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Abstract

The evolution of shear zones in granular bodies for earth pressure problems of a
retaining wall in conditions of plane strain was analyzed. The passive and active failure
of a retaining wall was discussed. The calculations were carried out with a rigid and
very rough retaining wall undergoing horizontal translation, rotation around the top
and rotation around the bottom. The behaviour of dry sand was numerically modelled
with a finite element method using a hypoplastic constitutive relation with polar
extensions. Attention was paid to the influence of different wall movements on shear
localization. The initial void ratio was assumed to be non-uniformly distributed. The
geometry of calculated shear zones was compared with corresponding experimental
results of laboratory model tests.
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1. Introduction

The earth pressure on retaining walls belongs to the classical problems of soil
mechanics. Despite intense theoretical and experimental research on this prob-
lem over more than 200 years, there remain considerable discrepancies between
theoretical solutions and experimental results, due to the complexity of the de-
formation field in granular bodies near the wall caused by localization of deform-
ations (which is a fundamental phenomenon of granular material behaviour). The
localizations can appear as single, multiple or patterns of shear zones, depending
upon initial and boundary conditions. They can be plane or curved. Within shear
zones, pronounced grain rotations (Oda et al 1982, Uesugi et al 1988, Tejchman
1989, Geng et al 2003) and curvatures connected to couple stresses (Oda 1993),
large strain gradients (Vardoulakis 1980), and high void ratios together with ma-
terial softening (negative second-order work) (Desrues et al 1996) are observed.
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The multiple patterns of shear zones are not usually taken into account in engin-
eering calculations.

The realistic earth pressures can only be calculated with models which are
able to describe the formation of shear zones with a certain thickness and spa-
cing, i.e. the constitutive model must be endowed with a characteristic length of
micro-structure. There are several approaches to capture spontaneous and in-
duced shear localizations in granular bodies in a quasi-static regime: gradient
(Aifantis 1984, Slyus 1992, de Borst et al 1992, Pamin 1994, Zervos et al 2001,
Maier 2002, Tejchman 2004c), non-local (Bazant and Lin 1988, Brinkgreve 1994,
Marcher and Vermeer 2001, Tejchman 2003, 2004a) and polar ones (Mühlhaus
1989, 1990, Tejchman 1989, de Borst 1991, Tejchman and Wu 1993, Steinmann
1995, Tejchman and Gudehus 2001). The approaches regularize the ill-posedness
caused by strain-softening material behaviour and localization formation (differ-
ential equations of motion do not change their elliptic type during quasi-static
calculations) (Mühlhaus 1989, de Borst et al 1992). Thus, the mesh-independent
results are provided (Sluys 1992, Tejchman 1997). Otherwise, FE-results are com-
pletely controlled by the size and orientation of the mesh and thus produce unre-
liable results, i.e. the shear zones become narrower upon mesh refinement (ele-
ment size becomes the characteristic length) and computed force-displacement
curves change considerably depending on the thickness of the calculated shear
zone (Brinkgreve 1994, Tejchman 1997).

The thickness of shear localizations depends on such various factors as: mean
grain diameter (Vardoulakis 1980, Tejchman 1989, Tatsuoka et al 1991, 1994,
1997), pressure level (Tatsuoka et al 1991, Desrues and Hammad 1989), initial
void ratio (Tejchman 1989, Desrues and Hammad 1989), direction of deforma-
tion (Tatsuoka et al 1994), grain roughness and grain size distribution (Tejchman
1989, Tatsuoka et al 1991, 1994). Thus, it is of a primary importance to use a con-
stitutive model taking these into account.

In this paper, the capability of a polar hypoplastic constitutive model to de-
scribe the formation of the pattern of shear localization in granular bodies during
a real geotechnical rate boundary value problem (passive and active earth pres-
sure tests of a retaining wall), was demonstrated. The law takes into account the
effect of initial density, pressure, deformation direction, mean grain size and grain
roughness on the geometry of shear localization. The emphasis was focused upon
the influence of the type of wall movements on the geometry of shear zones in
sand with a non-uniform distribution of the initial void ratio. Only the plane strain
case was taken into account. In the first step, the FE-calculations were performed
with the same specimen size, granular material, wall height and wall roughness,
and distribution of the initial void ratio. The calculated geometry of shear local-
ization was qualitatively compared with results of some model tests. In turn, the
computed earth pressure coefficients were compared with geotechnical formulas
applied in practice and based on slip surfaces.
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2. Literature Review

Coulomb (1775) indicated for the first time, the occurrence of shear zones during

earth pressure tests. Darwin (1883) illustrated, with model tests, that the explan-
ation of the behaviour of granular bodies during earth pressure is not possible
without taking into account shear localization and procedure of filling (called by
him a “historical effect”). Comprehensive experimental studies on earth pressure

in sand were carried out at the Cambridge University between 1962 and 1974.
During this period, a number of researchers (Arthur 1962, James 1965, Lucia
1966, May 1967, Bransby 1968, Adeosun 1968, Lord 1969, Smith 1972 and Mil-
ligan 1974) carried out experiments on the active and passive failure of a mass

of dry sand deforming under plane strain conditions. The type of wall movement
(passive wall translation (Lucia 1966), active wall rotation about its top (Lord
1969), passive wall rotation about its top (Arthur 1962, James 1965, Lord 1969),
active wall rotation about its toe (Smith 1972, Milligan 1974), passive wall rotation

about its toe (Bransby 1968, Adeosun 1968), wall height (0.152 m and 0.33 m),
wall roughness (smooth and rough (James 1965, Milligan 1974)), wall flexibility
(rigid wall and flexible wall (Milligan 1974)), initial density of sand (dense and
loose (James 1965, Lord 1969)) and surcharge, were varied. In the case of a small

earth pressure apparatus (Arthur 1962), the wall was 152 mm high and 152 mm
wide. In the remaining cases, a large earth pressure apparatus, the retaining wall
was 330 mm high and 190 mm wide. The dimensions of the sand specimen behind
the wall were: 346 mm (height), 382 mm (length) and 200 mm (width) in a small

apparatus, and 1500 mm (height) 1420 mm (length) and 195 mm (width) in a large
apparatus. Generally, sand was poured at a different height from a moving hopper
when the wall was fixed. In addition, dredged and back-filled experiments were
carried out (Milligan 1974). In the first case, sand on one side of the wall was

successfully removed. In the second case, the wall was partially embedded in sand
and filling was continued on one side. In addition, the tests on soil cutting with
an inclined wall were carried out (Bransby 1968, Adeosun 1968). The sand used
was a rounded coarse quartz “Leighton Buzzard” sand (maximum void ratio 0.70,

minimum void ratio 0.51, grain size between 0.6–1.2 mm, mean grain diameter
0.6 mm). The evolution of shear localization in sand was recognised using the
radiographic technique which is able to detect density changes. Different modes
of shear zones have been observed during passive and active earth pressure tests

depending mainly on the type of the wall motion and surcharge. In passive tests
with rigid walls rotating about the top, one or two curved shear zones were ob-
tained in sand. Multiple curved shear zones of a similar shape were observed
during tests with a wall rotating about the bottom. They occurred at the wall top

and propagated towards the free boundary. During tests with a translating rigid
wall, one slightly curved shear zone starting to form from the wall bottom, and
secondary radial shear zones beginning at the wall top appeared. In active tests
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with rigid walls, nearly parallel straight zones or a mesh of intersecting parallel
zones close to the wall (wall rotating around the bottom) or a single curved zone
(wall rotating around the top) were observed. The details of the tests at the Cam-
bridge University and radiographs from Cambridge Archives of Radiographs were
recently given by Leśniewska (2000).

Experimental studies of passive earth pressure on a retaining wall in sand
were also conducted at Karlsruhe University by Gudehus (1986), and Gudehus
and Schwing (1986). In these experiments, the wall was h D 0:15 m or h D 0:20 m
high. In the case of h D 0:20 m, the dimensions of the sand specimen were: 570 mm
(height), 630 mm (length) and 200 mm (width). In turn, in the case of h D 0:15 m,
the dimensions of the sand specimen were: 200 mm (height), 400 mm (length)
and 200 mm (width). The material used was “Karlsruhe” sand (maximum void
ratio 0.84, minimum void ratio 0.53, grain size between 0.08–1.8 mm, mean grain
diameter 0.45 mm). During a passive wall translation, one observed in dense sand
a pattern of shear zones consisting of one major slightly curved shear zone starting
to form at the wall toe and propagating towards the free boundary, radial zones
linking the wall top and the curved shear zone and one shear zone parallel to the
bottom of the sand body.

Earth pressures on a retaining wall are calculated within a theory of elasti-
city and plasticity. Within plastic limit states, there are generally two approaches:
static and kinematic. In a first approach, assuming the material yielding behind
the wall (according to the Mohr-Coulomb law), one can obtain mathematically
closed solutions of pressures for simple boundary conditions (Caquot and Kerisel
1948, Negre 1959, Dembicki 1979) or numerical solutions using a method of stress
and velocity characteristics by Sokolovski (1965) for cases with complex boundary
and load conditions (Roscoe 1970, James and Bransby 1971, Szczepiński 1974,
Bransby and Milligan 1975, Houlsby and Wroth 1982, Milligan 1983). In turn,
within a kinematic approach, different failure mechanisms consisting of slip sur-
faces are assumed. From the equilibrium of forces on sliding wedges, a resultant
total earth pressure is calculated (Coulomb 1775, Terzaghi 1951, Gudehus 1978,
Wang 2000, Leśniewska and Mróz 2000). All theoretical solutions are very sens-
itive to internal friction and wall friction angles. They are not able to predict
consistently deformations observed in experiments.

Finite element calculations are more realistic than analytical solutions since
first, they take into account advanced constitutive laws describing the behaviour
of granular material and second, they can predict the evolution of localization of
deformation. For FE-analyses of earth pressures in granular soils, perfect plastic
(Nakai 1985), a elasto-plastic (Simpson 1972, Simpson and Wroth 1974, Christian
et al 1977, Potts and Fourie 1984, Fourie and Potts 1989, Leśniewska and Mróz
2003), elasto-plastic with remeshing (Hicks et al 2001), hypoplastic (Ziegler 1986),
and polar hypoplastic constitutive law (Tejchman and Dembicki 2001, Tejchman
2002b, Nübel 2002) were used. A characteristic length of micro-structure was not
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taken into account in the analyses except of calculations with a polar hypoplastic
law. A pattern of shear zones calculated by Nübel (2002) for the case of an
active dredged test with flexible walls was in accordance with experiments (Mil-
ligan 1974). In this analysis, a fluctuation of the initial void ratio with exponential
distribution was attributed to the granular body. The numerical calculations by
Leśniwska and Mróz (2001, 2003) revealed that the pattern of shear zones was
easier to observe when a non-associated Coulomb-Mohr model without dilatancy
was assumed. A FE-study carried out by Tejchman (2002a) with an uniform dis-
tribution of the initial void ratio in sand showed that the calculated deformation
field with a wall rotating around the bottom (passive and active case) was differ-
ent from the experimental one (Bransby 1968, Smith 1972). In addition, this study
showed that the geometry of calculated shear zones was influenced by the size of
the sand specimen and its initial void ratio. The pattern of induced shear zones
was created also in the case of loose sand continuously subject to contractancy.

3. Constitutive Law

The FE-calculations were carried out adopting a hypoplastic law with polar ex-
tensions (Tejchman et al 1999, Tejchman and Gudehus 2001, Tejchman 2002a,
Huang et al 2002, Nübel 2002, Gudehus and Nübel 2004, Nübel and Huang 2004)
to describe shear localization.

Non-polar hypoplastic constitutive laws (Gudehus 1996a, Bauer 1996, von
Wolffersdorff 1996) are an alternative to elasto-plastic formulations for continuum
modelling of granular materials. They describe the evolution of effective stress
components with the evolution of strain components by a differential equation
including isotropic linear and non-linear tensorial functions according to the rep-
resentation theorem by Wang (1970). They were formulated by heuristic process
(starting from hypoelastic models) considering all requirements which seem to be
important for granular material behaviour. In contrast to elasto-plastic models,
the decomposition of deformation components into elastic and plastic parts, yield
surface, plastic potential, flow rule and hardening rule are not needed. The hy-
poplastic models describe the behaviour of so-called simple grain skeletons which
are characterised by the following properties (Gudehus 1996a):

ž the state is fully defined through skeleton pressure and the void ratio (in-
herent anisotropy of contact forces between grains is not considered and
vanishing principal stresses are not allowed),

ž deformation of the skeleton is due to grain rearrangements (e.g. small de-
formations < 10�5 due to an elastic behaviour of grain contacts, are negli-
gible),

ž grains are permanent (abrasion and crushing are excluded in order to keep
the granulometric properties unchanged),
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ž three various void ratios decreasing exponentially with pressure are distin-
guished (minimum, maximum and critical),

ž the material manifests asymptotic behaviour for monotonous and cyclic
shearing or SOM-states for proportional compression,

ž rate effects are negligible,

ž physico-chemical effects (capillary and osmotic pressure) and cementation
of grain contacts are not taken into account.

The hypoplastic constitutive laws are of the rate type. Due to incremental
non-linearity with the deformation rate, they are able describe both a non-linear
stress-strain and volumetric behaviour of granular bodies during shearing up, to
and after the peak, with a single tensorial equation. They include also: barotropy
(dependence on pressure level), pycnotropy (dependence on density), dependence
on the direction of deformation rate, dilatancy and contractancy during shearing
with constant pressure, increase and release of pressure during shearing with con-
stant volume, and material softening during shearing of a dense material. They
are apt to describe stationary states, i.e. states in which a grain aggregate can be
deformed continuously at constant stress and constant volume under a certain rate
of deformation. Although, hypoplastic models are developed without recourse to
concepts of the theory of plasticity, failure surface, flow rule and plastic poten-
tial are obtained as natural outcomes (Wu and Niemunis 1996). The feature of
the model is a simple formulation and procedure for determination of material
parameters with standard laboratory experiments. The parameters are related to
granulometric properties encompassing grain size distribution curve, shape, angu-
larity and hardness of grains (Herle 1998, Herle and Gudehus 1999). Owing to
that, one set of material parameters is valid within a large range of pressures and
densities.

The disadvantage of a hypoplastic model is that it cannot realistically describe
the behaviour of granulates upon cyclic loading. In this case, so-called ratcheting
can be avoided by introducing an elastic domain in the hypoplastic laws with the
aid of the intergranular strain of the interface layer between grains (Niemunis and
Herle 1997). Due to the lack of an explicit yield surface, a sub-stepping iteration
algorithm has to be used to avoid inadmissible stresses (Tejchman 1997). In addi-
tion, a hypoplastic constitutive law cannot describe realistically shear localization
since it does not include a characteristic length. To take into account a character-
istic length, polar terms were introduced with the aid of a polar (Cosserat) theory.
The polar extension of the hypoplastic law was achieved analogously to a polar
elasto-plastic formulation (Mühlhaus 1989).

The Cosserat theory takes into account two linked levels of deformation:
micro-deformation at the micro-structure (particle) level and macro-deformation
at the structural (continuum) level where the material is considered homogen-
eous (Schäfer 1962). Each material point has, for the case of plane strain or
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Fig. 1. Plane strain Cosserat continuum: a) degrees of freedom (u1 – horizontal displacement, u2 –
vertical displacement, !c – Cosserat rotation), b) stresses ¦i j and couple stresses mi at an element

axial-symmetric three degrees of freedom: two translational degrees of freedom

and one independent rotational degree of freedom (Fig. 1a). The gradients of

the rotation are connected to curvatures which are associated with couple stresses

(Fig. 1b). This leads to non-symmetry of the stress tensor and the presence of

a characteristic length. A polar approach is more suitable to model shear zones in

granulates, as compared with other regularization techniques able to capture loc-

alization in a proper manner on better physical grounds, since it takes into account

rotations and couple stresses which are observed during shearing, but remain neg-

ligible during homogeneous deformation (Oda 1993). Its other advantages are: the

characteristic length is directly related to the mean grain diameter and a realistic

wall boundary condition at interface of granulate with a structure can be derived

(Tejchman 1997). Pasternak and Mühlhaus (2001) have demonstrated that the ad-

ditional rotational degree of freedom of a Cosserat continuum arises naturally by

mathematical homogenisation of an originally discrete system of spherical grains

with contact forces and contact moments. Ehlers et al (2003) have recently shown
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that a particle ensemble has the character of a micro-polar Cosserat continuum;
the couple stresses naturally resulted only from the eccentricities of the normal
contact forces.

In a polar hypoplasticity, stress and couple stress changes are described by two
equations (Eqs. 1 and 2) of the rate type (Tejchman and Gudehus 2001, Tejchman
2002a, Tejchman and Bauer 2004):
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where: ¦i j – Cauchy stress tensor and mi – Cauchy couple stress vector, e –

void ratio,
o
¦ i j – Jaumann stress rate tensor,

o
mi – Jaumann couple stress rate

vector, dc
i j – polar rate of deformation tensor, ki – rate of curvature vector,

^
¦ i j

– normalized stress tensor,
^
mi – normalized couple stress vector, di j – non-polar

rate of deformation, wi j – non-polar spin tensor, wc – rate of Cosserat rotation,
vi; j – gradient of velocity, fs – stiffness factor, fd – density factor, hs – granular
hardness, � – Lode angle, ec – critical void ratio, ed – minimum void ratio, ei –
maximum void ratio (Fig. 2), ei0 – maximum void ratio at pressure equal to zero,
ed0 – minimum void ratio at pressure equal to zero, ec0 – critical void ratio at
pressure equal to zero, �c – critical angle of internal friction during stationary
flow, n – oedometric coefficient, Þ – pycnotropy coefficient, d50 – mean grain
diameter, ac – micro-polar constant.

The constitutive relationship requires 9 material constants: ei0; ed0, ec0, �c,
hs , n, Þ, d50 and ac for a granular specimen (with an uniform distribution of
the initial void ratio). The FE-analyses were carried out with the following ma-
terial constants (for so-called Karlsruhe sand): ei0 D 1:3, ed0 D 0:51, ec0 D 0:82,
�c D 30Ž, hs D 190 MPa, n D 0:5, Þ D 0:3, d50 D 0:5 mm, and ac D a�1

1 (Bauer
1996). The coefficient a1 lies usually between 4.5 and 3.7 (Tejchman et al 1999)
and determines the shape of the stationary stress surface calculated with a hypo-
plastic model (Bauer 1996). The parameters hs and n are estimated from a single
oedometric compression test with an initially loose specimen; hs reflects the slope
of the curve in a semi-logarithmic representation and n its curvature (Fig. 3).
The constant Þ is found from a triaxial test with a dense specimen; it reflects the
height and position of the peak value of the stress-strain curve. The angle �c is
determined from the angle of repose or measured in a triaxial test with a loose
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Fig. 2. Pressure dependence of void ratios

specimen. The values of ei0; ed0; ec0 and d50 are obtained with conventional in-
dex tests (ec0³emax; ed0³emin; ei0 ³ .1:1 � 1:3/emax/. The micro-polar constant ac

(which can be correlated with the grain roughness) was assumed on the basis of
numerical calculations of shearing of an infinite narrow granular layer (Tejchman
1997). The smaller the constant, the greater the effect of Cosserat quantities on
the material behaviour which is equivalent to the growth of the grain roughness.

Fig. 3. Influence of coefficients n and hs on compression curves for two different granular
materials

The capability of polar hypoplastic constitutive laws has been already demon-
strated in various boundary value problems involving localization such as biaxial
compression (Tejchman 1997, 2002a, Tejchmn et al 1999, Nübel 2002, Maier 2002),
monotonous and cyclic shearing of a narrow granular layer (Tejchman 2000, Tejch-
man and Gudehus 2001, Huang et al 2002, Tejchman and Bauer 2004), silo filling
(Tejchman 1998), silo flow (Tejchman 2002c, Böhrnsen 2002), furnace flow (Zaimi
1998), footings (Tejchman and Herle 1999, Maier 2002, Nübel 2002) and sand an-
chors (Wehr and Tejchman 1999).



FE-Analysis of Patterning of Shear Zones in Granular Bodies : : : 327

The characteristic length can be also taken into account within hypoplasti-
city by means of non-local terms (Maier 2002, Tejchman 2003, 2004a) or second
gradient terms (Maier 2002, Tejchman 2004c).

4. Finite Element Implementation

The calculations were performed with a sand body of a height of H=200 mm
and length of L D 400 mm (models test at the Karlsruhe University, Gudehus
1986, Gudehus and Schwing 1986). Quadrilateral finite elements composed of
four diagonally crossed triangles were applied to avoid volumetric locking due to
dilatancy effects (Groen 1997). Linear shape functions for displacements and the
Cosserat rotation were used. In all, 3200 triangular elements were used. The height
of the retaining wall located on the right side of the sand body was assumed to be
h D 170 mm (h=H D 0:85). Integration was performed with three sampling points
placed in the middle of each element side. The calculations were carried out with
large deformations and curvatures (updated Lagrange formulation), changing the
element configuration and the element volume. The initial stresses were generated
using a Ko-state without polar quantities: ¦22 D  x2, ¦11 D ¦33 D K0  x2, ¦12 D
¦21 D m1 D m2 D 0 (¦11 – horizontal normal stress, ¦22 – vertical normal stress,
¦21 – horizontal shear stress, ¦12 – vertical shear stress, m1 – horizontal couple
stress, m2 – vertical couple stress (Fig. 1b),  – initial volume weight of sand,
x2 – vertical coordinate measured from the top). The pressure coefficient at rest
was assumed for dense sand to be K0 D 0:47 on the basis of a so-called element
test for oedometric compression (Herle 1998). Two sides and the bottom of the
sand specimen were assumed to be very rough: u1 D 0, u2 D 0 and !c D 0 (u1 –
horizontal displacement, u2 – vertical displacement, !c – Cosserat rotation). The
top of the sand specimen was traction and moment free. The retaining wall was
assumed to be stiff and very rough (u2 D 0 and !c D 0). Three different wall modes
were assumed in passive and active tests: uniform horizontal translation, rotation
around the wall bottom and rotation around the wall top. The maximum horizontal
displacement increments were chosen as 1u=h D 0:00002 (passive mode – wall
moves against the backfill) and 1u=h D 0:000004 (active mode – wall moves away
from the backfill)).

Since the numerical results of earth pressures by Tejchman (2002a) assum-
ing a uniform distribution of the initial void ratio were different as compared
with some experiments, the current calculations were carried out with a random
distribution of the initial void ratio to enhance and promote the whole process
of the shear zone formation. The non-homogenous distribution of void ratio is
an inherent property of each granulate. The fluctuations of the initial void ratio
are usually more marked for loose than for dense skeletons (Nübel 2002). The
greater the fluctuations of void ratio, the greater are the stress changes (Behringer
and Miller 1997, Geng et al 2003). In this FE-study, the initial void ratio eo was
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distributed non-uniformly in elements of the sand body by means of a random
generator in such a way that the initial void ratio e0 D 0:60 was increased in every
element by the value 0:05 ð r .eo D 0:60 C 0:05r /, where r is a random number
within the range of (0.01, 0.99). Thus, each element of the sand specimen had
a different initial void ratio at the beginning of deformation. The assumed void
ratio distribution was arbitrary to investigate only qualitatively the influence of
an initially inhomogeneous state in a granular body on shear localization. Altern-
atively, the initial void ratio can be a distributed specimen with an exponential
frequency function (Nübel and Karcher 1998, Nübel 2002, Tejchman 2004b).

For the solution of the non-linear equation system, a modified Newton-Raphson
scheme with line search was used using an initial global stiffness matrix calculated
with only two first terms of the constitutive equations (which are linear in dc

kl

and kd50/. To accelerate the calculations in the softening regime, the initial incre-
ments of displacements and the Cosserat rotation in each calculation step were
assumed to be equal to the converged increments from the previous step (Ver-
meer and van Langen 1989, Tejchman 1989). The iteration steps were performed
using translational and rotational convergence criteria. For the time integration of
stresses and couple stresses in finite elements, a one-step Euler forward scheme
was applied. To prevent eventual inadmissible stresses, a substepping algorithm
was used (deformation and curvature increments were divided into small parts
within each step). In addition, to avoid tensile stresses near the wall base (singu-
lar field) and along the free boundary a significantly smaller granular hardness hs

was assumed (hs D 0:19 MPa). If tensile stresses were obtained in some elements
at the wall base and along the free boundary, the stresses and couple stresses in
these elements were replaced by values equal to zero.

5. Numerical Results (Passive Case)

The FE-results of a plane strain passive earth pressure problem for dense sand
(eo=0.60+0.05r ,  =17.0 kN/m3/ within a polar continuum are shown in Figs.
4–9. Figure 4 presents the evolution of the normalized horizontal earth pressure
force 2Eh /( h2/ versus the normalized horizontal wall displacement u=h for three
different wall movements. In the case of a rotating wall, the horizontal displace-
ment u is related to the wall displacement of the bottom point (wall rotating
about the top) or top point (wall rotating around the bottom). The force Eh was
calculated as the integral of mean horizontal normal stresses ¦11 from quadrilat-
eral elements along the retaining wall. In Figs. 5–7, the deformed meshes with
the distribution of the void ratio and Cosserat rotation in the residual state are
shown. The darker region indicates the higher void ratio. The Cosserat rotation is
marked by circles with a diameter corresponding to the magnitude of the rotation
in the given step. The distribution of the Cosserat rotation at the beginning of
the passive wall translation is described in Fig. 8. The distribution of Cosserat
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rotation !c and void ratio e across the normalized initial specimen height x2=d50

in two sections at x1 D 0:15 m and x1 D 0:30 m (measured from the left side) at
residual state is presented in Fig. 9 (during passive wall translation). The positive
Cosserat rotation corresponds to that of Fig. 1a.

Fig. 4. Resultant normalized earth pressure force 2Eh ( h2/ versus normalized wall displacement
u=h (passive case): a) translating wall, b) wall rotating around its top, c) wall rotating around its

bottom

The evolution of curves of the horizontal earth pressure 2Eh /( h2/ is similar
in all three cases (Fig. 4). The forces increase, reach a maximum for about u=h D
1–5%, next show softening and tend to asymptotic values for about u=h D 7–9%.

For the wall rotation about the bottom, a decrease of the curve is smaller (in
the considered range of u=h/. The maximum horizontal force on the wall is the
highest for the wall translation, and the lowest for the wall rotation about the top.
The maximum normalized horizontal earth pressure forces are high (2Eh= h2 D
12–31) due to the high initial void ratio of sand, large wall roughness, high rela-
tionship between the mean grain diameter and wall height and low initial stress
level. The calculated minimum (residual) earth pressure coefficients are about
3.0–6.0 (Fig. 4).

Shear localization which is characterized in dense granulates among others
by the appearance of the Cosserat rotation and a strong increase of the void
ratio is strongly dependent upon the type of the wall mode (Figs. 5–7). For the
wall translation (Figs. 5 and 9), five shear zones are obtained: one vertical along

the very rough retaining wall, one zone projecting horizontally from the wall
base, one inclined (slightly curved) zone spreading between the wall bottom and
free boundary, and two radial oriented shear zones starting to form at the wall
top. The inclined shear zone becomes dominant in the course of deformation.
The horizontal shear zone develops only at the beginning of the wall translation
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Fig. 5. Deformed FE-meshes with distribution of void ratio and Cosserat rotation for dense sand
during passive earth pressure with translating wall (u=h = 0.05)
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Fig. 6. Deformed FE-meshes with distribution of void ratio and Cosserat rotation for dense sand
during passive earth pressure with wall rotating around its top (u=h = 0.06)
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Fig. 7. Deformed FE-meshes with distribution of void ratio and Cosserat rotation for dense sand
during passive earth pressure with wall rotating around its bottom (u=h=0.07)
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Fig. 8. Distribution of Cosserat rotation in dense sand at the beginning of passive earth pressure
with translating wall: a) u=h=0.01, b) u=h=0.02
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Fig. 9. Distribution of Cosserat rotation !c and void ratio e across the normalized specimen
height x2=d50 at residual state during passive earth pressure with translating wall (u=h=0.08):

a) x1=0.0.15 m, b) x1=0.30 m
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(Fig. 8). The material starts to generate the Cosserat rotation and to dilate at the
same time at three different places (wall bottom, wall top and free boundary on
the left side), Fig. 8. Next, the shear zone (starting from the wall base) curves
upwards, becomes straight and reaches the free boundary. Later, it is approached
by one radial shear zone. The second radial shear zone is not fully developed at
u=h D 0:07. The thickness of the dominant shear zone is about 30 ð d50 (on the
basis of the Cosserat rotation, Fig. 9) and its inclination from the bottom is about
� D 40Ž.

The values of void ratio e and mobilized internal friction angle � in the middle
of the shear zones are near the peak of the load-displacement curve (at u=h D
0:01): e D 0:65 and � D 45:2Ž (inclined zone at x1 D 0:05 m), e D 0:68 and � D
42:0Ž (inclined zone at x1 D 0:10 m), e D 0:64 and � D 44:8Ž (horizontal zone at
x1 D 0:15 m), e D 0:63 and � D 48:8Ž (lower radial zone at x1 D 0:15 m), and
e D 0:63 and � D 48:1Ž (upper radial zone at x1 D 0:15 m). At the normalized
horizontal displacement of u=h D 0:08, they are, respectively: e D 0:79 and � D
34:6Ž (inclined zone at x1 D 0:05 m), e D 0:78 and � D 35:0Ž (inclined zone at
x1=0.10 m), e D 0:80 and �=33.5Ž (horizontal zone at x1 D 0:15 m), e D 0:74 and
�=37.2Ž (lower radial zone at x1 D 0:15 m), and e D 0:67 and � D 43:3Ž (upper
radial zone at x1 D 0:15 m). The angles of internal friction were calculated from
Mohr’s formula

� D arcsin
¦1 � ¦2

¦1 C ¦2
; (17)

where the principle stresses ¦ 1;2 are (Schäfer 1962):

¦1;2 D
¦1 C ¦2

2
š

s

�

¦1 � ¦2

2

�2

C
�

¦12 C ¦21

2

�2

: (18)

The largest void ratios in the inclined and horizontal shear zones at u=h=0.08
(calculated with Eq. 8) are equal to the pressure-dependent critical values ec

(Eq. 4), Fig. 9. The critical void ratios in the radial shear zones have not yet been
obtained. Beyond the shear zones, the residual void ratio is equal to 0.61–0.65. The
calculated geometry of shear zones is in agreement with experimental observations
at Cambridge University by Lucia (1966) (Fig. 10a) and at Karlsruhe University
by Gudehus (1986) and Gudehus and Schwing (1986) (Fig. 10b).

The maximum normalized horizontal earth pressure forces (2Eh / h2 = 12–31)
are in the range of the usual (engineering) earth pressure coefficients (Dembicki
1979, Gudehus 1996b) determined under the assumption of one circular slip line
(Kpr D 11.33–25.80) and three straight slip lines (Kpt D 13.40–23.70) at Ž D ' p D
40Ž–45Ž (Ž – wall friction angle, ' p – internal friction angle of dense sand at
peak). However, the actual friction angles at peak ' p in the shear zones are not
known in advance (they depend strongly on the initial and boundary conditions of
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Fig. 10. Shear zones observed in experiments (radiograhs and schematically): a) during passive
wall translation (Lucia 1966), b) during passive wall translation (Gudehus and Schwing 1986),

c) during passive wall rotation around the top (Arthur 1962) and d) during passive wall rotation
around the bottom (Bransby 1968) from Leśniewska (2000)
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Fig. 10. Cont.

the entire system). It is therefore difficult to obtain realistic earth pressures with

a conventional earth pressure theory. In addition (as the numerical calculations

show), the different friction angles are mobilized in the various shear zones at the

same time. The different friction angles occur also along the same shear zone.

In the case of wall rotation around the top (Fig. 6), only one shear zone

occurs which is more curved than the shear zone during the wall translation.

The calculated deformation field is close to the experimental one (Arthur 1962)

(Fig. 10c).

When the retaining wall rotates around the bottom (Fig. 7), a pattern of curved

parallel shear zones is obtained. This result is approximately in accordance with

experiments (Bransby 1968) (Fig. 10d).

6. Numerical Results (Active Case)

The FE-results of a plane strain active earth pressure problem with a dense sand

specimen are shown in Figs. 11–14. Figure 11 shows the evolution of the normal-

ized horizontal earth pressure force 2Eh /( h2/ versus the normalized horizontal

wall displacement u=h for three different wall movements in the case of dense

sand (eo D 0:60 C 0:05r ,  D 17:0 kN/m3/. In Figures 12–14, the deformed meshes
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with the distribution of the void ratio and Cosserat rotation in the residual state
are demonstrated.

Fig. 11. Resultant normalized earth pressure force 2Eh /( h2/ versus normalized wall
displacement u=h (active case): a) translating wall, b) wall rotating around its top,

c) wall rotating around its bottom

All earth pressure curves drop sharply at the beginning of the wall movement,
reach the minimum at u=h D 0.001–0.002 and next increase continuously (Fig. 11).
For the case of a wall rotating around its bottom, the residual state was reached for
u=h D 0:1. The lowest earth pressure force occurs with the wall translation, and
the largest with the wall rotation about the top. Thus, the relationship between
the minimum active earth pressure and the type of the wall movement is inversed
as compared with the maximum passive earth pressure and type of wall move-
ment. The minimum normalized earth pressure forces (2Eh ( h2 D 0:10 � 0:16/

are slightly less than the usual earth pressure coefficients (Gudehus 1996b) assum-
ing a circular slip line (Ka = 0.16–0.20) or a straight slip line (Ka = 0.14–0.16)
with Ž D ' p (' p = 40Ž–45Ž).

The calculated pattern of shear zones depends again on the type of wall move-
ment. In the case of wall translation, two pronounced shear zones are obtained
(Fig. 12). A vertical one occurs along the wall, and the second one propagates
from the wall bottom up to the free boundary. The internal shear zone is slightly
curved with a mean inclination to the bottom of �=50o. The thickness of the
shear zone is again about (30–35) ðd50. This result is close to the experimental
one (Szczepiński 1974).
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Fig. 12. Deformed FE-meshes with distribution of void ratio and Cosserat rotation for dense sand
during active earth pressure with translating wall (u=h=0.06)



340 J. Tejchman

Fig. 13. Deformed FE-meshes with distribution of void ratio and Cosserat rotation for dense sand
during active earth pressure with wall rotating around its top (u=h=0.03)
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Fig. 14. Deformed FE-meshes with distribution of void ratio and Cosserat rotation for dense sand
during active earth pressure with wall rotating around its bottom (u=h=0.09)



342 J. Tejchman

When the wall rotates around the top, two shear zones are obtained again:

the first along the wall and the second inside sand starting from the wall bottom
(Fig. 13). The shear zone is strongly curved. A similar result was obtained in the

experiment (Lord 1969) (Fig. 15a).

Fig. 15. Shear zones observed in experiments (radiograhs and schematically): a) during active wall
rotation around the top (Lord 1969) and b) during active wall rotation around the bottom (Smith

1972) from Leśniewska (2000)

In the case of a wall rotating about the bottom (Fig. 14), three shear zones
are obtained: one along the wall and two parallel internal. This is in accordance

with the experiment (Smith 1972) (Fig. 15b).
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7. Conclusions

The following conclusions can be drawn on the basis of the FE-studies performed
on shear localization during plane strain earth pressure problems with very rough
and rigid retaining walls:

ž A polar hypoplastic approach is capable of capturing a complex patterning
of shear zones in granular materials,

ž The geometry of shear zones depends greatly on the direction and type of
wall movement (passive or active, translation or rotation). The experimental
deformation field was realistically reproduced.

ž The effect of non-uniform distribution of the initial void ratio on the geo-
metry of shear zones is of major importance in the case of passive and active
wall rotation around the bottom.

ž The largest passive earth pressures occur with the horizontal translation
of the wall, they are smaller with wall rotation around the bottom and
again smaller with wall rotation around the top. The smallest active earth
pressures are created during wall translation, and the largest during wall
rotation around the top.

ž The granular material tends to a critical state inside shear zones. The
Cosserat rotations are noticeable only in shear zones.

ž The earth pressures significantly change with wall displacement.

ž Conventional earth pressure mechanisms with slip surfaces are roughly re-
produced. Realistic earth pressure coefficients can be obtained with actual
values of internal friction angles.

Calculations will be continued with different specimen size, sand, wall rough-
ness and wall stiffness. To compare numerical load-displacement curves with ex-
perimental ones, the FE-analyses will be performed strictly according to condi-
tions of laboratory experiments. Different extended hypoplastic models including
a characteristic length (polar, non-local and second gradient) will be compared.
Later, a remeshing technique (Ehlers and Graf 2003) will be adopted to perform
the analysis for large geotechnical problems.
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Pasternak E., Mühlhaus H.-B. (2001), Cosserat Continuum Modelling of Granulate Materials,
In: Computational Mechanics – New Frontiers for New Millennium (Valliappan S. and N.
Khalili, eds.), Elsevier Science, 1189–1194.

Potts D. M., Fourie A. B. (1984), The Behaviour of a Propped Retaining Wall: Results of a
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