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The paper presents a coupled dynamic mechanical-electromagnetic finite element 
analysis of a vibration energy harvesting converter with permanent-magnet excitation. 
The system consists of a small, miliwatt power range, linear-motion permanent-magnet 
generator connected to a cantilever-beam spring element. The finite element equations 
derived for the mechanical part of the system according to the 1-D Timoshenko beam 
theory are coupled strongly with equations describing the 2-D distribution of magnetic 
field in the generator and those associated with the electric circuit. The time-stepping 
procedure based on the Crank-Nicolson discretisation schema is applied to the obtained 
system of differential-algebraic equations. The model is shown to provide satisfactory 
predictions of the system dynamic performance which is confirmed experimentally. 
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1. INTRODUCTION 
 

An interest in energy harvesting systems is related with growing amount of 
autonomous and wireless systems like those used in condition monitoring of 
industrial machinery. One group of these converters are the harvesters of 
mechanical vibrations’ dissipation energy [1-6]. The operation principle of these 
converters relies upon matching the frequency of internal resonance of the 
converter with that of the dissipative system.  
 This works analyses the electromechanical energy harvester comprising of a 
cantilever spring element driving a linear-motion permanent-magnet generator 
with a single-phase cored armature winding [2]. The generator produces 
alternating voltage with the magnitude proportional to frequency of exciting 
force. The process of energy harvesting by the considered system is much more 
complex than that by those with coreless generators as the system kinematics is 
nonlinear due to the electromagnetic force developed by the generator [2]. This 
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force has the two components, namely the cogging force developed by 
interaction of magnets with cored armature and mutual force developed by 
interaction of magnets with current of the armature winding.  

The fundamental parts of the considered system (see Fig. 1), namely the 
cantilever-beam spring and linear-motion generator, are the distributed-
parameter systems. In the presented approach to modeling dynamics of the 
considered system, the equation of motion, derived via the 1-D cantilever-beam 
theory, is coupled with that for the magnetic field through the electromagnetic 
forces and mechanical displacement. The interpolation procedures and the time-
discretization schema are used to account for motion of the moving regions 
(yokes with magnets) in the magnetic field analysis.  
 
    a) 

 
    b) 

 
    c) 

 
 

Fig. 1. View of the considered system: a) overall schema, b) side view with dimensions,  
c) dimensions of the magnetic circuit parts 
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2. COUPLED MODEL 
 

The main assumption is that the 3-d effects involving a non-straight-line 
trajectory of motion of the mover (yokes with magnets) (see Fig. 1c) are ignored. 
This assumption is, however not so far from real condition which is illustrated in 
Fig. 2 by the preliminary results of simulation of the real trajectory of some 
particular points attached to the moving element. As shown in figures the 
deviation of the trajectories from a straight line do not exceed six per cent of the 
translational motion magnitude. 

 

  a) 

 
  b) 

 
 

Fig. 2. Illustration of motion of vibrating parts: a) simulated deflection of spring showing relative 
positions of mover with respect to the armature, b) trajectories of characteristics points attached  

to corners of permanent magnets in Fig. a 
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 The finite element equation of motion of the distributed mass of spring, fixed 
at one end, loaded by the lumped mass (mover) derived from the Timoshenko 
beam theory is considered in form [7, 8]  

    (1) 
where: T

2y1y2y1y ]uu[ u  is the vector of displacements 
containing the two translational components along the y axis, uy1 and uy2, and the 
two rotating components, y1 and y2, around the x axis attached to element 
nodes [7], M, D and K are the distributed mass, damping and stiffness matrix, 
respectively, while Mm is the diagonal matrix corresponding with the lumped 
mass of mover. In the considered approach the damping matrix is expressed via 
the Rayleigh damping model D = aM + bK with constants a, b to be identified. 
The vector Fm describes the electromagnetic force developed by the generator, 
dependent on the vector of displacement u, the vector of the magnetic potential 
 and current i through the generator armature winding, while Fext the externally 
applied mechanical force and Fg the gravitation force. 

Solution for the distribution of the magnetic potential  is carried out 
assuming two-dimensionality of the magnetic field distribution. The finite 
element equation governing this distribution over plane defined by the cross-
section of the generator in Fig. 1c, is considered in form [9, 10] 

         (2) 
where S is the reluctance matrix, Kw the winding function vector that distributes 
the current density uniformly over the coils' cross-section and takes account for 
sense of turns, and  the vector of magnetomotive force due to permanent-
magnets [9]. The current through the armature winding is calculated from 
equation 

     (3) 
with eff  being the effective turn length, R the resistance of the winding, the 
load resistance, and Le the leakage inductance of the winding end connections. In 
order to model motion of the generator mover the interpolation sliding interface 
technique is used [11]. In such the case the linear constraints in the form of  

0)(a jij u           (4) 
with aij being coefficients of the first-order Lagrange interpolation polynomial, 
are imposed on the magnetic potentials attached to air-gap sliding interface. In 
such the case the equations (2) and (3) modify to  

      (5) 

     (6) 
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with Q(u) being the transformation matrix that enforces constraints (4) on the 
vector  such that Q(u)’ =  with  being the vector of nodal potentials of the 
constrained system.  
 Solution of the initial-value problem defined by the equations (1), (3) and (5) 
must be preceded by determination of the initial conditions at time t = 0. Given 
the external force vector Fext0 involving the mechanical force applied to the 
mover at t = 0, these conditions are found assuming that current i = 0 at t = 0 and 
solving the following system of nonlinear equations describing the steady-state 
of the considered system  

     (7) 
in which the matrix CfQ’0 should be understood as to express the 
electromagnetic force vector Fm0 via the discrete formula describing the 
Maxwell stress tensor [9].  

The initial value/algebraic problem described by equations (1)-(7) is solved 
by substituting in (1) du/dt with the vector of velocity  and applying the Crank-
Nicolson discretisation schema [9]. The obtained system of coupled difference 
equations has form 

 

 
 
 
 
 
 
 
 
(8) 

where t is the time-step length, and n is used as the index of a time-instant for 
the variables and matrices with entries that change with time. The system of 
equations (8) is solved starting from the initial point [u0  0  ’0  0]. Note that in 
order to keep the dimensions of the left- and right-hand-side constant for the 
transition between two time-instants at which dimensions ’n and ’n-1 are 
different, the system of equations (8) takes into account that Qn-1’n-1 = n-1, 
Qn’n = n as well as that QT

nn-1 = ’n. 
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 The nonlinearity in the above system of equations exists due to treatment of 
electromagnetic force vector Fm by the implicit formula as well as due to 
inherent nonlinearity related with properties of the magnetic materials. The 
solution procedure for the considered nonlinear problem given by the equations 
(7) and (8) using the fixed-point technique is outlined in diagram in Fig. 3. 
 

 
 

Fig. 3. Flowchart diagram of the algorithm of solution of the considered coupled problem, 
  (0,1) is the relaxation factor adapted by the program at each iteration 

 
3. COMPUTATIONS 

 
The considered system has the specifications summarized in Tab. 1. Figure 4 

displays the manufactured prototype mounted on the laboratory test-stand.  
In order to validate the proposed model the laboratory experiment was 

carried out in the following way. The system was mounted on a fixed base as 
shown in Fig. 4, while the spring was stretched applying a constant force equal 
to 30 N directly to the mover. The impulse force test was carried out releasing 
the spring immediately while the armature winding was loaded by the resistance 
equal to twice the resistance of the armature winding (Rload = 11,4 ). Next, for 
the same conditions the computer simulation was carried out using the time step-
size t = 0,33 ms. The comparison of measured and computed transient 
waveforms of current through the armature winding is shown in Fig. 5. Figure 6 
displays sample distributions of the magnetic field at different positions of 
mover. 
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Table 1. Technical specifications of the considered system 
 

Parameter Description 
Permanent magnets NdFeB with remanent magnetic flux density  

equal to 1.1 T. 
Armature winding 100 turns, R = 5.7 , Le =  0.01 mH 
Spring  Material: Aluminum, 

Young modulus = 96 MPa 
Poisson ratio = 0.33 MPa 
Mass density =  2800 kg/m3 

Damping constants (determined experimentally)  
 = 1.3410-5 s, b = 2.75 1/S 

 

 
Fig. 4. Considered energy harvester installed on the laboratory test-stand 

 

 
Fig. 5. Comparison of computed and measured transient waveforms of current through  

the armature winding 
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a) 

 
     b) 

 
 

Fig. 6. Distributions of the magnetic flux density (color intensity) and flux lines over cross-section 
of the considered system corresponding to position of mover corresponding to: a) zero value  

of external force (loading of the spring only by the mass of mover with visible negative 
displacement, b) loading by external force equal to 30 N (positive displacement) 

 
One can deduce from Fig. 5 that the proposed model provides satisfactory 

predictions of the dynamic performance. The time-constant and the fundamental 
frequencies of the computed and measured waveforms are very close, though the 
magnitudes are slightly different. It should be noted that the considered harvester 
is highly nonlinear system with the kinematics similar to that of the externally 
driven physical pendulum [7]. In this type of systems the nonlinearity brought by 
the periodic force dependent on the position of mover (cogging force) causes 
parametric dependence of the oscillation frequency on the magnitude of 
oscillations. As one can see in Fig. 5, the measured and computed waveforms 
show the same feature, namely a decrease of frequency with magnitude.  
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The simulation executed on the standard desktop computer for the time-range 
shown in Fig. 10 took approximately two hours, which makes the proposed 
model applicable in further research. 
 

4. CONCLUSION 
 

The proposed approach can be used in simulation of dynamic performance of 
the considered system when subjected to arbitrary excitations avoiding the need 
for seeking the equivalent parameters for the lumped-parameter models. 
Although, here the authors presented only the results for the system for which 
the high-order mechanical vibration modes are not manifested, the same model 
can be used in case when these modes are important, and creation and 
identification of the lumped-parameter models becomes a challenge.  
 The presented result shows some mismatch involving smaller computed 
magnitudes than measured. In opinion of the authors the main source of this 
disagreement is an imperfect identification of material characteristics as well as 
damping constants. 
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