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Abstract. We characterize the compactness of the generalized weighted composition operators
acting on the Bergman space.
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1. INTRODUCTION

Let D be the unit disk in the complex plane C and H (D) be the class of functions
analytic on D. Let dA(z) be the normalized area measure on D so that the area of
Dis 1. For a« > —1, an f € H(D) is said to belong to the weighted Bergman space,
denoted by A2 = A2(D), if (see [21])

2

1fllaz = (a+1)/|f(Z)l2(1— |2[*)*dA(z) | < oo
D

When « = 0, we simply denote A3 by A? and the norm || - |4z by [ - ||, respectively.
A? is a Hilbert space with the following inner product:

(f.0) = / F(2)g(2)dA(2).

For w € D, the reproducing kernel function K, in A% is given by (see [21])

Ku(z) = m

_1
T—fw[?

It is easy to see that | K, || =
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An f € H(D) is said to belong to the Dirichlet space, denoted by D, if

/ 1F/(2) PdA(2) < oo.
D

Let ¢ be an analytic self-map of ID. The composition operator C, is defined by

Co(f)(2) = f(p(2)), [ e HD).

Let ¢ be an analytic self-map of D and v € H(D). The weighted composition
operator, denoted by uC,, is defined as follows:

(WC,f)(2) = ul(=)f(¢(2)), =€ D.

We denote the set of nonnegative integers by Ng. Let n € Ny and f(™) denote the

n-th derivative of f. A linear operator D7 , is defined by

(D f)(z) = u(2)f"(o(2), | e HD).

When n = 0 and u(z) = 1, then D, is just the composition operator C,. See [1,21] for
more information about the theory of composition operators. If n = 0, then D} , is just
the weighted composition operator. When u(z) =1, D, , = C, D". See, for example,
[3,6-9,11,14,15,20] for the study of the operator C,D™. See [5,10,16-19,22, 23] and
the references therein for the study of the operator D ,.

In [12], MacCluer and Shapiro showed that C\, : A*> — A? is compact if and only if

1—|22 _

lim — A
l2]=1 1 — [p(2)[?

In [13], under the condition u € H*, Moorhouse showed that uC, : A? — A? is
compact if and only if
b [u(s) 2~ 0 (L)
im |u(z)|—————5 =0. .
211 1—1e(2)?
Karthikeyan in [4] also gave some conditions for uCl, : A? — A? to be compact if and
only if (1.1) holds.
Motivated by these results, in this work we study the generalized weighted composi-
tion operator D7, : A* — A?. Under some conditions, we show that D7, : A*> — A®
is compact if and only if

fin Ju(2) L 0
im |u(z)|—F——5—— =0.
E=S! (1= le(z)[?)m+1

Throughout this paper, we say that A < B if there exists a constant C' such that
A < CB. The symbol A ~ B means that A < B < A.
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2. MAIN RESULTS

In this section, we state and prove our main results in this paper. Hence, we first state
some lemmas which will be used in the proofs of the main results.

Lemma 2.1 ([21]). For every f € A2,

/ FEPAAG) < 2[|FO)P + / P21 |22)dA(2)].
D D

Lemma 2.2 ([21]). For every f € A?,

tim F(](1 - |2%) = 0.

Lemma 2.3. Let n € Ny, ¢ be an analytic self-map of D and u € H(D).
If D}, - A% — A% is bounded, then

noy\x — (™
(Dap,u) Ky, = u(w)Kgo(w)'

Proof. Let f be in A2. Since f)(w) = (f, Kq(,,n)> (see Theorem 2.16 of [1]), we have

(£, (DL ) Ku) = (D2 f. Ku) = (u(f™) 0 9), Ku)
= u(w) [ (p(w)) = w(w)(f, KS0,) = (Fu(@)K)).

Since (f, (D) Kw) = <f,u(w)K((;(Lzu)> for all f, we get the desired result. O

Lemma 2.4 ([2]). Let ¢ be an analytic self-map of D. The operator C, is
Hilbert-Schmidt on the Dirichlet space D if and only if

P e <
H! (- Tl A1) <

After a calculation, we can obtain the following result (see, e.g., [22]).

Lemma 2.5. Let f € A%, Then

/1]

(n) N | P | —

To study the compactness, we need the following lemma, which can be proved in
a standard way (see, for example, Proposition 3.11 in [1]).

Lemma 2.6. Let n € Ny, ¢ be an analytic self-map of D and u € H(D). If D, :
A% — A? is bounded, then Dy, : A% — A? is compact if and only if whenever {f;} is
bounded in A* and f; — 0 uniformly on compact subsets of D, lim; o || D2, f;]| = 0.
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Now we are in a position to state and prove the main results in this paper.

Theorem 2.7. Let n € Ny, ¢ be an analytic self-map of D and u € A2
If D}, : A> — A is compact, then

1|
1 — = (.
A, MOy
Proof. For every z € D, let f, = | g Then
[le6N| 1= |22
10" 121l = || (D | = NS ~ o) (o)
||K [ [ (1~ [p(z) 7)1

Here we used the fact that

5 1
KM| = /K(") 2dA ~ |w|t
(el [ [, (2)[7dA(z) [w] (1 — [wf2)n T
D

*

Since Dy, is compact, (Dg ,)* is also compact. By Theorem 2.17 of [1], we know that

HK i tend to 0 weakly as [2] tends to 1. Therefore, ||(D7 ,)* f.|| — 0 as [2| — 1. Hence
1|2
lim |o(2)|"|u(z =0.
i, o)) e

Let 6 > 0. If |p(2)| < 4, by the fact that u € A? and Lemma 2.2 we have

| 1 |22 (@) - )
1 - <] — 7 =.
i ) T oy < I sy O

If |o(2)| > 0, then

1— |2 1— |2
lim —_— < e(2)|"u(z)| ————~5—— =0.
B P R LA e P D
Thus we immediately get the desired result. O

Theorem 2.8. Let n € Ny, ¢ be an analytic self-map of D and u € H(D) such that
Dy, is bounded on A2. Suppose that Cy, is Hilbert-Schmidt on the Dirichlet space D

and
lim  |o/(2)[(1 = |2z*)' ™™ = 0.

[p(2)|—1

Then Dy, A? — A? 4s compact if and only if

1—|z]?
lim_[u(z)| 2

i N e =
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Proof. Tt is easy to see that u € A®, when D , is bounded on A®. Hence from
Theorem 2.7 we only need to prove the suﬂimency

Suppose {f;} is a bounded sequence which converges to zero uniformly on compact
subsets of . Without loss of generality assume that || f;|| < 1. We need to prove

||D3,ufj|| — 0 as j — oo. Since

(™ 0 ) (2)] = |0/ (2) £ (9(2)) + ul(2) £ (0(2)¢! (=)
<2 ()P (9(2) 2 + 2lu(2) P (0(2) Pl (2)2,

U

by Lemma 2.1 we get

1D £117 < 2[[u(0) £ (0(0)[? + / (£ 0 )] (2)]*(1 — |21%)2dA(2)]
< 20u(0) 1 £, ((0))* + 4 / [/ )P ()P = [2P)PdAR) (9.1
D
+4 / u(2) 21 £ 0 (0(2) Pl (2) 21— |2[2)2dA(2).

For f € A?, we know that f(") . by [21]. Since C, is bounded on A3, for any
©, we get

/ ™ (e — |2 dA(z) < oo (2.2)

Let € > 0 be given. Since

lim |u/(2)|(1 — |z|2)1_" =0,
[p(2)]—1

there exists r; € (0,1) such that
WEE e
(1—z2)2"2 = M,y

for ri < |¢(2)] < 1. Since C, is Hilbert-Schmidt on the Dirichlet space D, by
Lemma 2.4,

(2.3)

M = / dA z) < o0. 2.4
el aat) (24)
Also, since
1—|z?
lim _— =0,
A MO T

there exists ro € (0,1) such that
|U(Z)‘2 (1 — |Z|2)2 €

(A= [p)P)22 = M

(2.5)

for ry < |(2)] < 1.
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Let r = max{ry,r2}. Then by (2.1),
D2 fill? < 21 + 4Ly + Al + 414 + 415,
where

I

()2 £ (0(0))2,
I = / [ (2) 21 £ (0(2)) [P (L — |2[?)2dA(2),
[p(2)|<r
Iy = / [ (2) 21 £ (0(2)) [P (1 — |2[?)2dA(2),
lp(2)|>r
I = / u(2) 21 £ (0(2)) Pl (2)P (L — |2[?)2dA(2),
lp(2)|<r
Iy = / ()21 £ 0 (0(2) Pl (2) 21— |2[2)2dA(2).
[p(2)|>r

Since {¢(0)} is a compact set, there exists a positive integer j; such that

L = u(O)P1£" (2(0) <€
for j > ji1. Since D}, is bounded on A2, applying the bounded operator Dy, to 2"
and 2"*! in A? | we easily get that u,up € A%. Thus

M, = / [u'(2)]2(1 — |2]?)%dA(z) < o0

le(z)<r

and

M = / [u(2) 19" (2) P (1 = [2[*)?dA(2) < oo
lp(z)|<r
Since {f;")} and {f;”H)} converge to zero uniformly on compact subsets of D as
Jj — oo, there exist positive integers jo and js such that for every |p(z)| <,
(n) 2 €
|f; (p(2)]” < A

for j > jo and

@R < 37

for j > j5. Let m = max{Jj1, jo, j3}. Then for j > m,

19 13
L<e L<—My=¢ I;<—M;=¢.
1 3 2fM22 £ 4 M33 3
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From inequalities (2.2) and (2.3), we conclude that I3 < €.
By Lemma 2.5, (2.4) and (2.5) we have
5

(2)|?dA(z) S —M =e.

2
c .
15 < (1 _ |(,D(Z)|)2n+2 Hf]” SR

/

o 0= Tp(a))2 17
le(2)|>r

From the above estimate we obtain that |\D$7ufj|| < & when j > m. Since ¢ is an

arbitrary positive number, we conclude that ||Dg’u fill = 0 as j = oo. Therefore

D, : A* — A? is compact. The proof is complete. O

Theorem 2.9. Let n € Ny, ¢ be an analytic self-map of D and u € H(D) such that

Dy ., is bounded on A?%. Suppose that C, is Hilbert-Schmidt on the Dirichlet space D,

C,, is compact on A? and

ju'(2)]?

M. ::/—dAz < o0. 2.6

© ) TP ) (20
D
Then D7 ,, A% — A? is compact if and only if
. 1— |z

lim |u(z)|———— =0.
A T ey

Proof. We also only need to prove the sufficiency.

Suppose {f;} is a bounded sequence which converges to zero uniformly on compact
subsets of D. Without loss of generality assume that || f;|| < 1. We need to prove that
||D$)ufj|| —0as j — oo.

Let € > 0 be given. Since C,, is compact, we have (see [21])

. 1—]z?
im —————— =0,
z=1 1= Jp(2)?
which implies that
, 1|22
im — =
le(2)l=1 1= |p(2)?
Then there exists p; € (0,1) such that
(-lPP e
1 —=lp(z)]?)? ~ M,
for p1 < |p(2)] < 1. Since C, is Hilbert-Schmidt on the Dirichlet space D, (2.4) holds.
Also, since

(2.7)

[ e M
im |u(z)]————————— =0,
|zl (1= [e(z)[)+t
there exists pa € (0,1) such that

1—1z]%)? €

(1= lp(z)[?)?*2 M
for p2 < |p(2)| < 1.
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Let p = max{p1, p2}. Then

DL filI? < 201 + 4o + 4T3 + 4Ty + 45,

where
i = [wOP L (@O,
B= [ WP )P0 - PRA),
le(=)I<p
= [ WP )P0 - PRA),
le(2)[>p
Ji= [ WGP @I @ )dAG)
le(=)I<p
and

= [ P @I @ - PAAG),
le(z)|>p

Similar to the proof of Theorem 2.8, we see that there exists a k such that
Ji<e, Jo<e Js<e JsSe

when j > k.
By Lemma 2.5, (2.6) and (2.7), we have

1£51%
(1 = lp(2)[?)2n+2

ns [ WP

le(z)[>p

(1 — |2]?)2dA(z2) < MiM4 —c.
4

From the above estimate we can say that || D, , f;| < e when j is large enough. Since &
is an arbitrary positive number, we conclude that || Dg , f;|| — 0 as j — oo. Therefore
Dy ,, is a compact operator on A2, O

Similar to the proof of Theorem 2.9, we immediately get the following result.

Theorem 2.10. Let n € Ny, ¢ be an analytic self-map of D and w € H(D) such that
D" . is bounded on A?. Suppose that C, is Hilbert-Schmidt on the Dirichlet space D

©,u
" W/ ()21~ [2f?)?
N A ki
[p(2)|>t
Then D7 ,, A% — A2 is compact if and only if
1— 2
lim |u(z)] 2 =0.

2|1 (1= [p(2)[?)+1
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