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Abstract. In this paper we study a class of two-point boundary value systems. Using very
recent critical points theorems, we establish the existence of one non-trivial solution and
infinitely many solutions of this problem, respectively.
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1. INTRODUCTION

In this paper, we study the Neumann boundary value problems:

—(Juf (@) P12 () + Jug (2)|Pr2ug () = AFy, (T, U1, -+ o, Ui ), x € (a,b),
—(Juy(2) [P 2uy (@) + |uz(@) P2 2us (@) = APy, (2,1, um), z € (a,b),
— ([, (@) [P =20, () + |t (2) [P 2 (2) = AFy,, (2,01, -+ s Um), @ € (a,b),
uj(a) = ug(b) =0,

(Px)
where p; > 1 are constants, for 1 < i < m, A is a positive parameter,
F :la,b] x R™ — R is a function such that F'(.,t1,...,t,) is measurable in [a,b] for
all (t1,...,ty,) €ER™ F(x,.,...,.)is C! in R™ for every z € [a,b] and for every o > 0,

sup Y| (@t ot € L ([0, 1),

[(E1setm)|<0 59

and F,, denotes the partial derivative of F' with respect to u; for 1 <i < m.
In the last decade or so, many authors applied variational methods to study the
existence or multiplicity solutions of the Neumann problem of its variations; see, for
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example, [6,7,9-13] and the references therein. We note that the main tools in these
cited papers are several critical point theorems due to Bonanno [3], Bonanno and
Bisci [4], Bonanno and Marano [8]. A Neumann boundary value problem for a class
of gradient systems has already been studied by Afrouzi, Hadjian and Heidarkhani
[1] and Hedarkhani and Tian [14] in the ODE case and Afrouzi, Heidarkhani and
O’Regan [2] in the PDE case. In that papers at least three solutions are established.
The aim of this article is to prove the existence of at least one non-trivial solution and
infinitely many solutions for (P, ) for appropriate values of the parameter A belonging
to a precise real interval. Our motivation comes from the recent paper [4,10]. We want
to systematically study a class of gradient systems under a Neumann boundary using
Bonanno’s critical point theorems. For basic notation and definitions, and also for a
thorough account of the subject, we refer the reader to [15,16].

2. PRELIMINARIES AND BASIC NOTATION

First we recall Bonanno’s critical point theorems which is our main tool to transfer
the question of existence of weak solutions of (P,) to the existence of critical points
of the Euler functional.

For a given non-empty set X, and two functionals &, ¥ : X — R, we define the
following two functions:

SUPyed—1((ry,ra)) \Il(u) - \I](U)

= 1 f
5(7"1,7“2) 1}6@*}1(1(7”1,7"2)) Ty — CI)(U) ’
U (v) = SUPyeg-1((—oo,r)) V(W)
p(r1,re) = sup ’
vEPT1((r1,7r2)) ®(v) =11

for all 71,72 € R, 71 < 73.

Theorem 2.1 ([3, Theorem 5.1]). Let X be a reflexive real Banach space, ® : X — R
be a sequentially weakly lower semicontinuous, coercive and continuously Gdteaux
differentiable functional whose Gateauz derivative admits a continuous inverse on X*
and ¥ : X — R be a continuously Gateauzr differentiable functional whose Gdteauz
derivative is compact. Put I, = ® — AU and assume that there are r1,79 € R, r1 < 19,
such that

B(ri,m2) < p(ri,72).
Then, for each A\ € (m,m) there is ugy € ®7((r1,72)) such that
I\(uo,») < In(u) for each u € ®~1((r1,72)) and I§(uop,x) = 0.

Theorem 2.2 ([4, Theorem 2.1]). Let X be a reflexive real Banach space, let @, :
X — R be two Gadteauz differentiable functionals such that ® is sequentially weakly
lower semicontinuous and coercive and V is sequentially weakly upper semicontinuous.
For every r > infx @, let us put

(Supveéfl((foo,r)) ‘IJ(U)) — W(u)

u€P—1((—o00,7)) r— ®(u)
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and
~ := liminf ¢(r).

r—4o00

Under the above assumptions if v < +oo then, for each A € (0, %), the following

alternative holds:

either

(b1) I possesses a global minimum,

or

(ba) there is a sequence {u,} of critical points (local minima) of I such that
limy, 400 P(uy,) = +o0.

Let us introduce notation that will be used later. Let Y; be the Sobolev space
WhPi([a,b]) endowed with the norm

1/p:

b b
wim | [W@pds s [epda)

[l

and let
ki = 2@~ D/Pi max{(b — a) " VP (b — a) P =D/},

we recall the following inequality which we use in the sequel
lu(@)] < Killullp, (2.1)

for all u € Y;, and for all z € [a,b]. Let K = max{k?*}, for 1 < i < m. Here and in
the sequel, X :=Y; X -+ X Y,,.

We say that w = (u1,...,u,) is a weak solution to the (Py) if
u=(ug,...,un) € X and
b

> [ (i@ o) + us(e)lusa)os(z) da-
=17

m b
— )\Z/Fui(x, ULy eony U )Vi(2)dx =0
=1

for every v = (v1,...,vy) € X. For v > 0 we denote the set
- [P gl
00 = {(ts-rnst) e R7: SO 7y 22
() = {01, tm) > o <m (22)
Let

D) =Y W (2.3)

o P
b

U(u) = /F(oc7 up (), ..., um(x))de. (2.4)

a
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It is well known that ® and ¥ are well defined and continuously differentiable func-
tionals whose derivatives at the point v = (u1,...,u,,) € X are the functionals
O’ (u), ¥'(u) € X*, given by

m °

- / )P 2w (2)vj(x) + |ui()

i=1

p"_zui(x)vi(x)) dx,

m

/EFu rou(x), .. U (x))vs(z)d

for every v = (v1,...,vm) € X, respectively. Moreover, ® is sequentially weakly
lower semicontinuous, ® admits a continuous inverse on X* as well as ¥ is se-
quentially weakly upper semicontinuous. Furthermore, ¥’ : X — X* is a compact
operator. Indeed, it is enough to show that ¥’ is strongly continuous on X. For
this, for fixed (ui,...,umn) € X, let (uipn,. ., Umn) — (u1,...,uy) weakly in X
as n — 4oo, then we have (u1n,...,Umnm,) converges uniformly to (uq,...,u,) on
[a,b] as n — +oo (see [16]). Since F(z,.,...,.) is C' in R™ for every z € [a,b],
the derivatives of F are continuous in R™ for every z € [a,b], so for 1 < i < m,
F,,(z,u1n, - s Umn) — Fu(z,u1,...,uy) strongly as n — +oo which follows
U (Upyy - vy Unn) — O (U, ..., Uy ) strongly as n — 400. Thus we proved that ¥ is
strongly continuous on X, which implies that ¥’ is a compact operator by Proposi-
tion 26.2 of [16].

3. RESULTS

Before our proof, we first list nonlinear term F' which satisfies the following hypotheses,
where p1, pe and v are some constants.

(H1) F(«,0,...,0) =0 for a.e. x € [a, ],
(H2) ay(p2) < ay(p1), where

b b
Isupg, 4 yeoq Fla,ty, .o ty)de — fF(x,V, . v)dx
a,(p) == K" p 2
- p— K3, (I j= lj#LpJ)Vpl

)

(H3)
b
N Sup(thm)tm)e@(u)F(m,tl,...,tm)dx f F(z,v,...,v)dx
H KZz (17 1,3'7'éz'pj)’/pi7
(H4)
su oy Flx,t1, ... ty)dx
lim inf f Pty tm)e0() F(@, 11 ) <
p—>+00 7
- 1 I ffF(x,tl,...,tm)dz
—_— im sup — .
KT pi(b = ) jty | opoonnftm| oo Sory 12
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3.1. ONE NONTRIVIAL SOLUTION

We formulate our main result as follows:

Theorem 3.1. Assume that there exist a non-negative constant ¢y and two positive
constants co and d with

m
< K({b-a) Z Ty D) AP < co
i=1

such that (H1) and (H2) are satisfies. Then, for each \ € (ﬁ, @), system

(Py) admits at least one non-trivial weak solution ug = (ug1, ..., uom) € X such that
c1 [[woi C2
<
KHm —1Di Z:ZI bi K1 1107

Proof. To apply Theorem 2.1 to our problem, we introduce the functionals
O, U: X =R for each u = (u1,...,u,) € X, as (2.3) and (2.4). Moreover, ® is
sequentially weakly lower semicontinuous, ®’ admits a continuous inverse on X* as
well as ¥/ : X — X* is a compact operator. Set w(z) = (w1(z), ..., wn(x)) such that
for 1 <i<m,

wi(z) =d

- and ry = KHCT;p It is easy to verify that w = (wy,...,wy) € X, and

r| = ema—

L= Kz p
in particular, one has

[willp; = (b— a)d?

for 1 < i < m. So, from the definition of ®, we have

m dpi

P(w) = (b— a)z

— Pi .
From the conditions ¢; < K 331" (TI72, .;p;)(b — a)dP* < ¢, we obtain
r1 < ®(w) < ro.

Moreover, from (2.1) one has

i

sup |ug(x) [P < kP, i
z€[a,b] )
and
sup [u; ()" < K|jug|p;
z€la,b] )
for each u = (uy,...,un) € X, so from the definition of ®, we observe that

(I)il((_ooaTQ)) = {(uh"-vun) € X: (b(ulw-wun) < T2} =

Dpi
Pi < TQ} g

m u;
={(w,...,uy) € X: Z”p

g{(ul,..., ye X: Zluz —HmC2 forallxe[a,b]},
= 1 7
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from which it follows

sup U(u) = sup /F(x, ur(x), ... um(z))de <
(U1 yee s ) EP—1((—00,72)) (U1 yeesUpn ) EP—1((—00,72)) s

< / sup F(z,ty,... ty)dz.
(t15eestm )EO(c2)

Since for 1 < i < m, for each z € [a, b], the condition (A1) ensures that

SupuE@*l((—oo,rg)) \I/(’LL) - \I/(w) <
ro — ®(w) -

B(ri,ra) <

b
Isup, e yeo(e) Flat, .o tm)de — ¥ (w)

< e p——To < ag(c).

On the other hand, by similar reasoning as before, one has

\Ij(w) — SUPyed—1((—o0,r1)) \If(u) >
b(w) —rq -
b
\I/(’U}) - f Sup(tl,.“,tm)e@(cl) F(xv ty,... 7tm)dm
a

p(ri,r2) >

> > aq(c1).

D(w) —rq

Hence, from Assumption (A2), one has §(r1,72) < p(r1,72). Therefore, from Theo-
rem 2.1, taking into account that the weak solutions of the system (P,) are exactly
the solutions of the equation ®'(u) — A\¥/(u) = 0, we have the conclusion. O

Now we point out the following consequence of Theorem 3.1.

Theorem 3.2. Suppose that there exist two positive constants ¢ and d with

m

C>K Z = lj;élp]

=1

such that (H1) and (H3) hold. Then, for each
e ( (b— a) S (I ipy)dP c )
) b )
y b )dx

f F(x,d,...,d)dz s, o Fo,t, ...
a a
system (Pyx) admits at least one non-trivial weak solution ug = (uo1,...,uon) € X
such that
c

Di KHm 1pz
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Proof. The conclusion follows from Theorem 3.1, by taking ¢; = 0 and ¢y = ¢. Indeed,
owing to our assumptions, one has

b b
Isupg, 4o F(tr, .. tm)de — [ F(z,d,...,d)dx

ad(CQ) = KI[;Z pia m ™ )
=1 c—K(b—a) YL (I, .p;)dPi

<

b
Isupg, 4 eo F( tr, .o tm)de — 2 ——— —
< K pi 7 s =
B c—K(b—a)y (7L, ;p;)dr

b
s, eoeow Fl@,t, .. tm)de

c

On the other hand, taking Assumption (Al) into account, one has

b
[ F(z.d,...,d)dz

- = ag(c1)-
K(b—a) Z:il (H?T:Lj;éipj)dpi
Moreover, since
sup [u; ()" < K|[ug[p;
z€la,b] )
for each u = (u1,...,u,) € X, an easy computation ensures that
i luoill8s _ ¢
=1 P K1Y p;
whenever ®(u) < ro. Now, owing to Assumption (A3), it is sufficient to invoke Theo-
rem 3.1 to conclude the proof. O

3.2. INFINITY MANY SOLUTIONS
Theorem 3.3. Assume that (H1) and (H4) hold. Then, for every A € A := (A1, A2),

where
\ (b—a)
1= ; [P F(2,ty,... tm)dz
D SUP |4y | 400, [t |[5400 v TglPE
i=1 Pi
and

Ay =
f: SUP(t, .. tp)eo () F(T 1, tm)de ’
m

KII? liminf, 4o

the problem (Py) admits an unbounded sequence of weak solutions which is unbounded
m X.
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Proof. Our goal is to apply Theorem 2.2. Now, as has been pointed out before, the
functionals ® and ¥ satisfy the regularity assumptions required in Theorem 2.2. Let
{cn} be a real sequence such that lim,,_, . ¢, = +00 and

b

fsup(tl,...,tm)EG(cn) F(x,ty,... ty)dx
limJirnf “ = A (3.1)
n—+o0o Cn,

Taking into account (2.1) for every u € X one has
lu(2)] < Kllullp;-

Also note
m

i () ol ()15
; Di =k (Z bi > '

=1

Hence, an easy computation ensures that > ;- u < ¢, when ever u € ®~!((—o0, 1)),
where
1 ¢,

Tn

Taking into account Hu?||p7 =

f: F(¢,0,...,0)dz =0 for all « € [a,b], for every n large enough, one has

0 (where u?(z) = 0 for every z € [a,b]) and that

i

(Supv€<l>*1((foo,rn)) q’(”)) = W(u)

Tn) = inf =
#(ra) ue®=1((—00,rn)) rn — ®(u)
b b
sup /F(t, v1(2), .. V() de — /F(t, w(x), ..., Upy) de
m lvslip; <rn a a
= il’lg ! b m H Hp, S
Z lwillpf _ Ui |lp}
= T< n rn ’L; Di
b
sup [F(t,vi(z),...,0m(x))dx
Pq
?;1 ”v;‘.‘pi <Tn
< - <
Tn
b
Isup,4oyeoen F@t,. . tm)de
< KTI"  p; lim inf <
n—-+oo Cp,
Therefore, since from assumption (H4) one has A < 400, we obtain
~v = liminf ¢(r,) < KII% 1 p;A < +oo. (3.2)

n—-+o0o
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Now, fix A € (A1, A2) and let us verify that the functional I is unbounded from below.

Let {&;,} be m be positive real sequences such that lim,, 4o ,/Z;’;l §Zn = 400,

and
b

f F(.I‘, fl,n? s 7£m,n) dx

lim sup 2 , =B. 3.3
n—>+o£) 2111 ‘gi;“pl ( )

For each n € N define
wi,n(x) = gi,n
and put wy, = (Win,. .., Wm,n)-
We easily get that
= (b—a)l¢

At this point, bearing in mind (i)7 we infer

b

®(w,) — AU (w,) Z |§”‘| /\/F(xﬁlm,...,{m’n)dx, neN.
i=1

a

If B < +00, let € € (15,1). By (3.3), there exists v such that

b

" gyl
/F(x,glm, ey Emn)dr > EBZ %, n > ve.

a

Moreover,

m

D(wn) —

)\66 mg 7‘ i,7l| i n>uv
X ? €
. ?‘jl
K2

Taking into account the choice of €, one has

lim [®(w,) — ¥(w,)] = —0.

n—-+o0o

If B = 400, let us consider M > 1. By (3.3), there exist v,, such that

b
/ (@, &y vy Emon)d >MZ§’;| . N> U,
a =1 v

Moreover,

i

fzn

O(wp) — A (wy) gi —/\MZK’”' N> e
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Taking into account the choice of M, also in this case, one has

nll)rfoo[@(wn) — ¥(wy)] = —o0.
Applying Theorem 2.2, we deduce that the functional ® — AV admits a sequence of
critical points which is unbounded in X. Hence, our claim is proved and the conclusion
is achieved. O

Remark 3.4. If

b
Isup, ooeoq F@,t,. . tm)de

lim inf £ =0
p—>+o00 /,[,

and
b

JF(z,t1,... ty)ds
lim sup a4 AT = 00,
[t1]—=+00,... | tm | —>+00 Yo

clearly, hypothesis (H4) is verified and Theorem 3.3 guarantees the existence of in-
finitely many weak solutions for problem (Py), for every A € (0, +00), the main result
ensures the existence of infinitely many weak solutions for problem (Py).
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