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Abstract. Suppose AeL(Y ,Z), BeL(X Y ) are Fredholm operators acting in linear

spaces. By referring to the correspondence between Fredholm operators and their determi-
nant systems, we derive the formulas for a determinant system for 4B which are expressed
via determinant systems for 4 and B. In our approach, applying results of the theory of
determinant systems plays the crucial role and yields Cauchy-Binet type formulas. The
formulas are utilized in many branches of applied science and engineering.
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1. Introduction

The purpose of this paper is to exhibit a method of construction of a determi-
nant system for a product of arbitrary linear Fredholm operators acting between
linear spaces. The method is based on tools of the determinant theory created by
Lezanski [1], developed and modified by Sikorski [2-4] and Buraczewski [5, 6].

We address the problem of how to express a determinant system for product 4B
of Fredholm operators 4:Y - Z and B: X - Y, X, Y, Z being linear spaces over
the same field (real or complex), in terms of determinant systems for 4 and B.
In the derivation of the main result we use some ideas presented in [7] for
Fredholm endomorphisms and extend them to Fredholm operators acting between
arbitrary linear spaces. Since the method proposed in the paper is purely algebraic,
we dispense with assumptions related to a topological structure of linear spaces in-
volved. The formulas, obtained as a direct and constructive solution to the above
mentioned problem, are generalizations of the classical Cauchy-Binet formula
[8-10], which states that if 4 and B are two matrices over field F of sizes nx m and
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mx n, respectively, with » <m , then det(AB) = Z det(Ap )iet(Bp ), where the sum
P

is taken over all increasing sequences p = (pl, DPos-- pn), with p, € {lm} , and
A4, (B”)is nxn submatrix of 4 (B) obtained by deleting all columns (rows)

except these with indices in p. When »n = m, the formula becomes the well-known
product formula det(4B)= det(4)det(B) for determinants. The Cauchy-Binet
formula plays an important role in studies of determinants, permanents and other
classes of matrix functions. An increasing interest in its applications in many
branches of applied science, such as matrix analysis and engineering [11-13], is
a motivation of the paper. It is worth emphasizing that, so far, many considerable
contributions to generalizing the Cauchy-Binet theorem have been made [14-17].
In our approach, the proposed generalization to Fredholm operators is based on the
correspondence between any Fredholm operator and its determinant system. We
also make use of analogues of the Laplace expansion formula that are available for
terms of determinant systems.

2. Preliminaries

In this section we recall the main notions and facts concerning the determinant
systems theory and we fix the notation [3-6, 18-20].

Suppose (E X ), (.Q, Y ) and (/1, Z) are pairs of conjugate linear spaces (over
the real or complex field F) with respect to scalar products /on Zx X, Jon Q2xY
and K on Ax Z, respectively, satisfying the cancellation laws [6]. Elements & € &

and xeX are called orthogonal if ](§,x):§x:0; moreover,
X&z{feE:ﬁszforallxeXo} and Eolz{xeX:cfx=0forallfeEO} for
b &,
YVieeer U
a (u+m)-linear functional D : 5 xY" — F atapoint(l,..., Ep Vi ym).

given subsets X, c X and =, c =. Denote by D( j the value of

D is said to be bi-skew symmetric if it is skew symmetric both in variables
$ipeon$, and yy,.., 3,5 bss,, (E Y ) stands for the set of all bi-skew symmetric

functionals on E# xY". We call D an (Q,X ) - functional on 5" xY" if for ar-

bitrary fixed elements &,,...,&, |,&,yy,-..§, €5 and y,...,y, €Y there exists an

b Eribpn &,
BT te Ym
(i =1,.., ,u) and for arbitrary fixed elements $ieon$, €5,

element x; € X such that &, =D( J for every {5

Viseoos Vit Vjstse-n Yy €Y there exists an element ;€2 such that
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£, £,
Yoo VsV Vs Vm
is identified with the set of all (Q,X ) - functionals on Z#xY". A bilinear
(€2,X) - functional D on ExY is said to be an operator on ExY and Dy
stands for its value at (&,y). We denote by op(5 — 2,Y — X) the set of all
(2,X) - operators on ExY . Each Deop(Z — 2,Y — X) can be simultaneous-

ly interpreted as a linear mapping D: .= — (2 and as a linear mapping D:Y — X .
Thus ¢EDy = (§D)y =£ (Dy) for (§ , y) e ZxY. The operator
X0, €0p(5 > 2,Y > X), x,€ X, o, €2 being fixed non-zero elements, de-

j for every yeY (j=1...,m). Lﬂ,m(E,Y)

fined by §(x0 - @, )y =&, - m,y for (cf , y)e ExVY, is called one-dimensional.

For Acop(2—5,X—>7Y) let N(4)={xe X:4x=0}, R(4)={dx:xe X},
7(A)={we 2:04=0}, R(4)={w4:w e Q}. 4is said to be a Fredholm operator
on QxX of order r(A)=min{n.m'} and index d(A)=n-m if
dimN(4)=n' <o, dim72(4)=m' <o, R(4)=7(4)" and 2(4)=N(4)" [5, 21].
An operator Beop(Z - Q)Y > X ) satisfying identities ABA=A4, BAB=1B is
called a reflexive generalized inverse of A [22]. A sequence (Dn )nE No is said to be
a determinant system for A if D, € bss,, (E.Y)nL sy (2.7), with u,,m, € N,,
M, =y +n, m,=m,+n, min(,uo,mo) =0, and the generalized Laplace expan-
sion formulas hold

oo G| e forr Ervbinn &,
D( I j—Z(—l) f,x-D{ J

Voo Y iy Y,

oA, &,..., & Iy : &, s &
Dy -3y, 0, 3
Yo» Tt ym,, Yos-es yj—l’yj+1""’ ymn
where xe X,we 2, {eE,y, €Y, i=l...u,j=1...m,. The least re N,
such that D, # 0, and the difference 14, —m, are called the order and the index of
(D, )nE x, » Tespectively.
As well-known [3, 5], an operator A€ 0p(Q—>E X oY ) has a determinant

system (Dn) if and only if 4 is Fredholm; the orders (the indices) of 4 and

neNy
(D, )nE x, are the same. Moreover, if 4 is Fredholm, Be op(E - QY > X) isits

reflexive generalized inverse and {Zl,...,Z",}, {gl,...,gm,} (min{n',m'} =r)
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form complete systems of solutions of the homogenous equations Ax=0 and
wA =0, respectively, then (D, ) defined by the formula

neNy

é:lByl ce é:lByan'—r §lzl tee §lzn'

D

n

(gl AR §n+n'—r j — §n+n'—r‘By1 tee §n+n'—r Byn+m'—r §n+n'—r Zl o §n+n'—r Zn' (1)

yl""’ yn+m'—r glyl glyn+m'—r 0 0

gm'yl gm'yn+m'—r O et O

for &, e & (i=1,...,n+n’—r),yj €Y (j=1...,n+m' —r), is a determinant sys-

tem for A.

3. Main result

In this section we examine Fredholm operators acting from one linear space into
another one. We provide a construction of a determinant system for a product of
two fixed Fredholm operators. For the sake of completeness, we start by quoting
some auxiliary results concerning reflexive generalized inverses of Fredholm oper-
ators, which are necessary for the proof of the main theorem of the paper.

In what follows, 4, €op(2—>Z,X >Y), 4,cop(d—2,Y - Z) denote
Fredholm operators of orders 7(4,)=r' = min{n'’,m'}, r(4,)=r"=min{n",m"} and
indices d(4,)=d' =n'—m', d(4y)=d"=n"—m", respectively. Let (x],...,x/,),
(@].....0,), O....y%) and (A....,A!) be bases of N(4,), 7(4,), N(4,) and
%(Az) , respectively. The following direct sum decompositions hold:
Y=R(4)®Y", 0= 2(A2)(-B 0", Y'CY, Q"c Q2 being subspaces such as
dimY’=m' and dimQ"=n". Moreover, denoting ¥, =N(4,)"R(4,),
0 = %(Al)m 2(A2), we also obtain N(Az): Y, @Y,, %(Al) =0 ®Q,, where
Y, =N(4,)nY', 2, =7%(4)"Q2" and dim¥, =dim 2, =¢. Let (y/.....»" ).
(],...., ,) be bases of subspacesY;, €2, respectively, and ¥, =span(y, ..., y,).
Q, :span(a)l,...,a),), where Y, 257:/ (i,j:l,...,t), 6,7 being the Kronecker
symbol. Furthermore, V'=Y,®Y,, Q"= Q, @ Q., Y, Y, 2, c Q2 being sub-
spaces of dimensions m'—t, n"—t, respectively.

Under the above given assumptions we recall [20] the following two
results.
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Lemma 3.1. If Beop(E > QY > X), B,eop(Q—>AZ->Y) are arbi-
trary reflexive generalized inverses of Fredholm operators A,, A,, respectively,
then (x],....x,.Byl....By".,) and (A..... AL

v, O B,y,..., 0, B) are bases of
N(4,4,) and 7(4,4,), respectively.

m'—t

Lemma 3.2. We assume that:
(9 (D(l))nE Ny ? (D(Z))neNo are fixed determinant systems for Fredholm opera-

n n
tors A, A4,, respectively;
@) &,...5, eE y,...v._, €Yy are such elements that:

seop F L,

’
DAEEEITINND (VED S FEEETINN 7"
(iii) z{,....z0p €Z , @,...,0)._, € £, are such elements that:
" "
n_ )| @ n"=> %o t .
8"=Dy ) . |70,
z], . Zye

(iv) B, e op( >0V ->X ) is a reflexive generalized inverse of A, defined
by the formula

! S S &l ~
gB]yz_,Df}-?-][ , 1 , J for (é)y)ez XY,' (2)
o Yo Vieeews Vs Viseeo Yy

v) B, e op(.Q > ANZ->Y ) is a reflexive generalized inverse of A, defined
by the formula

4

o, O,..., On, 0. O
[ ! e "’jfor(a),z)e.QxZ. (3)

"
Z; Zl, ceey m"

Then the operator BB, € op( >ANZ->X ) is a reflexive generalized inverse of
A4 cop(A—>E,X > Z).

The following lemma plays an essential role in the sequel. It describes the con-
nection between two arbitrary reflexive generalized inverses of a fixed Fredholm
operator.

Lemma 3.3. If B,C e op( > QY >X ) are reflexive generalized inverses of
a Fredholm operator Aeop(()—)_,X—)Y) and (xl,...,xn), (a)l, . m) are
bases of N(A), 7(A), respectively, then there exist elements 1, c®(B)

(i=1...n), u, e R(B) (j=1,...,m) such that
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n

C= B+Zx 77,+Zu aJ +Zi( Au)V aJ 4

i=1 j=1

Proof. By the relationship between A4 and its reflexive generalized inverse B [5],
there exist elements £&,...& €&, ,...5,€Y such that ~,’3c'j =0,
(i,j = ln) , 5,7, = 5{, (i,j = lm) and the following identities hold:

BA=I-Y%-&, AB=J-Y.5,-@,. (5)
i=1 =1
Similarly, in view of the relationship between A4 and C,

CA=1- Zx B, AC=J- ZN"-@, (6)

n n —-— =" ~n . . i . By
where &,....5 € 5, yj,...,y, € are elements satisfying conditions: X, =9,

(i,jzl,...,n), 51?,/’:54/ (i,jzl,...,m). By (5) and (6), bearing in mind that

EB=0 (i=1,...n), CAB-BAB:[izE’—iz-E,”JB:-i%,-E,”B. Conse-

i=1 i=1 i=1

quently, C{J - z;’/ . @J -B= —Z)Nc, -E'B , which implies
Jj=1

i=1
_ z +icy’,-5j. ©)
i1 =
It follows from (7) that
CAC = [BA —iz -EBA+ chj -5‘,,4}(3—2":)7, EB+ chj -5& . ®
i=1 = i1 =
Since @, € %(A) (i=1,...,n), we transform the right-hand side of (8) into the form

BAB- Z - E'BAB - ZBAx §”B+ZZ( FBAR, )% - E1B + 9)

i=1 k=1

-3 3 Emacy )5, -3,

= i=1 =1

m n

+
Dd
%
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Furthermore, remembering that X, € N(4) (i=1....,n), we express (9) by

BAB - Zx ”BAB+ZBA @, "i("BA ) @, . (10)

i=1 Jj=1 ]1:]

~.

Hence, the identities BAB =B, CAC =C, combined with (8) and (10), lead to

C=B-3%-8B+> By, &,- Y Y [EB)a(Bacs) |z -, ()
i=1 J=1 i=l =l
Finally, by putting 7, =—&'B (i=1,...n) and u, = BACY, (j=1...m) in
(11), we arrive at (4), which is the required result.

Having established Lemmas 3.1-3.3, we are now in a position to state and prove
the main result of the paper.

Theorem 3.4. Let (D(l);’q) (n-m=4d"), (D(z)zz) (n—-m=d") be
n,meN n,meNg

fixed determinant systems for Fredholm operators A, A,, respectively.
If C e op( > QY > X), C,cop(2—> A,Z>Y) are arbitrary reflexive gen-

eralized inverses of A,, A, , respectively, then the  sequence ( ;’1)
(n>max{d' +d" 0}, n—m=d'+d") defined by the formula:
..... —n Ci,..., C, o,..., 4]
D;(fl é:nj zsgnp sgnq D( ) +l‘ {fpl §I’n—n 1 1 4 JX
Ziyeen, Zn, P qu’ e qu—m’+z
« DO, S bamn” Sy , (12)
CZZ‘Im—m’+1+1 """ szqm 2 Viseees Vi

for & e &, z, € Z (i =l,...,nj= lm) where p = (pl,...,pn), q= (ql,...,qm)
are arbitrary permutations of integers 1,...,n and 1,...,m, respectively, such that
D <-<Puys Puw1 <<Pp» Q<< Qpmstr Dupste1 <+ <gp
is a determinant system for A, A4, € op(/l >EX->Z )
Proof. Let B, B, be reflexive generalized inverses of A, , 4, , respectively, de-
fined by formulas (2), (3). According to Lemma 3.2, BB, is a reflexive general-

ized inverse of operator A, 4, . It follows from (1), in view of Lemma 3.1, that the
sequence (5;) defined by
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5;77(4:1""’ é:nJ: (13)
Zy,eee, 2,
BBz ... &BByz, &By ... &B lyn—l Sx1 o i
&BByzy ... &,BByz, &By ... ‘anO’Z”—r WX X
Az, Mz, 0 0 0o ... 0
Avezy . ﬂ,,','l Z,, 0
oByz, ... 0Bz, 0
o, Bz ... @, Bz, 0 0 0o ... 0

(n>max{d +d" 0L, n—-m=d' +d") for &, € 5, z, eZ (i=1...n j=1...m),
is a determinant system for 4,4, . The order and the index of (5;’,) are equal to

r= min{n' +n"—t,m+m" —t} and d =d'+d" , respectively. Let C, denote the re-
flexive generalized inverse of 4, expressed by

m" n"—t m"
=B Sorare S e SIS a2 (14)
i=1 Jj=1 i=l j=1
where /e 2(B,)(i=1,...,n" 1), uj e R(B,)(j=1,...,m"). Since @, € R(4,)" and

@, B,=0 (k = 1,...,t), a)ké2 =0. Let C, be an arbitrary fixed reflexive general-
ized inverse of 4,. Hence, by Lemma 3.3,

C = B+Zx 77,+Zu e +iZ(U,Au) , (15)

i=l j=1

for some 7 €®(B)(i=1....n'), u eRB)(=1....m"). Assume " .. =y,

Oy =0, (i: l,...,t). The orthogonality of yy,..., v’ to all ay,..
orthogonality of ,...,@

., o, and the
', toall yf,...,y", combined with (14), (15), lead to

C C2 =B/B, +S, where Se op( >ANZ>X ) is a finitely dimensional opera-
tor of the form
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"

m'—t m

n'—t n
_ " ' ' "
S = ZBlyl '2’1 +2x1 'ﬂ’n"—tﬂ + le .a)lBZ +zxm'—t+1 '2’1 >
i=1 i=1 i=1 i=1

for some A e A(i=1,....n"+n" 1), X, e X (j=1,....m"+m"—1). Moreover, by
virtue of (15), for any & € E(izl,...,n)

&GS Zf{Bl +Zx,'{ 77,'{}/'; (] :1,...,n"—t).

k=1

Similarly, by (14), forany z, € Z (j = lm)

m"
0,Cyz, = a),'(Bz +>up -zgjzj (i=1,...m —1).
k=1

Replacing B, by C, and B, by C, in (13), we conclude that the right-hand

side of (13) remains unchanged. Furthermore, applying the formula for the general-
ized expansion of a determinant, we transform the determinant in (13) into the
sum

Az, s Az, 0 s 0
Az, e Az, 0 e 0
oCz ... aCgz, 0 .. 0 S X e &, X
ngtw * ~ . ~ . .
s a),;,_tC2zl . a)"nr_tCZZm 0 . 0 §Pn xl' . §Pn x’:,
é:pl C1C2ZI Tt é:pl CICZZm é:pl Clyl” Tt 5]’1 ClyZ”—t
&G0z . &, CCz, &, G .. &, Cyi,
(16)

multiplied by (—1)"(m'+mﬁ_'), where p=(p,,....p,) is a permutation of integers
1,...,n fulfilling the condition p, <...<p,_ .., P,y <..-<p,. Moreover, denot-
ing by g any permutation of integers 1,...,m such that ¢, <...<q,, /i, Qpoprsss1 <
...<q, and making use of well-known properties of classical determinants, in
view of (16), the right-hand side of (13) is equal, up to a sign, to the sum
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1

" " ~
5171 Clyl gplclyn”—t gpl CICZqu
" " ~
z fpwr Cly 1 ‘fpw Cl Yt fpn,nr Cl C2 Z4
Sgnp sgng 0 0 [
P9 ﬂl qu
n
0 0 g,
! -~ ! -~
o,C,z [ @,C,z I S
y . .
"o~ '
a)m”t szqnx—nx’+r+l a)m”t

Next, taking into account the identities @,)] =0

C,z, & nxl'

'
X
Prows 1

gpl CICZ Z‘Im—m'ﬂ

S

C,z
et L 2 Qi

Az
Dm-ni+t

Az

L

S

,
n-n's1” 1

ép" x;’f

(17)

(i=L...t.j=1...n"—1),

a),-'y]=0 (i:l,...,m'—t,j:1,...,1‘), a),@: (izl,...,t) and det[a),yjj =

1<i,j<t

= det|0; L<I_ o 1, the sum (17) can be expressed (up to a sign) by

~ _ ~ " "
$n GGz $nCCZg e Sn O SnCVis S0 $nC
~ _ ~ " "
ShnC1C2% i O g s S CN SrnCVir Ep,, C i G101
" "
a)lczqu a’lczzqm_mvﬂ O O Yy, O 0,
> sgnpsgng x
P4 0,Cyz 0,Cz o,y] o,y o o
1=2=q 2% Gyt 341 V-t 4| Vi
" ",
ﬂl“[l lzqm—m'+r 0 0 0 0
” ”
AniZg, At Z i 0 0 0 0
. . ’ '
wlCZ“Im—m'HH {UICZ‘LIW DN DY
: ’ ’
} g cow e wl o (18)
’ ~ ’ ~ ’ ’ Pn-n'+171 Pn-n'+171
x a)m'—rCZ'qm,mr“H a)m'—tCZ'qm Oy V1 DOy Vi " "
OCozy i oCyz,, (221 Oy £ £ X
H H : H Pl pan
a)[CZ:(]m—m'wH a)[CZ:LIm @) O

It follows from (18), bearing in mind the definition of

on properties of partitioned matrices, that the value 5;’,

to a factorof 1 or —1, to

Sireens S

Zyyeens  Zy

(D(”Z j and relying
n.meNg

is equal, up
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(2)11—n'+t fpl C1 ----- gpn—n' Cl y Oy, [ (19)
sgnp sgngD -+ X
z ., z
.4 q. Dm—m'+t
-~ ~ ’ ’
gpnfn'ﬂ GGz dmm'isl 7" fpnfn#l CiCyz Im fpnfm Cn e fpnfn#l Gy fpnfn'ﬂ X fpnfn'ﬂ X'
~ ~ ' '
0,0z, iy 6,007, $p,Cn o 6,0 Sp X Sp N
’ U ’ U
oCyz, oCyz, oy, .. oy, 0 . 0
N . . . . .
' ~ ’ ~ ’ ’
O iCozy e O Coz, O Yy e Oy, 0 ..
oCyz, o,Cyz, o] . oy, 0 . 0
oCyz, . 0,Cyz, O, . 0,y 0 ... 0

By combining (18), (19) with the relationship between A, and its determinant sys-
tem, we give rise to the identity

~ —n' C,,..., C,o,..., 10
Dr’;((:l % j = kz sgnp Sgan(z)m—mT:-t[é:m ! é:p,,,,, v ! J X
Ziyenss Zy, P qu’ e qu—m’+l
X D(l)fr;, - gpn—n#l ’ _ T gpn ) (20)
szqln—n1'+t+1’”" szqm s Vieees Vi

where k=1 or k=-1.In view of (14), Lemma 3.3 implies that

m"

- !
C2 = C2 + Z y: : 77;1’”—1‘+1 + Z (UZ”—t+1A2u; )yl : /lj"’

’
i=1 i=1l j=1
for some 7)., € E(Bz)(i = 1,...,t), is an arbitrary reflexive generalized inverse of

A, . Bearing in mind the bi-skew symmetry of D(I)Z;' , we can substitute C, for C,
in (20). Since a determinant system for the fixed Fredholm operator is determined
up to a constant (non-zero) factor, the sequence (D,’f,) defined by (12) is
a determinant system for 4,4, . This completes the proof.

As a direct consequence of Theorem 3.4, we obtain the following result.

Corollary 3.5. Under the assumptions of Theorem 3.4, with d'=d''=0, the
formula (12) is of Cauchy-Binet type.
4. Conclusions

In the paper, products of Fredholm operators acting between arbitrary linear
spaces were considered. By exploiting terms of determinant systems for operators
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A and B, with 4B well-defined, we provided a direct construction of a determinant
system for AB. The obtained result leads to a generalization of the Cauchy-Binet
formula to Fredholm operators and yields an important tool for solutions of prob-
lems in various branches of applied science and engineering.
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