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S u m m a r y .  The possibility of creating a 
predetermined surface of the polymeric material by 
heating with stretching proved. The results of thermo-
mechanical tests for linear and two-dimensional 
deformation are given. The methods of approximation 
of thermomechanical curves are given. The methods of 
determining the temperature field and stress for getting 
a given form are given. 
K e y  w o r d s :  thermomechanical characterization, 
plane strain deformation, three-dimensional surface, the 
polymeric material.  

INTRODUCTION

The molding of polymeric materials base 
on their properties change from resilient to 
elastic and viscous state. These transitions can 
provide permanent deformation, that can be 
used for changing the shape of the polymer 
product.

In practice, these characteristics are 
obtained, based on the thermo-mechanical 
diagrams (Fig. 1). 

Constructing diagram can identify 
portions of the resilient (I), elastic (II) and 
viscous-flow (III) state. Although a number of 
sources and the need to keep these factors, 
there are only a few actual recommendations. 
Given that the process of complex shape 
polymeric materials is at least two-

dimensional distribution, it is desirable to 
obtain characteristics under plane stress state, 
that is still not done. 

Fig. 1. Typical thermomechanical chart polymeric 
material 

MATERIALS AND METHODS 

Creating a three-dimensional shape from 
sheet polymeric materials is an important task 
of modern technology. Such materials may 
include polymeric films or artificial skin [16, 
18], textile materials [6, 12] and other 
polymeric materials [19, 23]. Methods for 
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creating space forms are described in several 
publications [3 ,7, 22]. Thus in some cases, 
one can use different properties of polymeric 
materials such as kinetic [4, 15], plastic [5, 14, 
28] and other mechanical properties [1, 21]. A 
number of publications give the attempts to 
describe deformation processes from the 
standpoint of chemical processes [2, 13] or the 
thermodynamic transformations [9, 29, 30]. A 
number of experimental data [11, 20] 
unfortunately does not end with the 
mathematical modeling and the available 
approximation [17] have not yet received the 
practical implementation of the design of 
process parameters. 

Purpose of this article - to develop the 
approximation model and to determine process 
parameters for the manufacture of complex 
parts on the basis of an analysis of various 
forms of polymeric deformation of the sheet 
metal and textiles. 

The results can be obtained using 
methods of physics and chemistry of the 
polymers [13, 24], thermomechanical methods 
of materials test [8, 26] of the methods of 
textile materials [3, 25], methods of elasticity 
and plasticity [10, 27], mathematical methods 
of approximating and regression [15, 17]. 

OBJECTS AND PROBLEMS 

To construct the thermomechanical 
characteristics of textile materials it is 
necessary to maid an experiment where the 
material is simultaneously subjected of heat 
and deformation. In such unit (Fig 2) the load, 
temperature and elongation is fixed at the 
same time. 

Experiment process consists of a heating 
together with load. The heating temperature of 
the material is fixed by laser pyrometer, 
deformation - using a strain gauge. Pyrometer 
measurement methods in that case are 
convenient in that case due to the following 
factors: temperature measurement is made 
directly on heated body and not the air, 
infrared measurement technology provides 
easy check temperature during fast and 
dynamic processes, lack of feedback the 
impact on the measurement object by which 

measurements, measurements can be made on 
sensitive surfaces and sterile products, in 
hazardous or inaccessible areas obtained for 
technical place. Results of the experiment on 
cotton fabric can be plotted as scatter plots 
(Fig. 3). 

Fig 2. Thermomechanical curves construction principle 

Fig. 3. Textile material thermomechanical curve 

It is inconvenient to work with chart in 
that form, although quite clearly distinguished 
resilient, flexible and viscous-flow states. 
Conventionally, each of them can be 
considered a straight line. These sites can be 
used for the correlation and regression 
techniques analyze and result of the 
temperature dependence of the deformation 
may be obtained as it is shown: 
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where: F - external force, l - the width 
of the sample, ai, bi-linear regression 
coefficients, t1 - the temperature began to 
move in an elastic state, t2-temperature end of 
the transition in the elastic state, t3 - 
temperature transition in a viscous-flow state. 

After the force has changed the family of 
thermomechanical characteristics can be 
construct. Piecewise linear function is 
inconvenient in the case of solving the inverse 
problem of determining the temperature 
dependence cause of the deformation 
necessary to determine several parameters. To 
construct a continuous function, we can use 
the methods of the power regression in which 
the coefficients of the powers determined by 
method of least squares. 

During building dependencies for 
different values of strength, we can obtain a 
family of specifications. 

Fig. 4. Family of thermo mechanical characteristics  

These dependencies characterize the 
behavior of textile materials under load during 
heating. Using them, we can determine the 
extension that material would be receive under 
load power and heated to a certain 
temperature. 

For technological purposes during 
determining the parameters of humid heat 
treatment we are interested in the reverse goal 
- we need to define the desired temperature 
and the power to enforce the wet process - heat 
treatment, which most often determines the 
deformation of material. 

Given this goal, the original diagram 
must be rebuild in other coordinates, i.e. 
dependence temperature from elongation. 

In this case, the total temperature 
dependence of the elongation of the specimen 
can be written as: 
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Family of graphics that characterize this 
dependence is shown on Fig.5. 

Fig. 5. Family of dependence between temperatures and 
deformation  

Using these dependencies the desired 
temperature can be fined for a given level of 
strain. 

Meanwhile, it should be noted that the 
obtained dependences are rather complex 
structure that does not fully meet the 
requirements of the process. 
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In general, the experimental points don’t 
lie on a straight line. In the case of quadratic 
regression this relationship can be played 
using a square parabola whose equation has 
the form: 

.2xcxbay

For complex relationships can be 
proposed multistage regression type: 
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Let's analyze the relationship as two 
branches of cubic parabolas. 

From these dependencies we can make 
two conclusions. The first - a cubic regression 
line quite well with the behavior of the 
material in the first two areas. The second - a 
cubic regression coefficients dimensional and 
inconvenient to use. To improve this situation 
we introduce the dimensionless coordinates: 
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Under these conditions, 
thermomechanical curve is described by the 
equation:

.,

,,

1
2

221202

1
3

31
2

211101

kkk

kkkk
e

Using this equation we have graphic 
functions

The experimental and regression curve, 
rebuilt in the specified coordinates will look 
like Fig.6. 

Fig. 6. Comparison of experimental data with polynomial
regression

Obviously, the recording function is less 
cumbersome and involves fewer conditions 
than four plots with linear regression, in 
addition, the diagram obtained closer to the 
experimental points. 

Let us try to solve the inverse problem of 
thermomechanics by defining the temperature 
dependence of the strain, which is very 
important for the purpose of technological 
regimes moist heat treatment. 

First reconstruct the experimental 
dependence in the coordinates where the 
argument is the relative deformation and 
function - temperature. Mathematical methods 
can find points of intersection, then the 
temperature dependence of the deformation 
can be represented as: 
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Comparison of regression based on the 
experimental data shown in Fig.7. 

Fig. 7. Polynomial temperature dependence of the strain 

Let's go on a logical approach by 
approximating function to experiment together 
with the reduction of the number of sites. We 
make a patch that try to approximate a 
stepwise function. 

The desired function can be made by as 
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Graph which already well reflects the 
process presents on Fig.8. 

Fig. 8. Approximation of the seventh order 

Subsequent analysis shows that the 
functions of higher order does not give a 
significant increase in accuracy. Fig. 9 shows a 
family of thermomechanical curves described 
regression polynomials for different forces. 

Fig. 9. Different thermo-mechanical forces regression 
curves 

As already mentioned, the real modes of 
materials deformation are at least two-
dimensional. We must also take into account 
the real properties of the polymers, which also 
include technical fabrics. The most 
characteristic feature is the anisotropy - 
different material properties in different 
directions. These properties always must be 
read in the design process changes shape. 

Unfortunately, data on the two-
dimensional deformation of materials are 
virtually absent. We have developed an 
installation, perfected technique and the results 

obtained by the two-dimensional testing of 
polymeric materials (Fig.10). In the 
construction of this experiment the sample is 
loaded in two perpendicular directions. At the 
same time it was heated. Resize fixed in two 
directions.

The family dependence of the material 
longitudinal and transverse deformation with 
the ratio of the longitudinal and transverse 
forces was built. 

Fig. 10. Definition of two-dimensional thermo-
mechanical characteristics 

As a research result the complex of 
relationships, using it a particular material can 
be written as a system, was obtained. 
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where: 1, 2 -relative deformation in two 
directions, 1, 2 - stresses in these directions, 
fij-thermo-mechanical stiffness characteristics 
that were found from experiments. 

We express the stress through 
deformation. The result is: 
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In the case of known values of stress 
strain, results that define the external load on 
the material and the required temperature 
distribution on the surface of the material to 
provide a given deformation can be obtained. 
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Fig. 11. Thermomechanical deformation of the polymer 
material 

Lets solve the problem of creating a 
convex surface shape of the polymeric sheet 
material by stretching it while heating. 

We give the material deformation in two 
mutually perpendicular directions, which we 
fix like rigid boundaries. We denote this strain 

0.
Note the following. Real technological 

processing of polymeric materials should be in 
the interval te- t . Temperature, smaller than 
these values determine the elastic deformation 
characteristic of the products of these 
materials. Temperatures above the specified 
interval defined viscous-flow deformation, 
characterized by changes in the structure of the 
polymer material, to achieve these 
temperatures is unacceptable. 

Whereas we are interested only one 
period of dependence, which is based on 
appearance, stepwise function can be written. 
For convenience, lets translate the origin to the 
start point of elastic deformation and introduce 
the dimensionless coordinate: 
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The relationship between deformation 
and temperature will be sought in the form: 
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To find the unknown coefficients using 
the method of least squares. 

Found by the method of least squares 
coefficients (in this case p = 0,21, k = 0,33) 
give approximation function, which for 
experimental comparisons provided in Fig. 12. 

The proposed relationship is very 
convenient. We can use it as a direct deal with 
the problem of finding a given deformation 
temperature and the inverse problem of finding 
the temperature, as this provides the 
deformation. 

Elastic deformation, which preceded the 
highly elastic traditionally, considered 
proportional stress acting in the material. We 
assume that the highly elastic deformation and 
stress dependence 
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where: E - modulus of elasticity of the 
material. 

Lets solve the problem of creating 
convex surface of the polymer sheet material 
by stretching it while heating (Fig. 12). 

Fig. 12. The form of the material after deformation 

The median area of the material with the 
size of a × a we heat with the temperature t. 
Then the stress in the cold material is 
determined by Hooke's law  = E . The 
tension in the heated material is determined by 
the law of the state of elastic deformation: 
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After removing the cooling load in the 
preheating zone strain is: 
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The final deformations cause deflections, 
that form material surface. Deformation 
associated with the movement of the terms of 
the deformation compatibility: 
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where: u - longitudinal displacement, v - 
transverse displacement, w-vertical 
displacement (deflection). The coordinate 
system is further associate with the center of 
symmetry of the sample material. 

Compatibility equation in the form of 
Saint-Venant in the absence of distortions of 
the material is written in the form: 
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This equation, as well as the conditions 
of equality of zero deflection on the boundary 
corresponds to the function: 
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Boundary conditions in the longitudinal 
direction of the movement meets function: 
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Substituting in the first equation of strain 
compatibility, we get: 
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In order to satisfy the second condition, 
consider the average value of the area integral: 
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Given the expression for the residual 
strain, we can find the maximum deflection: 
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If we solve the technological problem, 
we usually specified form of the surface, or at 
least the maximum convexity to be provided. 
From this, we can find the necessary 
technological deformation or desired 
temperature. Given that the deformation 
process is limited in terms of the elastic base 
material, we will determine the appropriate 
temperature for the deformation process: 
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This dependence will determine 
reasonable temperature heat treatment of 
polymeric materials under deformation, will 
reduce excessive energy costs when assigning 
surplus temperature regimes, as it happens 
now.

An experiment with three-dimensional 
deformation was also constructed (Fig.13). 

Fig. 13. The complex deformation of the material 
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The real technological task of forming 
the surface of the textile product by means of
heat treatment is solved. 

Fig. 14. The surface of the material to be forming

Define the function of surface curvature, 
and the extension. For this we consider a 
separate section of the surface that is required 
for processing. Let’s represent it in the 
Cartesian coordinate system. Isolate in the 
surface a small element with size dx, it 
corresponds to a change ordinates section dy.
Element of length dx changed its length to 

22 dydxdl . Thus, this element became 
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Whereas not too much curvature 
obtained surfaces are: 
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Fig. 15. Curvatures of the surface material 

Given that we have a function of 
temperature, which is recorded depending on 
the extension, we can find the required 
temperature settings. It should be noted here 
that the function is written as a system of two 
expressions not very convenient to use because 
it requires binding of the deformation and 

comparing it with the parameter. Easier would 
be to use the tool, which would strain 
expressed clearly, without additional 
conditions. Try to approximate the function as 
a power curve. 

Fig. 16. Curve of thermomechanical changes 

If this function is written in the form  
t = f (e), we can determine the conditions: 

When e=0, t=0, when e=e2, t=t2, when
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Thus, we have four conditions that are 
sufficient to create a polynomial of the third 
degree. Considering first zero condition, write 
it in the form of: 
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The derivative of this expression can be 
written as: 
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After consideration of the first and third 
terms of two unknown coefficients found by 
solving the system of equations, written for the 
second and fourth terms: 

.
12

12
233222

1

2

,22322
1

2
1 32

ee
ekek

e

e

ekek
e

e



216                                 RIABCHYKOV MYKOLA, CHELYSHEVA SVETLANA, VOLOSHINA OLGA, MOKSHINA OLGA 

Solving the system gives: 
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Then the general expression for a 
function of temperature: 
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Comparison of the obtained functions 
with discontinuous linear as shown in Fig. 16. 

Fig. 17. Comparison of step functions with 
discontinuous linear 

If the specified surface is set up by 
means of heat treatment, the temperature 
distribution, which provides a surface can be 
written as: 
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CONCLUSIONS 

1. The opportunity of creating the 
product surface with longitudinal deformation 
of the material while heating has been proved.

2. On the basis of the solution of the 
differential equation of strains compatibility 
the parameters of deformation and heating to 
ensure the formation of a given surface are 
determined. 

3. The required temperature for the 
process of deformation is defined as an 
explicit function of the surface shape. 

4. Getting evidence-based temperature 
creates the prerequisites for energy savings in 
the enterprise. 
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