f 0 6a — F(@)l3s < .

[e1S
They found some sufficient and necessary conditions for the identity operator I; from
D3; to T (u) to be bounded. Here T2 (u) is the set of all f € H(D) such that

1—|af?

1 2s
1£ 17 ) = i‘é%wm/f(z) — fla)? (|1042|> dp(z) < oo,

where 0 < s < oo and p is a positive Borel measure on D. Morrey type spaces have
received lots of attention and studied by many authors. See [3,12,13,18,28,29,31,33,34|
and the references therein for more results on Morrey type spaces.

Motivated by [28], in this paper we define a new Morrey type space Dy x as follows:
for —1 < A < 0, the Dirichlet-Morrey type space D, g is defined as the space of all
functions f € H(D) such that

fllos x = 1£0)] 4+ sup S o f@)lln < oo
P = b KT~ [ap) /¥ P

For 0 < s < 1, if K(x) = 2*+1s the space Dy i coincides with the Dirichlet-Morrey
space Dy s (see [5]).
In this paper, we always suppose that the following condition on K holds (see [30]):

(o]
P ()
/ 1+ dr < oo, ¢>0, (1.1)
1
where K(sz)
sx
T) = su , 0<a<oo.
¢K( ) O<821 K(S)

Obviously, K (z) = aP satisfies inequality (1.1) for 0 < p < 4.

This paper is organized as follows: Section 2 characterizes some properties for the
Dirichlet-Morrey space Dy k. The boundedness of the Volterra integral operators 7,
I, and the multiplication operator M, on the space Dy x is given in Section 3. In the
last section, we study the essential norm of the operators T, and I,,.

For two quantities A and B, we use the abbreviation A < B whenever there is
a positive constant C' (independent of the associated variables) such that A < CB.
We write A=~ B, if A< B < A

2. SOME BASIC PROPERTIES

In this section, some basic properties of the space Dy g are given. First, we state two
lemmas as follows.
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Lemma 2.1 ([16, Lemma 2.5]). Let r,t > 0, s > —1 and t + 1 — s > 2.
Ift <2+ s <r, then

(1—1z% 1
dA <
/ 1 asr e S T fapyr——2 = aar

for any o, p € D.

Lemma 2.2 ([28, Remark 2.1]). Let 0 < a < 8 < 00 and K satisfy (1.1) for some
0 > 0. Then for all sufficiently small positive constants € < 6,

5— 5
K@) _(8\ " _ (8
K(a) ~ \« “\a/)
Proposition 2.3. Let —1 < A < 0. Then Dy g C Di. Moreover, Dy g = D}\
if and only if K(0) > 0.

Proof. Let f € Dy k. Using the change of variables w = ¢q(2),

(1~ [a[2) !
00 > Slé%m”fos% — f(a)llp:
(1-a >‘+1
—sup GO / (F 0 @a) (11~ 21 dA(2)

_ (1— o) /\H 1 2y-1(] _ 2)A+1 74
=Sup o If [w[*) ™ (1 = [pal(w)]7) (w)
acD K 1 | |

>

o/ 0 = ot
D

|/ (@)](1 — [w]*)*dA(w).

RV
@\ =

So f e D% that is, Dy x C D}\.
Next, we prove that Dy x = Dj if and only if K(0) > 0. First, we suppose that
f € D} and K(0) > 0. Using the monotonicity of K, we obtain that

(1= Ja)*

sup W”f oo — f(a)lp:

_ o222
o e - Eer EE e
D
< / F(2)](1 = 2P A() < 00
D

Therefore, f € D g. Furthermore, Dy x = D;.
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Conversely, assume that Dy g = D). For any v € D, consider the function

f’Y( 1_|’Y| / ’Yw 3+)\7 z €D.
0

Applying Lemma 3.10 in [39], we get

~ / |7‘ 2\ A ~
oy ~ [ 10012 / T (1= ) A ~ 1
D

Thus, f, € D. Then
00 > [|fyllp1 2 151D

e / £EI = 1577~ lpa P AG)
aeD K |0‘|

1_ )\Jrl
2 Mm / @I~ 27 (1~ oy () dA()

K(1- |7\ )’
which implies that K(0) > 0. O

Proposition 2.4. Let =1 < A < 0 and K satisfy (1.1). Then Dy x = F(1,—-1,A+1)
if and only if K (z) ~ 221

Proof. Since

K(1—af?)
[flp(,—1,041) & ilé]]% 1f o pa — f(a)HD; S Wﬂfnm,m aeD,
and
o < sup 2
'D,\,K ~ aep K(l ‘ |2) F(l —1 A+1)7
the desired result follows immediately. O

Proposition 2.5. Let —1 < A <0, v € D and K satisfy (1.1) for some § > 0 such
that § < 2A + 2. Then the function

K(1— 2 1— 2\A+1
fy(2) = ( (17|_ )7(2)2,\%| ) )

zeD,

belongs to Dy k.
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Proof. Using Lemmas 2.1 and 2.2, we have that

(1-— |a‘ >\+1 21y _ -
sup T K= 75,0 = 1217 (1 = [ea(2)F) (2)
aeh |
~ sup 1108 >”“K<1 e / (PP
a€D K(1—laf?) 1 — 7222 +3[1 — az |22
< oy L 10 PPEQ — ) (1 = P! 1
u —
~ ae% K(1-—|a?) (1 — [7[2) M1 — ay2r+2

2242
< qup KO =) (4 |a|2>
VBRI o) \T-a

1— 2 22+2—-45
(1Y
aeh ‘1 - O"Y|

which means that f, € D) k. O]

Proposition 2.6. Let —1 < A < 0 and K satisfy (1.1) for some é > 0 such that
0 <X+ 1. Then for any f € Dy k,

2
f(a)] < mﬂlm,m aeD.

Proof. 1t is obvious that

1

\f’(a)lsm / P [2%)1dA(2)

D(a,r)
T / I~ |71~ ()P aA(2)

< M” Flips -
~ = Tappez 1 IPas
Then Lemma 2.2 yields that there exists a constant ¢ € (0, ) such that

1

@) — £(0)] = / (a2)dz| < Hf”% Ia\K 1 Jaz)

— |az|?) >‘+2
0
K(1—|af) e
S ||fHDA,KW/(1— laz])? =722 |aldz
0
< K1 —la)

~ W”f”D)\,K’

which implies the desired result. O
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3. BOUNDEDNESS

In this section, we characterize the boundedness of Volterra integral operators
T, and I, on the space Dy x. We begin this section with the definition of
p-Carleson measure for D). For —1 < A < 0 < p < oo, a positive Borel measure
won D is called a p-Carleson measure for Dy if for any f € D%\, the identity operator
I4: D} — LP(du) is bounded, that is, there exists a positive constant C' such that

[1s@raut) < clrip,
D

for all functions f € Dj. Using Theorem 9 in [14], we immediately obtain the following
result.

Lemma 3.1. Let —1 < A < 0 and pu be a positive Borel measure on D. Then p is
a (A + 1)-Carleson measure if and only if u is a 1-Carleson measure for D3, that is,
for all functions f € DX,

[15@ldu) £ 1501+ [ 1£GI - 22dAG) ~ 17y
D D

The following theorem is the main result in this section.

Theorem 3.2. Let —1 < X\ < 0 and K satisfy (1.1) for some 6 > 0 such that § < \+1.
Then Ty : Dy xk — D k is bounded if and only if

ge F(1,-1,A+1).

Proof. First, assume that Ty : Dy g — D) k is bounded. For each fixed arc I C dD,
let v = (1 — |I])&, & be the mldpomt of I. Then for z € S(I),

-7zl = 1= =T =1~y

Consider the test function f, defined in Proposition 2.5. Then

|a| )‘H 2\ A+1
o0 > sup SB[, 20 = 1)1 = foa P HA)

~ ) ’\H . . 2\A+1
~ sup Gt RGN I = )7 (1~ ()14 ()
2 T / e 1—|z|2>AdA<z>,

which implies that g € FI(1,—1, A+ 1) (see [37]).
Conversely, suppose that g € F(1,—1, A+ 1). Then

1y =19'(2)|(1 = |21*)*dA(2)
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is a (A + 1)-Carleson measure (see [37]). Let f € Dy g. For each fixed arc I C 9D,
let « = (1 — |1])&, € be the midpoint of I. Then

o
1TofllDy 1 = aeg K(1—|aP?)
X /|(Tgf)'(z)|(1 — 12711 = |pa(2)P) M dA(2)
D

(1 — Ja[)M
R SUp 5
aen K(1—lal?)

x /If(Z)IIQ’(Z)I(l — o) 7M1 = lpa(2) )M dA(2)
D

1 1= |a? 2242
SEEBWD/'“Z)““) () )

N (1 _ |a|2)’\+1
SUp —————5—
aen K(1—laf?)

x /\f(a)llg’(z)\(l =271~ [pa(2)) M dA(2)
D

SE+F
Proposition 2.6 yields that

(1— a2
K1~ [aP)

_ a2
% /WW(Z)W — 2711 — |pa(2)|) M dA(2)

F 5 ”fHDA,K sup
a€D

S ||fH’D>\,K||g||F(1,71,>\+1)'
Next, we need to prove that
E S/ ||f||D>\,K'

For this purpose, we consider the function

(1= o) 2 (f(2) — f(e@))
K1 —|a2)(1—az2 2

Fo x(z)= a,z € D.
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We will prove that Fy rc € D} and supaep || Fa,x[lpt < [Ifllpy «- It is obvious that

(1 _ ‘a|2)2>\+2
sup || Fo, x||p1t = sup ~———5—
sup 1 Foxlloy = 20D 5oy

x (If |+/‘ w)

(1 —[a)?*2
=Ssup ——5—
aed K(1—laf?)

_ (a2 — (@)
C KA aP) /| 1—az>w)

Applying Proposition 2.6, we obtain that

(1- |22>AdA<z>)

[f () = FO)| + G,

where

(1= [21*) dA(2).

1 A12V20 42
aup (Ll

A et B A _ < _ 2\A+1 <
SUD i~ Jaf?) |f () = f(0)] N(Sllelg(l [a[*) T f D se S N llDs e

For the second term, we have that

(1= Jaf?)+2 (2)
G50 R —aP) / ‘ mw (IR )
(1 —|af?) 2”2 — f(a)
KA - o) / [ |0 e = 6

It is obvious that

_ — oM Ca12V-1(1 _ 2\ A+1 <
Gy = sup L1 If (1= [2[%)77 (1 = lpa(2)[7) T dAR) S I fllDs k-
aeD K 1- | |

By the change of variables z = ¢, (w), we get that

G = sup GtV / )~ fal SED - a4
=zzgm'?'|af1/ 2 0ut0) = FOE G A
It is well known that
£ 0 ¢alz) - \</| o eu)' (0 S ),
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Therefore, employing Fubini’s theorem and Lemma 2.1, we have

G5 Sy | [ 100 e @l g aa S )
PR e 1/ (el = A
- 1—(u;?|’zl|zasz(Z)
TUN |+/ 0 o0 9010~ o s g A
TS s T;/ (e el (Ol =l A

S/ ||f||DA,K'

Thus, we see that F, € Di and suPoep [[Faxllpr S || fllDs s Since gy is
a (A 4 1)-Carleson measure, using Lemma 3.1, we obtain that

B = sup [ [Faldiy(2) < Csup | Foscloy S 17
acD a€eD

This means that Tj; : Dy g — D) i is bounded. O

Theorem 3.3. Let —1 < X\ < 0 and K satisfy (1.1) for some 6 > 0 such that § < A\+1.
Then I, : Dy g — Dy i is bounded if and only if g € H>.

Proof. First, suppose that I, : Dy g — D)k is bounded. For » > 0 and each
~v € D, let D(v,7) be the Bergman metric disc centered at v with radius r, that is,
D(v,r) ={z € D: B(v, z) <r}. From [39] we have

A=p®? 1 1

~ ~ D .
Tyt S O—pPE - e 2P0
Consider the function
K(1 = ,72 1— 72 A+1
£y = KL= =) D,

YA =qz)2Az
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Clearly, fy € Dy k by Proposition 2.5. By the assumption we obtain that

(1 — |af?)*? T B 1_ 2\ 4174
00 > sup —rm——oe [ |(Iofy) ()11 = [2*) 7 (1 = |pa(2)?) (2)
aech K 1- | |

1—|7‘ P s _ S)|2)A L .
et /|f Mg(1 = [=2)7 (1 = lor ()PP dAC)

2\/

Q

— 2)\+2
[ e ata ) o ()P A )
D

: 2y / 9()(1 = [21*) 7 dA(2) 2 lg()]-

~ (1=
D(y,r)

The arbitrariness of v implies g € H>.
Conversely, we suppose that g € H*. Let f € D) k. Then
(1 ‘ a|2)A+1

I ~ A et BN
g fllDa auP K1 — |af?)

/ Y (DI~ [22) 711~ |pa(2) P dA()

oy (L=l
~SuUp —————
T oeh K(1—aP)

< [P ElgL = 12711 = a2 dA)
D

(1= o)
<

~ 1G||Hee SUP

” ” aeD K(]. _ |a|2)

x / I = [21) 711 = lea(2) )M dA(2)
D

S lgllm= |l fllos, x>
which means that I, : Dy x — Dy k is bounded. O

Theorem 3.4. Let -1 < A < 0 and K satisfy (1.1) for some § > 0 such
that 0 < X+ 1. Then My, : Dyxg — Dy 1is bounded if and only if
ge F(1,—=1,A+1) N H>.

Proof. Suppose first that g € F(1,—1, A+ 1) N H*°. Employing Theorems 3.2 and 3.3,
we obtain that both T, and I, are bounded on Dy g. Therefore, M, : Dy x — Dy i
is bounded.

Conversely, suppose that M, : Dy g — Dy i is bounded. For v € D, set

K(1=[y]?)(1 =[5!
(I—5ae

fa(z) = z € D.
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By Proposition 2.5, f, is bounded in Dy x. Applying the assumption we obtain that
Mg fo € Dy k. By Proposition 2.6, we have

K(1— [2)[[Mg £yl Dy i

|g(Z)f—Y(Z)| = |M9f’Y(Z)‘ S (1 _ ‘Z|2)>\+1
< K(l - |Z|2)||Mg||D>\,K—>D>\,K
ST AR

Since « is arbitrary, by setting v = z, we get
‘g(z)| S ||M9HD)\,K‘>D)\,K’

which means that g € H°°. Theorem 3.3 yields that the operator I, is bounded on
Dy, k- Since Ty f(2) = My(2) — 14 f(2) — f(0)g(0), then the operator Ty is also bounded
on Dy k. We immediately obtain that g € F(1,—1, A + 1). O

4. ESSENTIAL NORM OF INTEGRAL OPERATORS

In this section, we study the essential norm of the operators T and I, on D) g . Recall
that the essential norm of a bounded linear operator L : W — @ is defined by

IL|le,w—o = irslf{||L — Sllw=g : S is compact from W to @},

where (W, || - [lw), (@, || - |l@) are Banach spaces. Clearly, L : W — @ is compact if
and only if ||L||¢,w—¢ = 0. For some resent works on estimating essential norms of
integral-type and some related operators, we refer [4,25,35,38].

Let A and W be Banach spaces such that A C W. Given f € W the distance of f
to A denoted by disty (f, A), is defined by dist(f, A) = infyea || f — gllw.

The following lemma gives the distance from the space F/(1,—1, A+ 1) to its little
space Fp(1, —1, A+ 1) (see [5]).

Lemma 4.1. If g€ F(1,—1,A\+ 1), then

limsup/ 9" () (1 = 1) 71 = [pa(2) )T dA(2)
D

la]—1

~ distp(1,—1,3+1)(9, Fo(1, =1, A+ 1)) = limsup [|g — g+l p(1,—1,741)-

r—1-
Here g.(z) = g(rz), 0 <r <1,z € D.

Lemma 4.2. Let —1 < A < 0 and K satisfy (1.1) for some 6 > 0 such that § < A+ 1.
If g€ Fo(1,—1,A+1), then Ty : Dy x — Dy k is compact.

Proof. Since Fy(1,—1,A + 1) is the closure of polynomials in the norm of
F(1,-1,X 4 1), there exist polynomials P, such that ||g — Py|/r(1,—1,x4+1) — 0. From
the proof of Theorem 3.2, we see that

||Tg - TPn

Dxx — ”Tg*Pn D,k S_, ||g - Pn”F(l,*l,/\Jrl) -0
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as n — oo. For a polynomial P, noting that Tp is the product of the multiplication
operator f — fP’, which is bounded by the boundedness of P’ on D, with the
integration operator f — foz f(&)d€, which is compact on Dy i (see [1]), we obtain
that T, : Dy x — Dy k is compact. O

Lemma 4.3. Let —1 < A < 0 and K satisfy (1.1) for some 6 > 0 such that § < A+ 1.
Ifge F(1,-1,A+1), then Ty, : Dk — Dx i is compact.

Proof. Since g € F(1,—1,\+ 1), then g, € Fo(1,—1, A+ 1). Lemma 4.2 gives that
Ty, : Dy,x — Dy i is compact. O]

Theorem 4.4. Let —1 < A < 0 and K satisfy (1.1) for some § > 0 such that 6 < A+1.
If g€ HD) and Ty : Da,x — Dk is bounded, then

HT9||€7D/\,K4)D/\,K ~ diStF(L*l»AJFl)(ga F0(17 _17 A+ 1))
~ limsup[lg — grllFa,—1.241)-
r—1-

Proof. Let {ay,} be a bounded sequence in D such that lim,,_, |a,| = 1. Set

K(1 — Jom[?) (1 — o [H)M

fn(Z) = (1 — @n2)2/\+2 , ze€D.

Then {f,} is a bounded sequence in Dy g and f, — 0 uniformly on any compact
subset of D as n — oo. For each compact operator S : Dy x — Dy k, similar to [24,25]
we have that lim,, o [|Sfr|lD, x = 0. Employing Proposition 4.13 in [39], we get that

”Tg - S”D)\,K‘}D)\,K
Z limsup [|(Ty — S)(fa)llDs x
n— o0
Z lim_)sup(HTganDAK - “an||DAK)
= lim sup HTgf””D)\,K
n— 00

o / 2y—1 2\A+1
2 timsup Ll (A, G0 )70 - oo, (PP H1AG)
D

2 lim sup / 19" ()1 = 1) 71 = [pa, (2) )M AA(2).

n—oo
D(avn"')

Since «, is arbitrary, we obtain that

1 Tylle, D c=Drre 2 limﬁsup/ 19" () (1 = [21) 7L = [pa, (2) )M HAA(2).
D
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Conversely, Lemma 4.3 yields that Ty, : Dy g — Dy i is compact when 0 < r < 1.
So

”TgHE,'Dx,K—VDx,K < ”Tg - Tgr||DA,K—>DA,K
= ”Tg*gw

< ||9 - gr||F(1,—1,>\+1)~

Dx,k—Dx Kk

Employing Lemma 4.1, we get that
||Tg||€7D>\,K_>D>\,K < limsup [|g — 9r||F(1,—1,/\+1)
r—1

~ diStF(L,L)\Jrl) (g, Fo(l, —1, A + 1))

We immediately get the following corollary by Theorem 4.4.

Corollary 4.5. Let —1 < A < 0 and K satisfy (1.1) for some § > 0 such that § < A\+1.
If g€ HD), then T, : D, x — Dax ts compact if and only if g € Fo(1, -1, A+ 1).

Theorem 4.6. Let —1 < A < 0 and K satisfy (1.1) for some § > 0 such that 6 < A+1.
If g€ HD) and I, : Dy x — D i is bounded, then
Hglle. s, =D i = llgllEroe-
Proof. We define S and {«,} as in the proof of Theorem 4.4. Set
K(1 = |an ) (1 = Jan )M
Qn (1 — Qp2)2AH2 ’

Then we have that ||F},||p, , < 1 by Proposition 2.5. Since S : Dy x — Dy i is
compact, we have that lim,, . ||[SFy,|p, , = 0. Thus

Fu(z) = zeD,a, #0.

Hy = Sl x5 i 2N 80D [(Tg = 5)(Fn)[ s
R M sup([lfg Fullp, s = [1SFnllps 1)
=limsup ||I.an|‘DA,K'
n—oo
From the proof of Theorem 3.3 we obtain that ||I,F,|p, . 2 [9(an)|. Then

||I.Q||5;DA,K_>DA,K 2 ||g||H°°
Conversely, by Theorem 3.3 again, we have that
||IgH87,Dk,K4),Dk,K = Hsl,f ”IQ - SHD)\,K‘}D)\,K
5 ||IQHD>\,K—>D>\,K 5 ||g||H°°'
This finishes the proof. O

By Theorem 4.6, we immediately get the following corollary.

Corollary 4.7. Let —1 < A < 0 and K satisfy (1.1) for some 6 > 0 such that
d<A+1.Ifge HD), then I, : Dy xk — D i s compact if and only if g = 0.
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