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Abstract. The dynamic models of the complex ergatic In this context, let us first examine the general
objects' behavior, presented in the form of diffitied "Man-Machine-Environment" system. Input information
equations and their systems were studied. Thelisgabi for this system is the information from the highevel
and other properties are researched. The methods syktem (targets, instructions, etc.); output o gystem
analysis and reduce of harmful factors and thejract on is the labor result.
people were theoretically proved. The methods of When the system operates, it's internal state
analysis and critical points removal in dynamic elgcdbf changes. The element "Human" has three functional

hazards distribution are offered. parts: control the "Machine", object of influencg the
The object of study is the system of the harmfuénvironment and the "Machine" either.
external factors protection. Subject of researchthis The element "Machine" fulfills a major technolo-

system of two nonlinear differential equations an@del gical function — impact on the subject of labor anside
of technical systems with protection. The object ofunction —to change parameters of environment.
protection is described by logistic equation. ardfedse Different types of common models of "Human-
system - by non-linear differential equation with avachine Environment" were studied in this papecheaf
security functions of rather general form. This gap which describes in a proper way some of practically
describes critical modes analysis and stationaayest important object's quality. And all together deberian
stability of protected systems with harmful inflees. object in terms of its safe functioning [6]. Théinther
Numerical solution of general problem and also thdetailing leads to well-known and as well as to saraw
analytical solution for the case of fixed expechedmful models of subsystems [7]. This work is on quartigat
effects have been obtained. Various types of génemnalysis of an important model - protection of pers
models for "Man-machine-environment" systems werfom harmful effects from external environment dram
studied. Each of describes some kind of the walt impact of the "Machine "subsystem.

important quality of object in an appropriate waynd all

together they describe the object in terms of gife THE ANALYSIS OF RECENT RESEARCH AND
operation. Their further detailing process restdtgither PUBLICATIONS

well-known, or some new subsystems’ models. Systems

with "fast" protection at a relatively slow dynamiof the In works [8, 9] a model of dynamic system that

object were studied. This leads to the models witfall describing a situation where primary subsystem
parameter and asymptotic solutions of differentidlproduces” a harmful factor, and second sub-system
equations. Some estimates for protection costfferdint protection - is trying to reduce it completely, at a
price-functional and for different functions in thight reasonable price. As the base model — the basis for
part of equation, which describes the dynamicsedéise modification — a system of ordinary differentialuagions
were obtained. For calculations, analysis and dcaph was taken. It describes fundamental laws of conipeti
representations some of mathematical packages wa¢], and also known in ecology as a model of
applied. coexistence of species [11 — 14].

Key words: Non-linear system, singular points, We need to check that despite the model has been
eigenvalues, asymptotic behavior, first approxiomati simplified [15], basic characteristics and depersiean
linearization. the system should be available. Based on the sesult

obtained in the course of work the bifurcation of
INTRODUCTION protection system must be analyzed, i.e. we shfiglde
out a scenario of stability’s loss [16] and proiest

One of the most important elements of Ukrainiarffectiveness.
economy has always been and remains to be industria We follow [4] to introduce the basic assumptions
production, which is not safe at all. And it is fbyeout of directly following from everyday experience. Theye a
date both morally and physically. In this regarbe t evident, i.e. they do not require additional justfion
devices and their integrated systems of protedtierstaff and only need to be formalized. Below they areecathe
and surrounding population are particularly impetta Axioms [4].

today [1, 2]. It is known that safety and efficignare Consider the Bio Impadi:

conflicting criteria. Their junction is possible lgnin a T

complex supersystem [3]. This approach allowed to U =J.U(t)dt (1)
0

consider a model of "Human-Machine-protected

Environment" as a known model of competition of twagvhere: the intensity of harmful facteris an alternating
factors — safety and efficiency [4, 5]. function of timet; T is total exposition time
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The total Bio Impact may also depend on theystem of differential equations. So, the objectiwveo
intensity of the other harmful facter Similarly, V(t,v,u). study for stability the system (2) under differémtms of
In the first approximation the additive property isprotection ability function and values of the sudisyn

provided [6]: protection parametersa{ B, y). It is also necessary to
evaluate the cost of protectiility for different
«overall harmfulness» iU+ k,V, functionsF(u,2.
wherek; are the weights. THE MAIN RESULTS OF THE RESEARCH
Axioms (natural positions):
1. Auto cumulativeness. 1. Methods for studying stability.
The harmful effects is growing faster than its ealu The theorem of linearization establishes a relatibn
2. Mutual cumulativeness. phase portrait of a nonlinear system in the neignad
The harmful effects grow as other factors togethiof the stability point with phase portrait of its
with u are growing. linearization [16, 17].
The origin of coordinates is a simple fixed system’

. .0 o . .
3. In regular snua‘uon(iu <0. In critical situation point for

" 0
tive feedback)—u>0. v
(positive feedbac )au y=X(y), ydsO R,

4. Protectiorg(t) can be controlled programmatically

or adaptively, depending on the valu(g). if its corresponding linearized system is simple.
5. The cost of protectiof©=C(2) it is natural to This definition extends the meaning of simplicity fixed
consider as a steady increasing function of ienisity. points of nonlinear systems. It can be used algbdrcase
Let fandg be smooth functions, steadily increasingwhen singular point, which interests us is notrigio of
in both arguments, coordinates; then we have to enter local coordimate

Let nonlinear a systemy=Y(y have a simple

fixed pointy=0. Then in a neighborhood of the origin

phase portraits of this system and its linearizatare

qualitatively equivalent, unless a fixed point felarized

. o system is not a center [17].

U=fU,V); Vi=gU.V). The theorem on linearization forms the basis of one
of the main methods of investigation the non-linear

It is rather general case for a system of diffee¢nt systems — the method of investigating stabilityliirear
equations describing behavior of the object to hawéer  approximation.

fOV)=g(V,0=00U\V.

Then it is natural to suppose

conditionsu =0, z2 z the form of: By applying in practice the linearization theorem
the significant simplification in calculations aaehieved
u'(t) = au(t) - Bzu(t) since with linear terms of new system it is more
, (2) convenient to carry out a qualitative analysis theth
{Z'(t) = F(u(t), z(1)) nonlinear.

. . . . . Application of theorems on linearization are
where: 2 is stationary protection=(u, 2 is protection similarly considered in analysis of environmentaldals
ability function. and competition in economic systems [18 — 20].

2. The problem of fast and slow variables.
OBJECTIVES Dynamical systems include a large number of
processes with different time scales meanwhile the
First, we conduct a formal description of the modehjerarchy of these times is such that they diffezatly
researched in this work. Harmful effects can betemiin  [20, 21].
the first approximation, as the integral (1). The level of detailing in modeling of studied
Protection ability functionF(u, 2 from (2) in this phenomena depends on purpose of modeling. Howaver i
work is considered in either of the following gealer any case the problem of modeling is to build a rhade

enough forms: phenomenon having as smaller number of variables an
arbitrary parameters as possible and at the same tb
1) F(u(t),z(t)) = wi(t) ; correctly reflect properties of phenomena.
2) F(u2)=pu—-c; Accounting for time hierarchy process lets the
reducing of the number of differential equatiofi¥ery
3) F(u2) = pu+ysu? —31z-5,2°. slow" variables do not change on time scales obehe

processes and can be regarded as constant paranfeter
Solution of the differential equations system () i"fast” variables instead of differential equatiotise
not always possible to be found analytically. Tisavhy algebraic equations for their steady-state valums loe
for finding protection functions and harmful impactwritten. As "fast” variables reach their steadytestealues
effects some numerical methods are used to solige tlalmost instantly compared with "slow" ones [8].
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3. Research algorithm. Now let us solve system (3) including member with

1. We find, if possible, an analytical solution thie 1
system (1) using the functions in the standar
mathematical set [22]. If a solution cannot be fbum a
general way, then let us solve it by numerical mdgh(in and z(t,) .
default package is proposed to use a fairly unalers
method by Adams [19]), by using inner functions, g
supposeNDSolve. . ' 2(t,€) = zy(t) + ez (t) + o(é) .

2. Once the solution of (1) is found, let us analyze
function of hazard: at what times its value exsetite
value of stationary protection, i.e. protection teys
activates. By finding these time intervals, we make
decision — to increase the impact on the harmfatofa . '
(so, the cost of protection system increases),etvd Up'(t) + &uy(t) = &aup(t) — Ao (920 (1) -

Similarly, we write functions’ asymptotic adi(t, &)

U(t,€) = Ug (t) + auy (t) + o(£2),

System (3) for the first approximation has the form
of:

system unchanged, or there is an opportunity taced _ =2
the cost of protection system, suppose by reducing (0200 +Uo(H2 (1) + (&) _ -
Stationary protection. &25'(t) = pug(t) + epuy(t) — Sz (t) — £dzy (t) + 0(52)
3. By choosing a solution we repeat steps 1-2 wil
go beyond restrictions (time of system’s work grdbst). Members of sum with multiple factors with level

4. Analytical model’s study. =
2 and higher are converted to a remainder taa®) .

Let us study a system of differential equations (1)  Let us write system (5) in details by grouping term

with a small parameter. standing by€° and bygl
u'(t) = au(t) - Bz(t)u(t) 3 0
e2() =) -d(t) ®) Uo' (1) = ~Buo(D %0(0) £
(t) = u(t) - &(t) .
0= jug(t) = o (1) £ 6
The difference of this system from the previously Uy '(t) = aug(t) — B(w(Dzo(t) + w(Dz(t)) 2L
considered is the quasi-stationary harm. Let usestie 2y'(t) = yuy (t) - I (t) [

system (3) using asymptotic method E?, 51, £
To start with, we write out the system (3), taking
into account the dependence of functionf,s) and

Z(t,£) ontime and small parameter.

We provide the replacement

bo®) =2 ()
Let us solve system (3) for the casﬁo(zero 0 y .

approximation).
Let us write functions’ asymptotic ofi(t,£) and Substitute into the first equation of system (6J an
solve differential equation:

z(t,¢) .
U(t.€) = Up(t) +0(e) . 2(t,) = Z(1) + (). %Z.O 0 =220,
System (3) for zero approximation becomes as
follows: In result of differential equation solution it was
B found the functionz(t). And then, with its help the
Up' (t) = =By (D) Zo(t) +6(5) @ function ug(t) was also found:
0= jug(t) = (1) + o(2) ) 5
) =—, ut)=——. (7
Ji B

When doing substitutionsig(t) =ézo(t) , we get:
4 To find functions z(t) and w(t) let us make a

substitution in the third and fourth equation o$teyn (6)

ézo'(t) = _&OZ(t) . Zo(t) -1 , Ug(t) :i_ functions zy(t) and ug(t) from (7). The obtained system
4 JE B has a form of:
Protection and harm functions obtained for zero o 1 J
approximation have the form of: ug'(t) = Hﬁ - ﬂ(ul(t)ﬁ + B z(t))

(8)
1 ) _ 1 _
- -9 =y (t) - a7 (t)
2= v = e
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We provide replacement 0
Up'(t) =—Bp () 2(t) .
1 1 = - &
(0 = (@0 -—). 0= ko)~ &)
y A (0 = () = A (9200) + (92,0) & o)
Let us substitute it into the first equation of teys 2 0=y~ 3
(8) and solve differential equation: ’ Ua'(1) = aun (1) = Ao (920(0) + u (92 (1) + (920} .2
z'(t) = o (1) — (1) 2
1 2 o 1 1.1, 90
—(0z'()+—3)=a——-B(=(0z()-—5)—+——2()).
4 A An 4 AE B P Let us provide the replacement
In result of solution of this differential equation o
function z(t) was found and with its help, the U (t) :;Zo(t) :
functionuy(t) too:
1 2Int Substitute into the first equation of system (169l a
at)=——(@-—7). solve differential equation:
28" t°%0
1 2 e o )
Ul(t) = Zﬁytz (t ad —-2Int 2) . ?ZIO (t) — _,3202('[) )

These obtained protection functions and functidns 0 In result of solving the differential equation it
harm for the first approximation have the form of: found the functiorzy(t) and with its help, it was found

1 1 2int the functionug(t) .

) =—+e—(a-—),
aowwe =2, uwb=—2 (11)
:—' u :—_
u(t)=i+£ 12(t2a5—2Int—2). o A O
Br 2pu

In order to find functionsz(t) and u(t) we are
Now we solve the system (3) including membergjoing replacement in the third and the fourth eiguaof
with £2.. system (10) for the functiongg(t) and ug(t) from (11).
We write in details asymptotic behavior of functionNewly obtained system has the form of:
u(t, &) and z(t,¢) .

00 = a2 - )=+ 7(1),

U(t, €) = Uo (t) + ey (t) + £2U, (1) + 0(€3) At Bt Pt 12)
2(1,) = 2(t) + &z (t) + £22(t) + o(e) —% = yu, (1) - 5z,
formi%/:stem (3) for the second approximation has the Now, we make the replacement
Ug' (t) + &uy'(t) + &uy' (t) = gaug (t) + £2auy (t) - uy(t) = 71/(521(0 —#) :
~ Bug()Zo(t) — £B(w (9o (t) +Ug () 1(1)) —
= Bluy (D) Zo(t) + w (D z(t) + ug (), (1)) +3(53)_ (9) Let us substitute it into the first equation of teys
2 2 (12) and solve the differential equation:
£20'(t) + £221'(t) = yuo (1) + Epn (1) + £%puy (1) -
— &y (t) — £dzy (1) — €202, (t) + o(£3) Lo i+-2y=0-2 —ptisz-—1y 11 9 oy
1 y(Zl()+ﬁt3) O/ﬁyt ﬁ(y( z(9 ﬁtz)ﬁt+ﬁyt 2(9)

Members in the sum with multiple factoes with

level 3 and higher transfer to remainder te?r(rﬁ) as !n the result of differential equation’s solutiohet
functions z(t) and u(t) were found.

before.
We write system (9), grouping the terms wiﬂ%, 1 2Int
& and £2. z(t) _ﬁ(a__tzd .

1 2
= 0-2Int-2). 13
Uy (t) e (ta nt-2) (13)
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In order to find functionsz,(t) and u,(t) let us non-critical, system’s indicators). In the case whe
make a replacement into the fifth and sixth equat running time of protection system is a critical raeter
system (10) for functiongy(t) , Ug(t), z(t), uy) from 't 1S obligatory to deflne,_ under which values ¢
(11)—(13). The obtained system has a form of: parameter, the harm function takes acceptable salke

the same time we are limited by the time resporfse o
protection system.

u,'(t) = (Po(tPa’d—2a - 4B (yu, (t)+ Let us take for specification of system parameiers
4t? ,3 0 (3) so close to the real values:
Jzz(t)))—4lnt—4ln t)x (14)
2Int a=02 y=05 6=2 z5=12.
ﬁ( e (H-9z(.
Let the cost of stationary protection bg=21200.
Making the replacement As the value of stationary protection isy =12,
then we have to find timet, after which protection
y (t)—l(dz (t)+i( _2Int)) function will take the value less thamy =12 and
2 y 2 20 ,3[ relatively, the appropriate parameters' valgesnde .

_1 :
by substitution into the first equation of systeld) we For z(t) _E the parameters equal:

solve the differential equation:
t=2.01701,53 = 0.0413154.

(5-6Int + Bo*t*z, '(t))=

4

/35 1 2Int

1 For z(t)——+£—(a' > —) :
=——(4-2a0t* +a°5t* - 12Int - (15) A28 t%
4500t
-4In*t - 860%°z, (t)). we have t=4.55546,3 =0.0182969.£ =0.000734976.
As a result of differential equation solving (15) For

function z,(t) was found and with its help the function
u,(t) was also determined: (1) :i+g_1(a! 2Int) +£2 (36— &xdt? +

gt 28 t’0 12ﬁc$2t3

2 524 _ 2
2()= 12,/3'1 -7z (36~ 625 +a’o™'~ 12Int+ ta’ot ~12Int+121nt),
+12In’t),
we have t=1.18948, 5 =0.0700591,£ =0.000101185.
u,(t) :;(24— 6aot? +a?o%tt +
2
12B4° To evaluate the protection cost we use the function

+12Int +12Irft).

The obtained protection functions and the function C(M)= J. oz-zy)dt+Cq,
of harm for the second approximation have a form of

(1) :i+ _( 2Int)+ 2 1 (36— 62t + where: Cp — cost of stationary protectiorzy — value of

213
2p t'o 1256 stationary protection; dz) — costs function, which can
+a'252t4—12Int+12In2t) take forms of a), b) and c) given below.
f) = o Let us integrate by taking=6.5 (time during which
u() _ﬁ Zﬁ protection system will take the value less thay) and
1 record the obtained results:
£ ~(24- 600t +a?51 "+ 12Int + 121Irft )
128t

Next we minimize the function(t) in parameters8 a) dz)=z;C= J dz(t) - Z)dt+ Co = 73+1200 =1273;

and & for zero, first and second approximation in order 0
to calculate the price of protection system. Ansoato
see, how adequately is to regar be small.

To do this, we first have to define for which timeb) d2) = ra =sz(t)—zo)dt+C0 =544+1200=1744;
interval the hazard function reaches an acceptadelt 0

(for us it is not critical the stabilization timerfnormal,
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