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For modeling dynamics of mechanisms, various classical formulations are available in the
literature. The equations of dynamics given by various classical formulations can also be
derived from the bond graph. The bond graph is a convenient graphical representation for
modeling dynamics of physical systems in multi-energy domains.

In this paper, various alternative causality assignment procedures in the bond graph
are used to derive di�erent classical formulations such as the Lagrange’s equations of the
�rst kind (with �multipliers), Lagrange’s formulation of the second kind, and Hamiltonian
formulations. An example of the quick return mechanism has been modeled using the bond
graph technique, and various alternative causality assignment procedures are applied to
derive the various formulations. Simulation coding has been done using MATLAB and
results have been analyzed and discussed. The purpose of this paper is to show how the
various formulations can be obtained from bond graph using various alternative causality
assignment procedures.
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1. Introduction

For dynamics of mechanisms, various classical formulations like the Newton-
Euler, Lagrange’s and Hamilton’s formulations are found in several references
[1�3]. The energy-based formulations, commonly used for modeling dynamics of
physical systems, usually tend to be too mathematically inclined and cumber-
some for large multibody systems.

The bond graph technique introduced by Professor Henry Paynter in 1959,
is the graphical representation of a physical system’dynamics. The bond graph is
computationally advantageous for dynamic analysis of mechanisms and espe-
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cially convenient for modeling of physical system dynamics in multiple energy
domains [4�11]. A well-known advantage of bond graph models is that they
can be manipulated manually to obtain �rst-order state equations. In addition,
a simple description of causality in the bond graph shows the cause and e�ect
relationship between the �ow and e�ort variables of the power bond [7�10]. The
equations representing the dynamics of a system can be derived algorithmically
from the bond graph model. This approach o�ers a greater scope for analysis of
causality, an important aspect of physical systems, and a feature not o�ered by
the energy-based formulations.

The equations of dynamics, given by various classical formulations such as
Lagrange’s and Hamilton’s formulations, can also be derived from the bond
graph using various causality assignment procedures [12]. These causality as-
signment procedures are the sequential causality assignment procedure (SCAP),
the Lagrangian causality assignment procedure (LCAP), and the relaxed causal-
ity assignment procedure (RCAP). Alternative causality assignment procedures
such as LaCAP for obtaining the Lagrange equations, HaCAP for the Hamilton
equations, and BHCAP for obtaining the Boltzmann-Hamel equations are also
proposed in the literature [12].

In this paper, the procedure to derive di�erent classical formulations us-
ing various causality assignment procedures in the bond graph is explored.
An example of a quick return mechanism has been modeled using the bond
graph technique. Various causality assignment procedures are applied to de-
rive di�erent formulations. In the quick return mechanism, sliding and turn-
ing motions act simultaneously; hence, the Coriolis component of acceleration
comes into the picture. This mechanism has been selected intentionally for
modeling. The Lagrange’s equation of the �rst kind with the Lagrange mul-
tiplier �, Lagrange’s equation of the second kind, and Hamilton’s formulations
have been derived algorithmically from the bond graph model based on the
causal information propagation. However, coding for simulation has been done
directly from the bond graph. Program coding is implemented using MAT-
LAB. Important kinematic and dynamic quantities have been plotted, ana-
lyzed, and explained. The results from both formulations are compared and
discussed.

The paper is organized as follows. Modeling of a quick return mechanism is
explained in the next section. Section 3 describes the procedure for derivation
of the Lagrangian formulation of the �rst kind with � multiplier from the bond
graph using the causality assignment procedure. The procedure for obtaining
the Lagrangian formulation of the second kind is discussed in Sec. 4. Section 5
explains the derivation of Hamiltonian formulation from the bond graph. Sim-
ulation and results are analyzed and discussed in Sec. 6. Section 7 presents the
conclusion and discussion.
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2. Modeling of a quick return mechanism

The quick return mechanism, used in the shaper and slotting machines in
industries, is a well-known mechanism. The schematic diagram of a quick return
mechanism is shown in Fig. 1.

Fig. 1. Diagram of a quick return mechanism.

It consists of �ve rigid links interconnected to each other by revolute as well
as prismatic joints. Frame f0g, which is a �xed frame, is considered as an inertial
frame. The origins of the frame f0g and the frame f1g coincide with each other
at point O.

The mechanism involves link 1 as the crank, which rotates about its origin O,
and another end of the crank is connected to link 4 (slider 1) by a pin joint at
point O1. Frame f2g is �xed on the rocker arm (link 2). Point O2 is the origin
of the rocker arm. The rocker arm oscillates about its origin O2.

The second end of the rocker arm is connected to the connecting rod (link 3)
at point O3 using a pin joint. Point O3 is the origin of the frame �xed on link 3.
The connecting rod transmits the movement to link 5 (slider 2), which recipro-
cates horizontally, as shown in Fig. 1.
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The center of mass of each link is assumed to be located at the geometrical
center of the link, C3 and C5 are the centers of masses of link 3 and link 5,
respectively. Figure 2 shows the initial geometrical posture of the quick return
mechanism. Dimension �h�, shown in Fig. 2, is the vertical gap between the
origin of the frame f1g and the origin of the frame f2g, while �H� is the vertical
distance between the origin O2 and the slider 2.

Fig. 2. The initial geometrical posture of the quick return mechanism.

The angle between the crank and the inertial frame is considered as �1. The
angle �2 represents the initial angular position of the rocker arm. The angle
between the connecting rod and a line parallel to the inertial frame is represented
by �3. Table 1 shows the various link properties considered in the bond graph
modeling of the mechanism.

Considering a planar case, in Fig. 3, _xC3 and _yC3 represent X-component
and Y -component of the translational velocities of the center of mass C3 while
these components of C5 are represented by _xC5 and _yC5 , respectively.

These translational velocities are represented by 1-junctions: 1 _xC3
, 1 _yC3

and
1 _xC5

, 1 _yC5 , respectively. Rotational velocities, _�1 of the crank, _�2 of the rocker
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arm and _�3 of the connecting rod are represented by the junctions 1 _�1
, 1 _�2

and
1 _�3

, respectively.

Table 1. Link properties used for simulation (ref. Figs 1 and 2).

Crank (Link 1)
1lx = 0:08 m 1ly = 0:01 m 1lz = 0:01 m

Link 2
2lx = 0:8 m 2ly = 0:01 m 2ly = 0:01 m

Link 3
3lx = 1:0 m 3ly = 0:01 m 3lz = 0:01 m

Vertical distance between the slider and origin of frame f2g
H = 0.55 m

Vertical distance between the inertial frame and frame f2g
h = 0.35 m

The angle between link 1 and inertial frame
�1

The angle between link 2 and inertial frame
�2

The angle between link 3 and inertial frame
�3

c� = cos � while s� = sin �

7 

 

 
FIG. 3.  Bond Graph showing the kinematics of the quick return mechanism 

 
FIG. 4.  Bond Graph of the quick return mechanism 

Fig. 3. Bond graph showing the kinematics of the quick return mechanism.
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The kinematics relationship among the various links, evaluated based on
Fig. 2, is given below:

Position of the center of mass C3 of link 3 (X-component):

xC3 = l2c�2 + lC3c�3; (1)

Velocity of the center of mass C3 of link 3 (X-component):

_xC3 = �l2s�2 _�2 � lC3s�3 _�3; (2)

Position of the center of mass C3 of link 3 (Y -component):

yC3 = l2s�2 � lC3s�3; (3)

Velocity of the center of mass C3 of link 3 (Y -component):

_yC3 = l2c�2 _�2 � lC3c�3 _�3; (4)

Position of the center of mass C5 of link 5 (X-component):

xC5 = l2c�2 + l3c�3; (5)

Velocity of the center of mass C5 of link 5 (X-component):

_xC5 = �l2s�2 _�2 � l3s�3 _�3; (6)

_xC5 = �l2s�2 (l1c (�2 � �1)) _�1 � l3s�3 _�3; (7)

Position of the center of mass C5 of link 5 (Y -component):

yC5 = l2s�2 � l3s�3; (8)

Velocity of the center of mass C5 of link 5 (Y -component):

_yC5 = l2c�2 _�2 � l3c�3 _�3 = 0: (9)

The kinematic relationships between the translational velocities of the center
of masses C3 and C5, and the rotational velocities of link 1, link 2, and link 3 are
represented by Eqs (1) to (9). These translational velocities and the rotational
velocities are related using modulated transformers (MTFs): ti, where i = 1
to 9. The values of these MTFs are shown in Table 2. These values have been
calculated based on the kinematic relationships between the various links of the
mechanism (shown in Fig. 2).

Each mechanism consists of several rigid links interconnected with the help
of various types of joints. The dynamics of a rigid body consists of translational
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Table 2. Various modulated transformers (MTFs) used in bond graph.

Modulated transformers (MTFs) Value
t1 �l2S�2

t2 �lG3S�3

t3 l2C�2

t4 �lG3C�3

t5 �l3C�3

t6 l2C�2

t7 l1C (�2 � �1) =lx
t8 �l2S�2

t9 �l3S�3

as well as rotational part. During bond graph modeling of a mechanism, the
modeling of each rigid link is initiated using its kinematics based on the �ow
mapping approach. When the mass of the link is considered, the translational
and the rotational dynamics come into the picture, and this is shown in the
bond graph structure in Fig. 5, and their e�ects are just appended to the bond
graph of the previous kinematic structure, shown in Fig. 4. This is the beautiful
feature of the bond graph technique.

7 

 

 
FIG. 3.  Bond Graph showing the kinematics of the quick return mechanism 

 
FIG. 4.  Bond Graph of the quick return mechanism Fig. 4. Bond graph of the quick return mechanism.
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constrained by Sf : 0 at bond 25 because the movement of the slider 2 (in Fig. 1) is permitted in one 
direction only.  
 

 
 

FIG. 5.  Bond Graph of the system with Lagrange Multiplier 

From the bond graph shown in Fig. 5�����W�K�H���/�D�J�U�D�Q�J�H�¶�V���H�T�X�D�W�L�R�Q���R�I��the first kind can be derived using 
the following procedure. 
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  (13) 

  (14) 

  (15) 

  (16) 

  (17) 

  (18) 

Value  can be calculated in terms of  

     

Fig. 5. Bond graph of the system with the Lagrange multiplier.

In the bond graph, shown in Fig. 4, the translational momentum of link 3
has been considered to be concentrated at the center of mass C3. The mass of
link 3 is taken as m3. The translational inertia I: m3 of link 3 is connected by
bond 9 at the junction 1 _XC3

and by bond 12 at the junction 1 _YC3
, respectively.

The torque �(t) applied at the crank is represented by the source of e�ort Se:
�(t) by the bond 3. The rotational inertia I: J1 of link 1, I: J2 of link 2, and I:
J3 of link 3 are attached at the junction 1 _�1

by bond 2, 1 _�2
by bond 19 and at

1 _�3
by bond 18, respectively.

3. Derivation of the Lagrangian formulation
of the first kind from the bond graph

The standard form of Lagrange’s equation for a system having generalized
displacements q1, q2, q3; :::; qn and their rates of changes _q1, _q2, _q3; :::; _qn is:

d
dt
@L
@ _qi
�
@L
@qi

= Ei; i = 1; 2; 3; :::; n; (10)
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where the Lagrangian formulation is:

L (q1; q2; :::; qn; _q1; _q2; :::; _qn; t) is

L = T � (q1; q2; :::; qn; _q1; _q2; :::; _qn; t)� V (q1; q2; :::; qn; t) :
(11)

T � and V are respectively the sums of the all kinetic co-energies and the po-
tential energies in the system, and the quantities Ei are generalized forces for
the i-th coordinates. For mechanical systems, the di�erence between kinetic en-
ergy and kinetic co-energy is not important because the Newtonian mass law
is linear, and numerically kinetic energy and kinetic co-energy are equal. For
other energy domains, this distinction is important. This distinction is crucial
for nonlinear systems and in any case, T � is properly a function of _qi [3]. Since
the Lagrangian method and the bond graph method are based on power and
energy interactions, there should be some connection between these two tech-
niques. The state functions associated with I-elements and C-elements can be
used to derive the standard Lagrange equation. Potential energies are associa-
ted with C-elements, while kinetic energies are associated with I-elements. The
state functions required to derive Lagrange’s equation from the bond graph are
explained by Karnopp [13] and Brown [14].

The bond graph model of the quick return mechanism is shown in Fig. 5.
The Lagrange formulation of the �rst kind with the Lagrange multiplier � can
be obtained from the bond graph using the causality assignment procedure, as
shown in Fig. 5.

To obtain a Lagrange multiplier, attach an arti�cial source of �ow (ASF)
to the generalized 1-junctions. Generalized 1-junction is a 1-junction to which
a generalized velocity is attached and where a Lagrange equation will be ex-
pressed by an e�ort balance. The �ow imposed by this source is a generalized
velocity, and the corresponding e�ort is equal to zero. The causality of the bond
graph structure of the system is propagated starting from ASF [12].

If the causal con�icts appear at any 0-junction then connect an arti�cial e�ort
source (AES) to the 0-junctions, they are then called constrained 0-junction.
A constrained 0-junction is an 0-junction to which a Lagrange multiplier � is
attached and where an equation will be expressed in its kinematic form by a �ow
balance. The e�ort imposed by the source is the Lagrange multiplier � and the
corresponding �ow is equal to zero. The equation obtained (33) from the bond
graph will be in terms of � (Lagrange multiplier) [12].

In Fig. 5, the torque Se : �(t) applied at the crank is attached by bond 3 at
the junction 1 _�1

. An ASF (Sf ; shown by a dotted line) is attached at the junction
1 _�1

by bond 1, which imposes �ow _q1 to which corresponding e�ort e1 is zero.
This �ow information is propagated into the junction structure. An arti�cial
�ow of source attached to each common �ow junctions 1 _�1

and 1 _�3
represents
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the time derivative of the generalized displacement q1 and q33, respectively. Gen-
eralized force _p1 is the e�ort into the arti�cial source of �ow at that common
�ow junction 1 _�1

. The �ow _q1 has been transmitted through an MTF: t7 to the
rest of the elements. At the junction 1 _�2

, the �ow _�2 comes from bond 5 and it
is transmitted to the center of masses of link 3 and link 5. The velocity _YC5 is
constrained by Sf : 0 at bond 25 because the movement of the slider 2 (in Fig. 1)
is permitted in one direction only.

From the bond graph shown in Fig. 5, the Lagrange equation of the �rst kind
can be derived using the following procedure:

e1 = 0 = e2 + e4 � e3; (12)

e1 = J1 ��1 + t7e5 � �(t); (13)

e1 = J1 ��1 + t7 [e6 + e17 + e19 + e20 + e26]� �(t); (14)

e1 = J1 ��1 + t7t1e7 + t7t3e16 + t7J2 ��2 + t7t6e21 + t7t8e27 � �(t); (15)

e1 = J1 ��1 + t7t1e8 + t7t3e13 + t7J2 ��2 + t7t6�+ t7t8e30 � �(t); (16)

e1 = J1 ��1 + t7t1 _px + t7t3 _py + t7J2 ��2 + t7t6�+ t7t8 (e31 � e32)� �(t); (17)

e1 = J1 ��1 + t7t1 _px + t7t3 _py + t7J2 ��2 + t7t6�+ t7t8(Rf31�F (t))� �(t): (18)

Value px can be calculated in terms of _�1:

px = m
�
t1t7 _�1 �

t2t6t7
t5

_�1

�
; (19)

e8 = _px = m
d
dt

�
t1t7 _�1 �

t2t6t7
t5

_�1

�
; (20)

_px = e8 = m
d
dt

�
t1t7 _�1

�
�m

d
dt

�
t2t6t7
t5

_�1

�
; (21)

_px = m
h
t1t7 ��1 + _�1t1 _t7 + _�1t7 _t1

i

�m

0

B@
t5
d
dt

�
t2t6t7 _�1

�
� t2t6t7 _�1

d
dt

(t5)

(t5)2

1

CA; (22)
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_px = m
h
t1t7 ��1 + _�1t1 _t7 + _�1t7 _t1

i
�m

 
t6t7 _�1d (t2)

t5
+
t2t7 _�1d (t6)

t5

+
t2t6 _�1d (t7)

t5
+
t2t6t7d

�
��1

�

t5
�
t2t6t7 _�1d (t5)

(t5)2

1

A; (23)

J2 ��2 = J2

d
�
t7 _�1

�

dt
= J2 _�1 _t7 + J2t7 ��1: (24)

Value _py can be calculated in terms of _�1:

py = mf12 = mf13 = m (f16 + f14) ; (25)

m (t3f17 + t4f15) = m
�
t3t7 _�1 + t4f23

�
= m

�
t3t7 _�1 � t4f21

�
(26)

= m
�
t3t7 _�1 � t4t6t7 _�1

�
; (27)

e13 = _py =
d
h
m
�
t3t7 _�1 � t4t6t7 _�1

�i

dt
: (28)

Simplifying Eq. (28),

_py = mt3t7 ��1 +mt3 _t7 _�1 +mt7 _t3 _�1

�mt4t6t7 ��1 �mt4t6 _t7 _�1 �mt6t7 _t4 _�1 �mt4t7 _t6 _�1; (29)

e30 = e31 � e32 = Rf31 � F (t) : (30)

Simplifying Eq. (30),

e30 = R
�
�
�
t9
t5

�
t6t7 _�1 + t8t7 _�1

�
� F (t) : (31)
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By putting the values of px, py, J2, ��2 and Rf31 � F (t) in Eq. (18), one can
obtain the main equations given below by Eqs (32), (33) and (34):

 

J1 +m (t1t7)2 �
m (t7)2 t1t2t6

t5
+ J2 (t7)2 +m (t3t7)2 �mt4t6 (t7)2 t3

!

�q1

+

 

m (t1)2 t7 _t7 +mt1 (t7)2 _t1 �
m (t7)2 t1t6

t5
_t2 �

mt (t7)2 t1t2
t5

_t6

�
mt7t1t2t6

t5
_t7 +

m (t7)2 t1t2t6
(t5)2

_t5 + J2t7 _t7 +m (t3)2 t7 _t7

+mt3 (t7)2 _t3 �mt3t7t4t6 _t7 �mt4t3 (t7)2 _t6 �mt6t3 (t7)2 _t4

�R
t9t8 (t7)2 t6

t5
+R (t7t8)2

!

_q1 + t7t6�� (t7t8)F � �(t) = 0; (32)

 
J3t6t7
t5

+mt4t3t7 �mt6t7 (t4)2 +mt1t7t2 �
m (t2)2 t7t6

t5

!

�q1

+
�
J3t7
t5

_t6 +
J3t6
t5

_t7 �
J3t6t7
(t5)2

_t5 +mt3t4 _t7 +mt7t4 _t3

�m (t4)2 t6 _t7 �m (t4)2 t7 _t6 �mt4t7t6 _t4 +mt1t2 _t7 +mt7t2 _t1

�
mt7t2t6
t5

_t2 �
m (t2)2 t7

t5
_t6 �

m (t2)2 t6
t5

_t7 �
m (t2)2 t6t7

(t5)2
_t5

�
Rt6t7 (t9)2

t5
+Rt9t8t7

!

_q1 + t5�� t9F (t) = 0; (33)

t6t7 _q1 + t5 _q33 = 0: (34)

Equations (32), (33) and (34) represent the Lagrange formulation of the �rst
kind. If the � multiplier is eliminated using Eqs (32) and (33), the remaining
equation will be the same as (35) given by the Lagrangian formulation of the
second kind.
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4. Derivation of the Lagrangian formulation
of the second kind from the bond graph

To obtain the Lagrange formulation of the second kind, an ASF is attached
at the junction 1 _�1

by bond 1, as shown in Fig. 6. The ASF imposes �ow _q1 to
which corresponding e�ort e1 is zero. In the bond graph, I-element attached by
bond 2 is in derivative causality. This means the system has a single degree of
freedom with general displacement q1 = �1.

12 

 

 
FIG. 6.  Lagrangian Bond Graph of the Second Kind 

 

 

 

 

Fig. 6. Bond graph of the Lagrange formulation of the second kind.

The equation of dynamics can be derived from the bond graph algorithmically
as mentioned above in Sec. 3. Obtained Eq. (35) is Lagrange’s equation of the
second kind.

The Lagrange equation of quick return mechanism:

�q1 =
�(a�) _q1 �

�
t9t7t6
t5
� t7t8

�
F + �

b�
; (35)
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where

a� = m(t1)2t7 _t7 +mt1 (t7)2 _t1�
m(t7)2t1t6

t5
_t2�

m(t7)2t1t2
t5

_t6�
mt7t1t2t6

t5
_t7

+
m(t7)2t1t2t6

(t5)2
_t5 + J2t7 _t7 +m (t3)2 t7 _t7 +mt3 (t7)2 _t3 �mt3t7t4t6 _t7

�mt4t3 (t7)2 _t6 �mt6t3 (t7)2 _t4 �
mt2t1t7t6

t5
_t7 �

mt2 (t7)2 t6
t5

_t1

+mt2
�
t7t6
t5

�2
_t2 +mt6

�
t7t2
t5

�2
_t6 +mt7

�
t2t6
t5

�2
_t7 +m

(t2t6t7)
(t5)3

2
_t5

�
mt4t3t7t6

t5
_t7 �

mt4 (t7)2 t6
t5

_t3 +
m (t4t6)2 t7

t5
_t7 +

m (t4t7)2 t6
t5

_t6

+
mt4 (t6t7)2

t5
_t4 +

J3t6 (t7)2

(t5)2
_t6 +

J3t7 (t6)2

(t5)2
_t7 �

J3 (t6t7)2

(t5)3
_t5

+R
�
t6t7t9
t5

�2
� 2R

t9t8 (t7)2 t6
t5

+R (t7t8)2 ;

b� = J1 +m (t1t7)2 �
m (t7)2 t1t2t6

t5
+ J2 (t7)2 +m (t3t7)2 �mt4t6 (t7)2 t3

�m
�
t2t7t6
t5

�2
�
mt4t3t6 (t7)2

t5
+
m (t4t6t7)2

t5
+ J3

�
t6t7
t5

�2
:

5. Formulation of Hamilton’s equations from the bond graph

Hamiltonian equation is de�ned as:

H =
X

i

pi _qi � L; (36)

where i = 1; 2; 3; :::; n, pi is the generalized momentum, and _qi is the generalized
velocity:

_qi =
@H
@pi

; (37)

_pi = �
@H
@qi

: (38)
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Hamilton’s equation for dynamics can be obtained from the bond graph using the
HaCAP procedure [12]. Hamilton’s equations are �rst-order equations in terms
of state variables such as the generalized momentum of I-type elements and the
generalized coordinates q.

For obtaining the Hamiltonian formulation from the bond graph of the quick
return mechanism, integral causality has been assigned to I�element attached
by bond 1, shown in Fig. 7. The Hamiltonian formulation can be derived based
on causality propagation using global causality constraints [12]. Equations (39)
and (40) are derived from the Hamiltonian bond graph shown in Fig. 7.

14 

 

 
FIG. 7.  Hamiltonian Bond Graph 

 

6. SIMULATION AND RESULTS  

Both the bond graph models shown in Fig. 6 and Fig. 7 have been simulated for a time span of 10 
seconds using ode45 [15] solver in MATLAB.  A constant torque 2 N·m has been applied to the 
crank. The plots of various properties have been drawn and analyzed. The comparison between the 
various plots of Lagrangian formulation of the second kind and Hamilton formulations has been 
done. The simulation time in MATLAB has been calculated in both cases. The numerical simulation 
time in the case of the Lagrangian formulation is 3.949503 seconds while the Hamiltonian 
formulation takes 3.856891 seconds. 

6.1. The Crank 

The crank rotates about its origin O. Second end of the crank is attached to the slider 1 by a pin joint 
at point O1 (shown in Fig. 1). The slider 1 slides in the slot of the rocker arm. During the rotation of 
the crank, the trajectory of the point O1 is circular, shown in Fig. 8. Z -component will remain 
constant as the crank rotates about Z-axis.  

 

 

Fig. 7. Hamiltonian bond graph.

6. Simulation and results

Both the bond graph models shown in Figs 6 and 7 have been simulated
for a time span of 10 seconds using ode45 [15] solver in MATLAB. A constant
torque 2 N �m has been applied to the crank. The plots of various properties
have been drawn and analyzed. The comparison between the various plots of the
Lagrangian formulation of the second kind and Hamilton formulations has been
conducted. The simulation time in MATLAB has been calculated in both cases.
The numerical simulation time in the case of the Lagrangian formulation was
3.949503 seconds, while the Hamiltonian formulation took 3.856891 seconds.
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6.1. The crank

The crank rotates about its origin O. Second end of the crank is attached to
the slider 1 by a pin joint at point O1 (shown in Fig. 1). The slider 1 slides in the
slot of the rocker arm. During the rotation of the crank, the trajectory of
the point O1 is circular, shown in Fig. 8. Z-component will remain constant
as the crank rotates about Z-axis.

a)

b)

Fig. 8. The trajectory of the point O1 with respect to time:
a) Lagrangian case, b) Hamiltonian case.

The Hamilton equation of quick return mechanism:

_p1 = � � (c�)�q1 � (d�) _q1 +
�
t9t7t6
t5
� t7t8

�
F; (39)

where

c� = m (t1t7)2 �
m (t7)2 t6t2t1

t5
+m (t3t7)2 �

m (t7)2 t4t6t3
t5

+ J2 (t7)2

�
m (t7)2 t1t6t2

t5
+m

�
t6t7t2
t5

�2
�
m (t7)2 t4t6t3

t5
+m

�
t6t7t4
t5

�2
+J3

�
t6t7
t5

�2
;



Di�erent dynamic formulations for a mechanism using bond graph 257

d� = mt1 (t7)2 _t1+mt7 (t1)2 _t7�
mt7t2t6t1

t5
_t7�

m (t7)2 t1t2
t5

_t6�
m (t7)2 t1t6

t5
_t2

+
m (t7)2 t1t6t2

(t5)2
_t5 +mt7 (t3)2 _t7 +mt3 (t7)2 _t3 �

mt4t6t7t3
t5

_t7

�
m (t7)2 t4t3

t5
_t6 �

m (t7)2 t6t3
t5

_t4 +
m (t7)2 t4t6t3

(t5)2
_t5 + J2t7 _t7

�
m (t7)2 t6t2
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t4t7
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�
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(t5)3
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�
t9t6t7
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�2

� 2R
(t7)2 t9t8t6

t5
+ R (t7t8)2 ;

_q1 =
p1

J1
: (40)

6.2. The rocker arm

The rocker arm oscillates about the origin O2. Relative to the movement of
the crank, the angle �2 of the rocker arm increases and decreases due to the
arm’s oscillation. This variation of the angle �2 with respect to the angle �1 is
shown in Fig. 9. The slope of the curve during the rotation from 0 to � radians
is less than the slope of the curve during � to 2� radians. It is clear from the
graph that this variation in the slope is due to the quick return mechanism of the
system. The variation of the angular velocity of the rocker arm _�2 with respect
to the angle �1 has been shown in Fig. 10. The variation in the magnitude of the
angle _�2 during the forward stroke and backward stroke in Fig. 10 also validates
the quick return mechanism of the system. The rocker arm oscillates about its
origin O2. Relative to the movement of the rocker arm, the center of mass C2 of
the rocker arm traces a trajectory in an arc. This is shown in Fig. 11.
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Fig. 9. Variation of the angle �2 of the rocker arm with respect to the angle �1:
a) Lagrangian case, b) Hamiltonian case.

a)

b)

Fig. 10. Angular velocity _�2 of the rocker arm with respect to the angle �1:
a) Lagrangian case, b) Hamiltonian case.
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a)

Time (s)

b)

Time (s)

Fig. 11. Position of the center of mass C2 of the rocker arm (link 2) versus time:
a) Lagrangian case, b) Hamiltonian case.

6.3. The connecting rod

The angle between the rocker arm and the connecting rod is �3. The variation
in this angle with respect to the angle �1 is shown in Fig. 12. It is clear from
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Fig. 12. Variation of the angle �3 of the connecting rod with respect to the crank angle:
a) Lagrangian case, b) Hamiltonian case.
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the graph that during one rotation of the crank, the connecting rod covers one
forward stroke during the clockwise rotation of the crank from 0� to 180� (�c)
and one backward stroke during 180� (�c) to 360� (2�c). The variation of the

a)

b)

Fig. 13. Variation in angular velocity _�3 of the rocker arm with respect to the angle �1:
a) Lagrangian case, b) Hamiltonian case.

a)

b)

Fig. 14. The trajectory of the center of mass C3 of the connecting rod:
a) Lagrangian case, b) Hamiltonian case.
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angular velocity of the connecting rod _�3 with respect to the rotation of the crank
is shown in Fig. 13. The connecting rod oscillates about Z-axis. The path covered
by the center of mass C3 is curvilinear. The position of the center of mass of the
connecting rod is shown in Fig. 14.

6.4. The slider 2

The movement of the slider 2 is permitted in one direction only. The slider 2
reciprocates in X-direction of the inertial frame only. The movement in the
other two directions is constrained. The trajectory of the center of mass C5 of
the slider 2 is shown in Fig. 15. It is clear that Y and Z components are constants
and only X component changes with respect to time.

a)

b)

Fig. 15. Position of the center of mass C5 with respect to time:
a) Lagrangian case, b) Hamiltonian case.

The distance between the point O1 at the slider 1 and O2 at the origin of
the rocker arm is Lx. The length Lx varies due to the oscillating movement of the
slider 1. The slider 1 slides with the rotation of the crank. The variation in Lx
versus time is shown in Fig. 16. Figure 17 shows the variation in the angular
momentum of the crank, the rocker arm, and the connecting rod with respect
to the angle �1. It is clear from Fig. 17 that the angular momentum 0

C1
zp1 of

the crank with respect to its center of mass changes slightly during the rotation
of crank from 0� to 180� (�c) and 180� (�c) to 360� (2�c).

The rocker arm oscillates about its origin. During the one rotation of the
crank, it covers two strokes, one in the forward direction and another in the back-
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a)

b)

Fig. 16. Variation of length Lx versus time: a) Lagrangian case, b) Hamiltonian case.

Fig. 17. Variation in the angular momentum of the crank, the rocker arm, and the connecting
rod versus the angle �1 (Hamiltonian case).

ward direction. During the backward direction, 180� (�c) to 360� (2�c) rotation of
the crank, the speed of the rocker arm will be more than the speed in the forward
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stroke from 0� to 180� (�c) due to the quick return mechanism of the system. So
the magnitude of the angular momentum 0

C2
zp2 acting on the rocker arm will be

more during backward stroke than the forward stroke. This is clear from Fig. 17.
The connecting rod oscillates and transmits the movement to the slider 1.

The angular momentum 0
C3
zp3 of the connecting rod is more in the backward

stroke 180� (�c) to 360� (2�c). The plot showing the variation in the angular
momentum 0

C3
zp3 of the connecting rod satis�es the condition. The rotation of

the crank, the rocker arm, and the connecting rod is about Z-axis, so there will
be no variation in the angular momentum in X-direction and Y-direction. Only
the variation in the angular momentum about Z-direction has been plotted.

The above plots shown in Figs 8�16 represent the various kinematic properties
of the various links for both cases: Lagrangian and Hamiltonian formulation. The
analysis and comparison show that the plots obtained from both aforementioned
formulations agree with each other.

The Lagrangian form gives the ODE in the terms of generalized displacement
q1 and its time derivative _q1 generalized velocity while the Hamiltonian equations
are in terms of generalized displacement q1 and generalized momentum p1. So,
Fig. 17 shows the variation of the angular momentum acting on the various links
in the Hamiltonian case only.

7. Conclusions

This paper shows the use of alternative causality assignment procedures to de-
rive di�erent dynamic formulations for the quick return mechanism. The concept
of causality, elegantly represented in the bond graph, was used and the equations
of dynamics were written by following the causal paths. By adopting these al-
ternative causality assignment procedures, Lagrange’s equations of the �rst kind
with the � multiplier, Lagrange’s equations of the second kind, and Hamilton’s
equations of motion of the quick return mechanism were derived from the bond
graph. Simulation was carried out using ode45 solver in MATLAB. It was shown
that numerical simulation results obtained from the aforementioned formulations
agree with each other.
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