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Abstract. Suppose ( )Z,YLA∈ , ( )Y,XLB∈  are Fredholm operators acting in linear  

spaces. By referring to the correspondence between Fredholm operators and their determi-

nant systems, we derive the formulas for a determinant system for AB which are expressed 

via determinant systems for A and B. In our approach, applying results of the theory of  

determinant systems plays the crucial role and yields Cauchy-Binet type formulas. The 

formulas are utilized in many branches of applied science and engineering.  
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1. Introduction  

The purpose of this paper is to exhibit a method of construction of a determi-

nant system for a product of arbitrary linear Fredholm operators acting between 

linear spaces. The method is based on tools of the determinant theory created by 

Leżański [1], developed and modified by Sikorski [2-4] and Buraczewski [5, 6].  

We address the problem of how to express a determinant system for product AB 

of Fredholm operators ZY:A →  and YX:B → , X, Y, Z being linear spaces over 

the same field (real or complex), in terms of determinant systems for A and B.  

In the derivation of the main result we use some ideas presented in [7] for 

Fredholm endomorphisms and extend them to Fredholm operators acting between 

arbitrary linear spaces. Since the method proposed in the paper is purely algebraic, 

we dispense with assumptions related to a topological structure of linear spaces in-

volved. The formulas, obtained as a direct and constructive solution to the above 

mentioned problem, are generalizations of the classical Cauchy-Binet formula  

[8-10], which states that if A and B are two matrices over field F of sizes mn×  and 
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nm× , respectively, with mn ≤ , then ( ) ( ) ( )p
p

p
BAAB detdetdet ∑= , where the sum 

is taken over all increasing sequences ( )
n

pppp …,,
21

= , with { }m,,p
i

…1∈ , and 

p
A  ( p

B ) is nn×  submatrix of A (B) obtained by deleting all columns (rows)  

except these with indices in p. When mn = , the formula becomes the well-known 

product formula ( ) ( ) ( )BAAB detdetdet =  for determinants. The Cauchy-Binet 

formula plays an important role in studies of determinants, permanents and other 

classes of matrix functions. An increasing interest in its applications in many 

branches of applied science, such as matrix analysis and engineering [11-13], is 

a motivation of the paper. It is worth emphasizing that, so far, many considerable 

contributions to generalizing the Cauchy-Binet theorem have been made [14-17]. 

In our approach, the proposed generalization to Fredholm operators is based on the 

correspondence between any Fredholm operator and its determinant system. We  

also make use of analogues of the Laplace expansion formula that are available for 

terms of determinant systems. 

2. Preliminaries  

In this section we recall the main notions and facts concerning the determinant 

systems theory and we fix the notation [3-6, 18-20].  

Suppose ( )ΧΞ , , ( )ΥΩ ,  and ( )Z,Λ  are pairs of conjugate linear spaces (over 

the real or complex field F) with respect to scalar products I on X×Ξ , J on Y×Ω  

and K on Z×Λ , respectively, satisfying the cancellation laws [6]. Elements Ξξ ∈  

and Xx∈  are called orthogonal if ( ) 0, == xxI ξξ ; moreover, 

{ }
00

 allfor  0: XxxX ∈=∈=
⊥

ξΞξ  and { }
00

 allfor  0: ΞξξΞ ∈=∈=
⊥

xXx  for 

given subsets XX ⊂
0

 and ΞΞ ⊂
0

. Denote by 








m
y,,y

,,
D

…

…

1

1 µ
ξξ

 the value of  

a ( )m+µ -linear functional FY:D
m

→×
µ
Ξ  at a point ( )

m
y,,y,,, ……

11 µ
ξξ .  

D is said to be bi-skew symmetric if it is skew symmetric both in variables 

µ
ξξ ,,…

1
 and 

m
y,,y …

1
; ( )Y,bss

m,
Ξ

µ
 stands for the set of all bi-skew symmetric 

functionals on m

ΥΞ
µ
× . We call D an ( )ΧΩ ,  - functional on m

ΥΞ
µ
×  if for ar-

bitrary fixed elements Ξξξξξ
µ
∈

+−
,,,,,

ii
……

111
 and Υ∈

m
y,,y …

1
 there exists an 

element Χ∈
i
x  such that 








= +−

m

ii

i
y,,y

,,,,,,
Dx

…

……

1

111 µ
ξξξξξ

ξ  for every Ξξ ∈  

( )µ,,i …1=  and for arbitrary fixed elements Ξξξ
µ
∈,,…

1
, 

 ,,,,,

111
Υ∈

+− mjj yyyy ……  there exists an element Ωω ∈j  such that 
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









=

+− mjj

j
y,,y,y,y,,y

,,
Dy

……

…

111

1 µ
ξξ

ω  for every Υ∈y  ( )m,,j …1= . ( )Y,L
m,
Ξ

µ
 

is identified with the set of all ( )ΧΩ ,  - functionals on m

ΥΞ
µ
× . A bilinear 

( )−ΧΩ ,  - functional D on ΥΞ ×  is said to be an operator on ΥΞ ×  and Dyξ  

stands for its value at ( )y,ξ . We denote by ( )XY,op →→ΩΞ  the set of all 

( )ΧΩ ,  - operators on ΥΞ × . Each ( )XY,opD →→∈ ΩΞ  can be simultaneous-

ly interpreted as a linear mapping ΩΞ →:D  and as a linear mapping XYD →: . 

Thus ( ) ( )DyyDDy ξξξ ==  for ( ) ΥΞξ ×∈y, . The operator 

( )XY,opx →→∈⋅ ΩΞω
00

, Xx ∈
0

, Ωω ∈
0

 being fixed non-zero elements, de-

fined by ( ) yxyx
0000

ωξωξ ⋅=⋅  for ( ) ΥΞξ ×∈y, , is called one-dimensional. 

For ( )YX,opA →→∈ ΞΩ  let ( ) { }0: =∈= AxXxAN , ( ) { }XxAxAR ∈= : , 

( ) { }0: =∈= AA ωΩωN , ( ) { }Ωωω ∈= :AAR . A is said to be a Fredholm operator 

on X×Ω  of order ( ) { }mnAr ′′= ,min  and index ( ) mnAd ′−′= , if 

( ) ∞<′= nANdim , ( ) ∞<′= mANdim , ( ) ( )⊥= AAR N  and ( ) ( )⊥= ANAR  [5, 21]. 

An operator ( )XY,opB →→∈ ΩΞ  satisfying identities AABA = , BBAB =  is 

called a reflexive generalized inverse of A  [22]. A sequence ( )
0Nnn

D
∈

 is said to be 

a determinant system for A if ( ) ( )Y,LY,bssD
nnnn

m,m,n
ΞΞ

µµ
∩∈ , with 

0
Nm,

nn
∈µ , 

 ,
0

n
n

+= µµ  nmm
n

+=
0

, ( ) 0min
00
=m,µ , and the generalized Laplace expan-

sion formulas hold 

( )∑
=

+−

+ 









⋅−=









 n

n

n

n

n
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i
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,,,,,
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,,
D

µ

µµ
ξξξξ

ξ
ξξ

0 1

110

1

0

1
1

…

……

…

…

, 

  ( ) ,
,,,,,

,,
1

,,

,,,

0 110

1

0

1

1 ∑
= +−

+ 









⋅−=









 n

n

n

n

n

m

j mjj

nj

j

m

n yyyy
Dy

yy

A
D

……

…

…

…
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ω
ξξω

 

where ΩωΧ ∈∈  ,x , ΥΞξ ∈∈ ji y , , 
nn

mji ,,1 ,,,1 …… == µ . The least 
0

Nr∈ , 

such that 0≠
r

D , and the difference 
00
m−µ  are called the order and the index of 

( )
0Nnn

D
∈

, respectively.  

As well-known [3, 5], an operator ( )YX,opA →→∈ ΞΩ  has a determinant 

system ( )
0Nnn

D
∈

 if and only if A is Fredholm; the orders (the indices) of A and 

( )
0Nnn

D
∈

 are the same. Moreover, if  A is Fredholm, ( )XY,opB →→∈ ΩΞ  is its 

reflexive generalized inverse and { }z z
n1

, ,…

′
, { }ς ς

1
, ,…

′m
 { }( )rm,n =′′min  
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form complete systems of solutions of the homogenous equations 0=Ax  and 

0=Aω , respectively, then ( )
0Nnn

D
∈

 defined by the formula 

1 1 1 ' 1 1 1 '

1 1 ' 1 '

1 ' 1 1 1 '

' 1 ' '

, ,

, , 0 0

0 0

n m r n

n n r n n r n n r n m r n n r n n r n

n

n m r n m r

m m n m r

By By z z

By By z z
D

y y y y

y y

ξ ξ ξ ξ

ξ ξ ξ ξ ξ ξ

ς ς

ς ς

+ −

′ ′ ′ ′ ′+ − + − + − + − + − + −

+ − + −

+ −

 
= 

 

… …

⋮ ⋮ ⋮ ⋮

… … …

… … …

⋮ ⋮ ⋮ ⋮

… …

 (1) 

for ( ) ( )rmn,,jy,rnn,,i ji −′+=∈−′+=∈ …… 1   1  ΥΞξ , is a determinant sys-

tem for A.  

3. Main result 

In this section we examine Fredholm operators acting from one linear space into 

another one. We provide a construction of a determinant system for a product of 

two fixed Fredholm operators. For the sake of completeness, we start by quoting 

some auxiliary results concerning reflexive generalized inverses of Fredholm oper-

ators, which are necessary for the proof of the main theorem of the paper.  

In what follows, ( )ΥΧΞΩ →→∈ ,opA
1

, ( )ΖΥΩΛ →→∈ ,opA
2

 denote  

Fredholm operators of orders ( ) { }m,nminrAr ′′=′=
1

, ( ) { }m,nminrAr ′′′′=′′=
2

 and 

indices ( ) mndAd ′−′=′=
1

, ( ) mndAd ′′−′′=′′=
2

 , respectively. Let ( )
n
x,,x ′
′′

…

1
, 

( )
m

,, ′
′′ ωω …

1
, ( )

n
y,,y ′′
′′′′

…

1
 and ( )

m
,, ′′
′′′′ λλ …

1
 be bases of ( )

1
 AN , ( )

1
AN , ( )

2
AN  and 

( )
2

AN , respectively. The following direct sum decompositions hold: 

( ) ( ) "A,'YARY ΩΩ ⊕=⊕=
21

         R , ΩΩ ⊆⊆ ",Y'Y   being subspaces such as 

'm'Y =dim  and "n" =Ω dim . Moreover, denoting ( ) ( )
121
ARANY ∩= , 

( ) ( )
211

AA RN ∩=Ω , we also obtain ( ) ( )
211212

         ΩΩ ⊕=⊕= A,YYAN N , where 

( ) 'YANY ∩=
22

, ( ) "A ΩΩ ∩=
12

N  and tY ==
22

 dimdim Ω . Let ( )
tn

y,,y
−′′
′′′′

…

1
,

( )
tm

,,

−′
′′ ωω …

1
  be bases of subspaces

1
Υ , 

1
Ω , respectively, and ( )

t
y,,yY …

12
span= , 

( )
t

,, ωωΩ …

12
span= , where ijji y δω =  ( )t,,j,i …1= , ijδ  being the Kronecker 

symbol.  Furthermore, 
2 3 2 3

' ,  "  Y Y Y Ω Ω Ω= ⊕ = ⊕ , ΩΩ ⊆⊆
33

 ,YY  being sub-

spaces of dimensions t'm − , t"n − , respectively. 

Under the above given assumptions we recall [20] the following two  

results.  
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Lemma 3.1. If ( )XY,opB →→∈ ΩΞ
1

, ( )YZ,opB →→∈ ΛΩ
2

 are arbi-

trary reflexive generalized inverses of Fredholm operators 
1
A ,

2
A , respectively, 

then ( )
tnn

yB,,yB,x,,x
−′′′
′′′′′′

1111
……  and ( )

2211
B,,B,,,
tmm −′′′

′′′′′′ ωωλλ ……  are bases of 

( )
12
AAN  and ( )

12
AAN , respectively. 

 

Lemma 3.2. We assume that: 

(i) 
( )( )

0

1

Nnn
D

∈
, 

( )( )
0

2

Nnn
D

∈
 are fixed determinant systems for Fredholm opera-

tors 
1
A , 

2
A , respectively; 

(ii) Ξξξ ∈′′
′n

,,…

1
 

31
 Υ∈′′

−′ tm
y,,y …  are such elements that: 

( )
0

11

11 ≠








′′

′′
=′

−′

′

′

ttm

n

r

y,,y,y,,y

,,
D

……

… ξξ
δ ; 

(iii) Ζ∈′′′′
′′m

z,,z …
1

, 
31

Ωωω ∈′′′′
−′′ tn

,,…   are such elements that: 

( )
0

1

112 ≠








′′′′

′′′′
=′′

′′

−′′

′′

m

ttn

r

z,,z

,,,,,
D

…

…… ωωωω
δ ; 

(iv) ( )XY,opB →→∈ ΩΞ
1

 is a reflexive generalized inverse of 
1
A  defined 

by the formula 

 
( )










′′

′′

′
=

−′

′

+′

ttm

n

r

y,,y,y,,y,y

,,,
DyB

……

…

11

11

11

1 ξξξ

δ
ξ   for ( ) Yy, ×∈Ξξ ; (2) 

(v) ( )YZ,opB →→∈ ΛΩ
2

 is a reflexive generalized inverse of 
2

A  defined 

by the formula 

 
( )










′′′′

′′′′

′′
=

′′

−′′

+′′

m

ttn

r

z,,z,z

,,,,,,
DzB

…

……

1

112

12

1 ωωωωω

δ
ω   for ( ) ΖΩω ×∈z, . (3) 

Then the operator ( )ΧΛΞ →→∈ ZopBB ,
21

 is a reflexive generalized inverse of 

( )ZopAA →→∈ ΧΞΛ ,
12

. 

The following lemma plays an essential role in the sequel. It describes the con-

nection between two arbitrary reflexive generalized inverses of a fixed Fredholm 

operator. 

Lemma 3.3. If ( )ΧΥΩΞ →→∈ ,opC,B  are reflexive generalized inverses of 

a Fredholm operator ( )ΥΧΞΩ →→∈ ,opA  and ( )
n
x
~
,,x

~
…

1
, ( )

m

~
,,

~
ωω …

1
 are 

bases of ( )AN , ( )AN , respectively, then there exist elements ( )B
i
R∈η  

( )n,,i …1= , ( )BRu j ∈  ( )m,,j …1=  such that 
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 ( )∑∑∑∑
= ===

⋅+⋅+⋅+=

n

i

m

j

jiji

m

j

jj

n

i

ii
~

x
~

Au
~

ux
~

BC

1 111

ωηωη . (4) 

Proof. By the relationship between A and its reflexive generalized inverse B [5], 

there exist elements Ξξξ ∈′′
n

~

,,

~

…

1
, Yy~,,y~

m
∈′′

…

1
 such that ijjix

~
~

δξ =′  

( )n,,j,i …1= , ijji y
~~

δω =′ ( )m,,j,i …1=  and the following identities hold: 

 ∑
=

′⋅−=

n

i

ii

~
x
~

IBA

1

ξ ,  ∑
=

⋅′−=

m

j

jj
~y~JAB

1

ω . (5) 

Similarly, in view of the relationship between A and C,   

 ∑
=

′′⋅−=

n

i

ii

~
x
~

ICA

1

ξ ,  ∑
=

⋅′′−=

m

j

jj
~y~JAC

1

ω , (6) 

where Ξξξ ∈′′′′
n

~

,,

~

…

1
, Yy~,,y~

m
∈′′′′

…

1
are elements satisfying conditions: ijjix

~
~

δξ =′′  

( )n,,j,i …1= , ijji y
~~

δω =′′ ( )m,,j,i …1= . By (5) and (6), bearing in mind that 

0
~

=′B
i
ξ  ( )n,,i …1= , ∑∑∑

===

′′⋅−=







′′⋅−′⋅=−

n

i

ii

n

i

ii

n

i

ii
BxBxxBABCAB

111

~
~

~
~

~
~ ξξξ . Conse-

quently, ∑∑
==

′′⋅−=−













⋅′−

n

i

ii

m

j

jj BxByJC
11

~
~~~ ξω , which implies  

 ∑∑
==

⋅′+′′⋅−=

m

j

jj

n

i

ii yCBxBC
11

~~
~

~ ωξ . (7) 

It follows from (7) that  

 













⋅′+′′⋅−














⋅′+′′⋅−= ∑∑∑∑

====

m

j

jj

n

i

ii

m

j

jj

n

i

ii yCBxBAyCBAxBACAC
1111

~~
~

~~~
~

~ ωξωξ . (8) 

Since ( )A~
i
N∈ω ( )n,,i …1= , we transform the right-hand side of (8) into the form  

 ( ) +′′⋅′′+′′⋅−′′⋅− ∑∑∑∑
= ===

n

i

n

k

kiki

n

i

ii

n

i

ii
BxxBABxBABBAxBAB

1 111

~
~
 

~
~~

~
~

~ ξξξξ  (9) 

 ( ) ji

n

i

m

j

ji

m

j

jj xyBACyBAC ωξω ~~
 

~
~

~~

1 11

⋅′′′−⋅′+ ∑∑∑
= ==

. 
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Furthermore, remembering that ( )ANx
~
i
∈  ( )n,,i …1= , we express (9) by 

 ( ) ji

n

i

m

j

ji

m

j

jj

n

i

ii xyBACyBACBBAxBAB ωξωξ ~~
 

~
~

~~
~

~

1 111

⋅′′′−⋅′+′′⋅− ∑∑∑∑
= ===

. (10) 

Hence, the identities BBAB = , CCAC = , combined with (8) and (10), lead to  

 ( ) ( )[ ] ji

n

i

m

j

ji

m

j

jj

n

i

ii xyBACAByBACBxBC ωξωξ ~~
 

~
~

~~
~

~

1 111

⋅′′′−⋅′+′′⋅−= ∑∑∑∑
= ===

. (11) 

Finally, by putting  B
ii

ξη
~

′′−=  ( )n,,i …1=  and jj y~BACu ′=  ( )m,,j …1=  in 

(11), we arrive at (4), which is the required result. 

Having established Lemmas 3.1-3.3, we are now in a position to state and prove 

the main result of the paper.  

Theorem 3.4. Let ( ) ( )dmnD
Nm,n

n

m ′=−






∈ 0

1
, ( ) ( )"dmnD

Nm,n

n

m =−






∈ 0

2
 be 

 fixed determinant systems for Fredholm operators 
1
A ,

2
A , respectively.  

If ( )ΧΥΩΞ →→∈ ,opC
1

, ( )YZ,opC →→∈ ΛΩ
2

 are arbitrary reflexive gen-

eralized inverses of 
1
A ,

2
A , respectively,  then the sequence ( )n

m
D  

{ }( ,,ddn 0max ′′+′≥   )ddmn ′′+′=−  defined by the formula:   

( ) ×









=








∑

+′−

′−
+′−

+′−

q,p qq

tpptnn

tmm

m

nn

m

tmm

nn

z,,z

,,,C,,C
Dqp

z,,z

,,
D

…

……

…

…

1

1 1112

1

1
 sgn sgn

ωωξξξξ

 ( )










×

++′−

+′−
′

′

tqq

ppn

m
y,,y,zC,,zC

,,
D

mtmm

nnn

……

…

122

1

1

1                    
ξξ

, (12) 

for ΖΞξ ∈∈ ji z,   ( )m,,j,n,,i …… 1 1 == , where ( )
n
p,,pp …

1
= , ( )

m
q,,qq …

1
=  

are arbitrary permutations of integers n,,…1  and  m,,…1 , respectively, such that 

 
nnnnn

pp,pp <<<<
+′−′−
……

11
     ,   

mtmmtmm
qq,qq <<<<

++′−+′−
……

11
     , 

is a determinant system for ( )ΖΧΞΛ →→∈ ,opAA
12

. 

Proof.  Let 
21

B,B  be reflexive generalized inverses of 
1
A ,

2
A , respectively, de-

fined by formulas (2), (3). According to Lemma 3.2,  
21

BB  is a reflexive general-

ized inverse of operator A A
2 1

. It follows from (1), in view of Lemma 3.1, that the 

sequence ( )n
m

D
~

 defined by 
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nn

m
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,,
D
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…

…

1

1
ξξ

 (13) 

 

0000

0000

0000
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21121
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111121121
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i j

z∈ ∈Ξ Ζ,   ( ,n,,i …1=  )m,,j …1= , 

is a determinant system for A A
2 1

. The order and the index of ( )n
m

D
~

 are equal to 

{ }tmm,tnnr −′′+′−′′+′=  min  and ddd ′′+′= , respectively. Let 
2

C
~

 denote the re-

flexive generalized inverse of 
2

A  expressed by  

 ( )∑∑∑∑
−′′

=

′′

=

′′

=

−′′

=

′′⋅′′′′′′+′′⋅′′+′′⋅′′+=

tn

i

m

j

jiji

m

j

jj

tn

i

ii yuAuyBC
~

1 1

2

11

22
ληλη , (14) 

where ( )( ) ( )( )m,,jBRu,tn,,iB ji
′′=∈′′−′′=∈′′ …… 1   1 

22
Rη . Since ( )⊥∈

1
AR

k
ω  and 

0
2
=B

k
ω  ( )t,,k …1= ,  0

2
=C

~

k
ω . Let 

1
C  be an arbitrary fixed reflexive general-

ized inverse of 
1
A . Hence, by Lemma 3.3,  

 ( )1 1 1
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i i j j i j i j

i j i j

C B x u Au xη ω η ω
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= = = =
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( )t,,i
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…1 ==′
+−′
ωω . The orthogonality of 
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1
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m
,, ′
′′ ωω …

1
 and the 

orthogonality of 
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′′ ωω …

1
 to all 

n
y,,y ′′
′′′′

…

1
, combined with (14), (15), lead to 

,SBBC
~
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2121

 where ( )ΧΖΛΞ →→∈ ,opS  is a finitely dimensional opera-

tor of the form 



Cauchy-Binet type formulas for Fredholm operators 51

 ∑∑∑∑
′′

=

+−′

−′

=

′

=

+−′′

−′′

=

′′⋅+′⋅+⋅′+⋅′′=

m

i

iitm

tm

i

ii

n

i

itni

tn

i

ii
xBxxyBS

11

2

11

1
λωλλ ,  

for some ( ) ( )tmm,,jx,tnn,,i ji −′′+′=∈−′′+′=∈ …… 1    1 ΧΛλ . Moreover, by 

virtue of (15), for any ( )n,,i
i

…1 =∈Ξξ  
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n

k
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Replacing 
1

B  by 
1

C  and 
2

B  by 
2

C
~

 in  (13), we conclude that the right-hand  

side of (13) remains unchanged. Furthermore, applying the formula for the general-

ized expansion of a determinant, we transform the determinant in (13) into the  
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multiplied by ( ) ( )tmmn −′′+′

−1 , where  ( )
n
p,,pp …

1
=  is a permutation of integers 

n,,…1  fulfilling the condition 
nnnnn
pp,pp <<<<

+′−′−
……

11
   . Moreover, denot-

ing by q any permutation of integers m,,…1  such that ,qq
tmm +′−

<<…
1

 <
++′− 1tmm

q  

m
q<…  and making use of well-known properties of classical determinants, in 

view of (16), the right-hand side of (13) is equal, up to a sign, to the sum  
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It follows from (18), bearing in mind the definition of ( )
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 is equal, up 

to a factor of 1 or  1− , to  
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By combining (18), (19) with the relationship between 
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A  and its determinant sys-

tem, we give rise to the identity 
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where 1=k  or  1−=k . In view of (14), Lemma 3.3 implies that  
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for some ( )( )t,,iB
itn

…1 
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=∈′′
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Rη , is an arbitrary reflexive generalized inverse of 

2
A . Bearing in mind the bi-skew symmetry of 

( )n
mD
′

′
1

, we can substitute 
2

C  for 
2

C
~

 

in (20). Since a determinant system for the fixed Fredholm operator is determined 

up to a constant (non-zero) factor,  the sequence ( )n
m

D  defined by (12) is  

a determinant system for 
12

AA . This completes the proof. 

As a direct consequence of Theorem 3.4, we obtain the following result.  
 

Corollary 3.5. Under the assumptions of Theorem 3.4, with 0== ''d'd , the 

formula (12) is of Cauchy-Binet type. 

4. Conclusions 

In the paper, products of Fredholm operators acting between arbitrary linear 

spaces were considered. By exploiting terms of determinant systems for operators 
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A and B, with AB well-defined, we provided a direct construction of a determinant 

system for AB. The obtained result leads to a generalization of the Cauchy-Binet 

formula to Fredholm operators and yields an important tool for solutions of prob-

lems in various branches of applied science and engineering.  
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