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S u m m a r y .  The article describes a mathematical 
model for creating geometry of curved pieces on the 
basis of the minimum stress in the production of 
surfaces of complex shapes. The methods searching 
sweep of the workpiece, which can later be converted 
into a surface mechanically The approbation when 
compared with the models obtained as a result of 
visualization of objects in the modern 3D programs. 
K e y  w o r d s : curved workpiece, complex surface, 3D 
model, minimum stress. 

INTRODUCTION

Modern production is characterized by 
an intense introduction of modern computer 
techniques that allows you to design modern 
processes in the manufacture of complex 
components to meet the requirements of 
natural goods saving. In case of complex parts 
manufacturing, especially when its surface is a 
complex curve, very important detail is to find 
a workpiece shape. Improving the accuracy of 
the curved shape blanks allow the most 
efficient use of materials, and also improves 
the efficiency of the process. The proposed 
method uses modern methods of 3D analysis 
in the computer environment, and also with the 
help of mathematical modeling. 

MATERIALS AND METHODS 

Three-dimensional surfaces from plane 
creation is a task that is relevant for many 
fields of industry. For example complicated 
surface [4] in the shoe industry is obtained by 
stretching the workpiece on the block. Similar 
processes occures in the furniture industry [20] 
and seewing industry [6]. Production of sheet 
products from flat blanks typical automotive 
[7] aviation [30] industry. The task of creating 
such products can be divided into a number of 
problems. Mathematical description of the 
surface part is described for example in [10]. 
Some methods for determining the geometry 
of the workpiece described [3]. Plane should 
be a sweep of the product [11, 16, 24]. 
Nowhere, however, are not given information 
about how to create a sweep if surface is not 
wrapable. To study such surfaces a number of 
methods of 3D modeling with using of 
computer technology was worked out. For 
example in generation algorithms were 
described. In surfaces, and solids 3d modeling 
were discribed. 

For the manufacture and control of solid 
surfaces are widly used modern methods of 3D 
scanning [1, 2, 21] and rapid prototyping [9, 
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18]. Note that the theoretical issues covered 
3D scanning is widely speared [14, 
26].However, these methods have not yet 
received wide practical application. 

Also have been developed a series of 
algorithms to build the virtual three-
dimensional objects [17, 19, 29], but they do 
not take into account feedback in the control of 
real objects using rapid prototyping. It is 
advisable also to improve the methods of 
constructing such facilities [12, 15]. 

The aim of that work is to develop ways 
of curved pieces for three-dimensional 
surfaces creation by providing the best 
technological parameters basing on 3D 
modeling and 3D scanning methods. 

To achieve this goal, we will need 
advanced technical software of 3d modeling 
3d scanning and prototyping. To determine the 
surface it is necessary to apply mathematical 
techniques (such as differential and integral 
value [5, 8, 23]) or other [22, 25, 28]. To 
ensure minimal stress for creating surfaces and 
workpieces we will apply the methods of the 
theory of elasticity [13, 27]. 

RESULTS, DISCUSSION 

Types of modeling used in practice of 
design engineering in the synthesis, are 
forming a certain principle to create shape of 
the object. An analysis of the simulation types 
applications are formulated and developed 
four principles simulation: traditional, 
inverted, generative and interactive. 

The traditional principle involves four 
stages (Fig. 1) creative (Sketch modeling), or 
polygonal, modeling (Polygonal and mesh 
modeling)
---> surface modeling class «A» / «B» / «C» 
(Surface modeling)  

---> solid modeling (Solid modeling)  
---> prototyping (Prototyping). 

Knowledge of this principle allows the 
designer to implement the concept of a 
computer in three dimensions, to study 
morphogenesis and just to print the object of 
rapid prototyping. This is a common way of 
allowing you to quickly create a variety of 
models forms of drawings, electronic and 
handmade sketches quickly. Well-suited for 
modeling concepts and the final forms of 
industrial products with a simple, intermediate, 
and advanced geometry shapes. 

Step creative modeling (polygonal or 
hand-made) involves the creation of two-
dimensional graphics information about the 
object (hand-made sketches, drawings, 
sections or sketches) or three-dimensional (e 
sketch polygon model). 

The scheme shown in Figure 1 is 
simplified, it does not consider methods of 
obtain polygon nodes. Further technological 
problem is often hard to obtain the solid 
models and receive model shell surface. That 
occurs in actual processes when the bending 
the curved plane of the workpiece. Getting the 
geometry is the problem – that cannot be 
solved by the above methods. 

The aim of that work is to develop ways 
of curved pieces for three-dimensional 
surfaces creation by providing the best 
technological parameters basing on 3D 
modeling and 3D scanning methods. 

Graphic information is the basis for the 
subsequent of surface modeling. High-quality 
surface model provides a basis for further 
study of a solid model. Solid modeling is 
based on the resulting surface model: then 
thickness of the material is created, added to 
the design and technology elements. For 
calculation and CAM - CAE - systems can be 
used a solid, and a  surface model,  depending  

Fig. 1. Traditional principle algorithm 
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on the type of calculation and the requirements 
for the particular software. Resulting solid 
model can be sent to the press, such as 3D 
printers, CNC machines, etc. In the opposite 
sequence, but similar in type steps are the 
basis of the principle of inversion modeling. 

The inversion principle of modeling on 
stages has similarities with the traditional. 
However, to create a surface model you have 
to use data obtained by human made 3d 
prototype or 3D scanner. 

3D scanners are used extensively in 
various industries to produce accurate models 
of complex structure of objects. This method 
significantly reduces the time required to 
develop new products and launch into 
production. Besides 3D scanners are used for: 

accurate measurement of the 
geometric dimensions with automatic 
conversion of measured data in the digital 
form, 

Non-contact control of complex shape 
surface profile. In result user gets accurate 
digital information of the object scanned 
surface. 

Basing on the data obtained as a result of 
scanning, it is possible to model the object 
shape as accurately as possible. Shaping is 
based on the results of the scan, so the input 
data is the field of points or polygon model. 
It’s suitable for modeling the objects on the 
final stage of production, or for the restyling of 
the existing shape of object that is used to 
create objects with partially unified elements. 
This principle takes more time consuming the 
traditional, cause it’s required layout creation 
or to have ready prototype, or to spend time 
scanning, but it’s maximize the proximity of 
object parameters to the actual product or 
layout.

In principle, the inversion modeling is 
the most important phase of surface modeling. 

In some cases (for example in the design 
of thin parts) we know only the shape of the 
product, but it is necessary to know the 
surface, or rather how it was received. In this 
case, the circuit shown in Fig. 1 does not work, 
cause it has a gap in the second paragraph. 
That’s why we have to use other scheme 
shown on Fig. 2. 

Fig 2. New scheme of production process
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The surface is a set of consecutive 
positions of lines, moving in space. This line 
can be straight or curved surface. The curve 
can be constant or variable appearance. Moves 
forming the guides, which is a line in another 
direction than the forming one. Guide lines 
define the law of displacement the forming 
one. When moving the curve creates a frame 
for guiding the surface, which is a combination 
of several successive positions of forming 
lines and guides. 

As a result of scanning object is 
implemented point-wise description of the 
surface. It provides a plurality of individual 
surface points that belong to this surface  
(Fig. 3). 

Fig. 3. Surface that is formed by point group 

In theory, when a number of points 
increase to infinite, such model provides a 
continuous form of description. Points used for 
description have to be placed enough often to 
perceive the surface with no much losses and 
distortion of information. Such description has 
the lack of information on the surface between 
the points. For example, when setting the 
polygon surfaces of each planar polygon 
vertices, and therefore the entire model, the 
points have to be arranged with surfaces. 
Point-wise description of the surfaces used in 

cases where the surface is very complex, lacks 
smoothness, and a detailed understanding of 
many important geometric features. 

The practical goal of such computer 
graphics surface creation method is usually in 
constructing images to form the best 
perception, including creating animated 
movies based on the synthesized image. 

The best method to describe the surfaces, 
it’s to describe it parametrically or explicitly 
written as a continuous function. In the case of 
point descriptions function surface can be 
obtained by multivariate regression. 

The real detail surface that will be 
produced in the future can be designed using 
modern means of three-dimensional graphics, 
or using 3D scanning (Fig. 3). 

Fig. 4. Object created by means of 3D scanning 

Surface function can be analytically 
written as: 
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In the presence of n coordinate points 
obtained by 3D scanning we can write such 
table (Table 1) to provide the least squares 
method. 
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Table 1. Coefficients to provide least square method
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case can be determined from the equation 
system. For example, for six coefficients: 
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or in matrix form.
Surface of future hollow items can be 

described by a function z=f (x, y). An example 
of such a surface is shown in Fig. 5. For the 
convenience of math solving the surface is 
have to be smooth, mathematically it can be 
represented as continuity and the ability to 
differentiate the in all points. In the cause 
when derivative breaks the most likely will be 
to design work piece with breaks. 

Fig. 5. Three dimensional model of detail surface 

The lower limit of the details present in 
the  form  of  a  flat  curve  obtained  from  the  

intersection of the surface with plane z=0.
Accordingly, this curve function is f(x,y)=0.

In technological problems there is the 
problem of providing a blank for the 
manufacture of the surface that is the best way 
to get a sweep 

Let’s consider a surface in the form of a 
thin, flexible but non-stretchable film. In this 
case, some surfaces can be combined with a 
gradual bending plane so that there is no any a 
gap or wrinkles. Surfaces with this property 
called wrap able, and the figure derived from 
the combination of the surface with the plane – 
sweep of the surface. 

Construction of sweeps is an important 
technical task, which is widely used in a 
variety of industrial products, made from sheet 
material by bending. The surface is called 
wrap able if it bends without creasing and 
tearing can be aligned with the plane. At same 
time we can represent the surface of a flexible 
but inextensible and incompressible. Wrap 
able properties have polyhedral surfaces and 
curves, ruled surfaces with the edge of 
regression: torsos, conical and cylindrical. All 
non-ruled and ruled oblique surfaces are non 
wrap able. There are ways of construction their 
conditional sweeps using approximations. 

Unfortunately, most surfaces are not 
wrapping able. Blanks for their manufacture 
are flat curved shapes. In the manufacture of 
the surface, they receive additional strain and 
stress (Fig 6). 
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Fig. 6. Plane border of three dimensional detail 

The border detail has closed form. The 
function of such a curve can be rewritten in 
polar coordinates, given that: 
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Accordingly, the function of surface 
details can be rewritten as: 
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The length of the envelope surface of an 
arbitrary value of the polar angle can be found 
as:
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where:
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 - partial derivative of the 

surface depends on the radius of the polar 
angle.

For example angle between 0 shown in 
Fig 7. Details of the boundary function in 
polar coordinates, an example of such 
boundary is shown in Fig. 8. 

After the scanning surface integration 
sweep can be found, that also can be converted 
into surface mechanically. 

Should be noted that using that technique 
with flat materials can bring unexpected stress 
caused by inseparability property of surfaces. 

In the circumferential direction of the 
workpiece strain can appear: 

1
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R
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Fig. 7. Derivative of surface radius 

Fig. 8. The boundary in polar coordinates 

The distribution function of the 
circumferential strain is shown in Fig. 9. 

Fig. 9. Deformation of the material in the manufacture 
of complex surface 
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Even if the deformation in the radial 
direction 0r is absent, stresses arise in the 

detail material, which could affect it badly. 
In this case, the sweep plane stress state 

is realized, it is characterized by the absence of 
normal stresses at the sites that are parallel to 
one of the coordinate planes. 

Such stress occurs in thin elements, when 
the load is applied only on the side surface of 
the forces parallel to the base and uniformly 
distributed over the thickness of the plane. 

Since the base elements are free from the 
load, then on them 0z . Cause of the small 

thickness of the plane can be assumed that 
throughout its thickness. 

From the generalized Hooke's law, 
follows that: 
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the base element will bend and take the shape 
of the surface. 
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Let’s try to perform design of curve 
linear workpiece so that internal stresses in its 
surface during the manufacture of complex 
shape will be the lowest. Using the hypothesis 
of minimum energy formation, whereas the 
equivalent stress will be determined by the 
formula: 
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We assume that the shape of the 
designed curved workpiece will be different 
from the calculated one. It’s the shape define 
the function )(mR .In this regard, any 

deformation in the radial and circumferential 
directions:
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Taking into account that we calculated 
the boundary and the estimated function of 
workpiece, we will assume that these functions 
are known. So we introduce the notation: 
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Then, stress we may describe in the form 
of:
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Given that we are looking for the 
minimum condition, we introduce a specific 
value:
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After completing the conversion, we get: 
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Noting that the unknown is a function ,
other factors may be constant or depend on the 
geometry of the surface and its boundary. 

The minimum stress we will try to 
determine by equating the derivative: 
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Equality to zero expression determines 
the vanishing of the numerator. After 
adjustment to a common denominator and 
simplifying, we get: 
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After solving this equation, we can find a 
function that characterizes the geometry of the 
curved workpiece that have the properties of 
minimal stress in the manufacture of its 
complex surface. 

In the course of testing methods were 
compared with the three-dimensional 
visualization techniques. In this case, three-
dimensional virtual model of the future is 
created in the computer environment, or by 
scanning a real 3D object.

Overlaying plastic structures on the 
surface of the layout is rendered using the 
rendering operation (Fig. 10). 

Fig. 10. 3D visualization of deformation processes 
while creating a surface 

Application of the methods of three-
dimensional deployment, provides a geometric 
shape curved workpiece for a given surface 
(Fig. 11). 

Fig. 11. Sweep of the surface as a result of 3D modeling 

The proposed mathematical methods can 
greatly improve the existing three-dimensional 
methods in the most rational design of curved 
shape workpieces. 

CONCLUSIONS 

1. Thus mathematical modeling 
confirmed the possibility of designing curved 
workpieces for the manufacture of irregular 
surfaces on the basis of the minimum stress in 
the material. 

2. The curved shape of the workpiece 
may also be obtained in the 3D simulation, the 
results of which must be refined by 
minimizing stresses. 

3. The obtained results allow us to 
design the most accurate geometry of the 
workpiece for the manufacture of complex-
shaped parts. 
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