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Abstract: In the paper modeling of main inductances for mathematical models of induction motors is applied to study the effects caused by a rotor eccentricity and saturation effects. All three possible types of eccentricity: static, dynamic and mixed are modeled.
The most important parameters describing rotor eccentricity include self and mutual inductances of the windings. The structural changes of the permeance function as a result
of eccentricity appearance and the Fourier spectra of inductances in occurrence of saturation for each case are determined in the paper. The presented algorithm can be used for
the diagnostically specialized models of induction motors.
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1. Introduction
The usefulness of the circumferential mathematical models of electrical machines using
electromagnetic field for energy transformation is conditioned by the simplicity of determining
the parameters of the model equations. In circuit models the winding distributions and the rotor
air-gap geometry are usually represented by the inductances of the motor windings [1, 2].
Then, a determination of inductances is the first and necessary step of modeling [3-10].
The problem of the determination of inductances for symmetrical machines has been
researched extensively for years and was thoroughly discussed in the literature. The problem
becomes more difficult when the symmetry of the magnetic circuit is damaged, what happens
for example when the stator and the rotor loose the axial position. Therefore, this paper subjects are study of effects due to the rotor eccentricity for a cage induction motor [11-13].
The determination of inductances using field methods require tedious and time consuming
calculations. In this paper a simple but very effective method of solving this problem, based on
the so called concept of “sinusoidal” windings [1] was used.
In order to calculate winding inductances, their MMFs and the permeance function of the airgap are required. Influence of saturation effects and slotting on both sides of the air-gap change
the permeance function essentially and make calculation of inductances a little bit sophisticated.
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The methods of determining the linear permeance function are based on geometrical dependencies in reference to the air-gap dimension, previously described in [14-17] but it requires correction due to the saturation. This modification consists of making the permeance a function of the
air-gap flux position and amplitude. This problem of saturation was described in [18], wherein
the main concerns of the authors were the prediction of the air-gap length as a function of magnetizing current for case of stator and rotor symmetry. Generally these models are developed
from the models with linear magnetic circuits, where saturation is introduced, is based on assumption of a sinusoidally distribution windings and symmetry of air-gap. Another approach to
determine the air-gap flux density components for saturated machines is described in [19]. The
modeling of saturation by the variable permeance of air-gap was also presented in [20, 21].
In this paper a new approach to modeling the inductance coefficients for induction motors
is developed, where known [18] assumptions are made to transform the linear inductances into
the nonlinear one, however, for motor with rotor eccentricities.

a)

b)

c)

Fig. 1. Simplified cross-sections of motors with eccentricities: a) static; b) dynamic; c) mixed

Three types of eccentricity are distinguished:
– static, when the rotor rotation axis coincides with the rotor symmetry axis 0r but does not
with the stator symmetry axis 0s,
– dynamic, when the rotor rotation axis coincides with the stator symmetry axis 0s but does
not with the rotor symmetry axis 0r,
– mixed, when the rotor rotation axis does not coincide both with the rotor symmetry axis 0r
and with the stator symmetry axis 0s.
A detailed analytical algorithm of a new method modeling the inductance coefficients for
induction motors is presented. The resulting can be used in mathematical models of induction
motor created for diagnostic purpose.

2. Changes of air-gap permeance function
to eccentricity and saturation
The permeance function of the air-gap is an inverse of the length of magnetic field force
lines in the air-gap [14]
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Λ ( x, φ) =

1
.
δc ( x, φ)
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(1)

It can be precisely found from magnetic field distribution in the air-gap or it can be determined approximately. In this paper, the permeance function has been determined by simplified
method from the air-gap geometry. Firstly, a function of a magnetic field line length in the airgap along circumference has been approximately found.

Fig. 2. Simplified cross-section of a motor
explaining types of eccentricities

Parameters de and γe in Fig. 2 are determined by parameters given as follow
– for static eccentricity
de = d s ,

d d = 0,

γe = γ = const ,

(2)

(3)

– for dynamic eccentricity
de = d d ,

d s = 0,

γe = φ + χ ,

d s ≠ 0,

d d ≠ 0,

γ = const,

– for mixed eccentricity

de = d (φ) = d s2 + d d2 + 2d s d d cos (φ − γ) ,
⎛d
⎞
γe = arcsin ⎜ d sin(φ − γ) ⎟
d
⎝ e
⎠

for

(4)

de ≠ 0.

The level of eccentricities is represented by formulas: εs = d s δ , εd = d d / δ , where
δ = R − r.
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Fig. 3. An approximation of magnetic field lines
in the air-gap

Good results for a smooth air-gap can be obtained using the approach, which keeps perpendicular crossing of the boundary between iron and air by magnetic field force lines. The
length of a magnetic field force line in the air-gap is equal to the sum of segments AB and BC
in Fig. 3 and is given by the formula

δ ( x, φ) = R − 2r − de +

[(r + de ) cos x − de cos γe ]2 + [(r + de ) sin x − de sin γe ]2 .

(5)

Fig. 4. Explanation to calculations
of correction values

The slots on the stator and the rotor sides modify locally this length. Then, correction
values Δδs ( x ) and Δδr ( y ) should be added in respective places.
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δ0 ( x, φ) = δ ( x, φ) + Δ δs ( x ) + Δδr ( y ).

(6)

These slots corrections can be determined using the conformal mapping approach as it is
done for field calculations in a slot similar to Carter coefficient determination [14]
⎧0 for stator teeth
⎪⎪
Δδs ( x ) = ⎨
⎛ π
⎞
s
xslot ⎟ for stator slots ,
⎪ Δδmax ( x ) sin ⎜
b
⎪⎩
⎝ ss
⎠

(7)

⎧0 for rotor teeth
⎪⎪
Δδr ( y ) = ⎨
⎛ π
⎞
r
yslot ⎟ for rotor slots,
⎪ Δδmax ( y ) sin ⎜
b
⎝ sr
⎠
⎩⎪

(8)

⎛ bss
⎛ bss ⎞ 2 ⎞ 2
+ 1+ ⎜
⎜
⎟ − 1⎟
2
(
,
)
δ
x
φ
⎝ 2 δ ( x , φ) ⎠
⎝
⎠ ,
s
Δδmax ( x ) = δ ( x, φ)
⎛ bss
⎞
b
⎛
⎞2
ss
2⎜
+ 1+ ⎜
⎟ ⎟
2
(
,
)
2
(
,
)
δ
x
φ
δ
x
φ
⎝
⎠ ⎠
⎝

(9)

⎛ bsr
⎛ bsr ⎞ 2 ⎞ 2
+ 1+ ⎜
⎜
⎟ − 1⎟
2 δ ( x , φ)
⎝ 2δ ( x , φ) ⎠
⎝
⎠ ,
r
Δδmax ( y ) = δ ( x, φ)
⎛ bsr
⎛ bsr ⎞ 2 ⎞
2⎜
+ 1+ ⎜
⎟ ⎟
⎝ 2 δ ( x , φ) ⎠ ⎠
⎝ 2δ ( x , φ)

(10)

where:

bss is an equivalent stator slot opening,
xslot is a local variable over a stator slot; x slot ∈ (0, bss ) ,
bsr is an equivalent rotor slot opening,
yslot is a local variable over a rotor slot; y slot ∈ (0, bsr ).
An equivalent air-gap length δ0 ( x, φ) can be locally determined for any rotor position
angle φ. Then, it creates a function of two variables x and φ, which is periodic with respect to

each of them.
The magnetic circuit is saturated mostly by the fundamental component of MMF. The idea
to consider the magnetic stress in the stator and the rotor through a global increase of air-gap is
well known method used in machine design process.
In the path of the resultant magnetic flux the stator and rotor cores are saturated and in the
places where the main flux is crossing air-gap, the teeth are saturated. In standard machines
teeth saturated first then cores because there a much higher flux density exist [18]. As a consequence saturation effects appear through a local reduction of magnetic permability of the iron
paths and the substitutional air-gap should be modified. This modification consists of making
the air-gap length a function of the MMF position and amplitude.
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Fig. 5. Cross sectional view of saturated machine
showing the variation of substitutional air-gap
length

The degree of saturation can be obtained on the basis of saturation coefficient distributions
kn (i μ , x, αn ) determined by method magnetic field modelling [20]. This distribution of the
saturation coefficient can be received directly by a comparison of distributions of the magnetic
density in the air gap, for the cases where core is made with linear, relatively high permeability
magnetic material and real non-linear material.
A typical air-gap variation, for instance, can be represented by following function of saturation coefficient
kn (iμ , x, αn ) = kn0 (i μ ) + kn2 (i μ ) cos 2 p( x − αn ).

(11)

This coefficient depends on magnitude i μ and location αn of magnetizing current (MMF)
and modifies the size of the smooth air-gap
δc ( x, φ, i μ , αn ) = δ0 ( x, φ) + Δδsat (iμ , x, αn ) ,

(12)

where: Δδsat (i μ , x, αn ) = ( kn (i μ , x, αn ) − 1) δ kc ; δ = R − r and kc – Carter coefficient.
On the basis of magnetic force line length in air-gap corrected by saturation coefficient, it
is possible to obtain modified unitary function of air-gap permeance which take into account
also slots and rotor eccentricity.
Λ ( x, φ, i μ , αn ) =

Λ 0 ( x, φ)
1
,
=
δ0 ( x, φ) kn (i μ , x, αn )
k n ( i μ , x , αn )

(13)

where Λ 0 ( x, φ) is a linear permeance function.
Λ 0 ( x , φ) =

1
= ∑ ∑ Λ m ,n e jmx e jnφ .
δ0 ( x, φ) m∈M n∈N

In this way nonlinear model of magnetic circuit can be transform to linear one.

(14)
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It should be noted, that, when slotting on both sides of the air-gap is taken into account, the
linear permeance function Λ 0 ( x, φ) depends on two variables x and φ at any type of eccentricity and also for a symmetrically located rotor, whereas for the smooth air-gap the permeance function is constant for the symmetry case; for static and dynamic eccentricities it
depends periodically on one variable and only for mixed eccentricity it becomes a function of
two variables.
The Fourier coefficients Λ m,n can be obtained by the 2D FFT algorithm.
The inverse function of saturation coefficient
1
= ∑ Ck (iμ ) e jk ( x − αn )
kn (iμ , x, αn ) k∈K

(15)

stems from the saturation effects.
If slotting and air-gap “deformations caused” saturations are taken into account, the permeance function depends on variables x, αn , φ which is periodic with respect to each of them.
This permeance function can be represented by the triple Fourier series
Λ( x, φ, iμ , αn ) = ∑ ∑ ∑ Λm,n Ck* (iμ ) e j (m−k ) x e jnφ e jkαn .

(16)

m∈M n∈N k∈K

Generally, the air-gap is characterised by a permeance function and described by Fourier
series in general form (12), where the M, N, K sets of m, n, k harmonics of permeance function
contain successive whole numbers.

M = {− mmax … − 1, 0, 1… mmax }, N = {− nmax … − 1, 0, 1… nmax }.

(17)

Set K relevant to saturation consist of only even harmonics
K = {− k max ... − 4 p, − 2 p , 0, 2 p , 4 p...k max }.

(18)

3. Winding inductances accounting for rotor eccentricity
The formulas for all inductances can be enveloped from a general expression for inductances of two arbitrary coils ‘a’ and ‘b’ magnetizing non-uniform air-gap schematically show in
Fig. 6.
Let these coils are represented by their MMFs and angular positions of their symmetry
axes xa and xb . The MMFs of coils express by the Fourier series are done by the sets of
harmonics order numbers A = {− νmax … − 1, 1… νmax } and B = {− ρmax … − 1, 1… ρmax } and
ρ
ν
winding factors ka , kb of each harmonic [8].
The way of inductance determination for converters with two windings placed in nonuniform air-gap, assuming the occurrence of only radial field component, was presented in
detail in paper [1]. This paper, however, did not concern the case when the function of air-gap
permeance depends on three variables, therefore authors suggest a certain modification, thanks
to which the function of inductance can be introduced.
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Fig. 6. Two coils magnetizing a air-gap

Lba =

l /2
⎧
2 μ0 r0 c
ν
∫ ⎨ ∑ ∑ ∑ Q1 Wa
π
−lc / 2 ⎩ν∈A m∈M k∈K

j ( n + n )φ
⎡
∑ ∑ Λ −ν ,n2 Λ ν + m,n3 e 2 3
⎢
n
N
n
N
∈
∈
jn φ
3
× ⎢ ∑ Λ m,n e 1 − Q2 2
jn φ
1
N
∈
n
∑ Λ 0,n4 e 4
⎢1
N
∈
n
4
⎣⎢

ν+ m−k

Wb

×

(19)
⎤
⎥ *
jv ( x − xa ) j ( m − k ) xb jkan
e
e
dz.
⎥ Ck (iμ )e b
⎥
⎦⎥

}

In this expression lc is an equivalent length of a machine core, rc = ( R + r ) 2 is a mean
ν +m
ν +m
ν
ν
= wb kb
ν + m are equivalent tern numbers,
radius air-gap, Wa = wa ka ν and Wb
wa and wb are total tern numbers. Geometry of the air-gap is represented in (19) by an air-gap
permeance function (16), which depends on a type of eccentricity.
Parameters Q1 and Q2 in (19) depend on the sets A, B, M, N and are defined as follow
⎧1 ⇔ ∀ν, ∀m, ν ∈ A∧ m ∈ M ∧ ( −ν − m + k ) ∈ B
Q1 = ⎨
⎩0 for opposed condition ,

(20)

⎧1 ⇔ Q1 = 1 ∧ ν ∈ M ∧ ( −ν − m + k ) ∈ M
Q2 = ⎨
⎩0 for opposed condition .

(21)

Generally, a mutual inductance Lba is done by a quadruple Fourier series
Lba = ∑∑∑∑ Lba
ν , m, n , k e

jν ( xb − xa )

e

j ( m− k ) xb

e jkαn e jnφ ,

(22)

ν m n k

which in any case is reduced to the double Fourier series of rotation angles αn and φ
jkαn jlφ
Lba = ∑∑ Lba
e .
k ,l e
k l

(23)
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A self-inductance due to the main flux can be obtained putting xb = xa .
In order to determine all inductances of a 3-phase induction cage motor it has been assumed that stator phases produce MMFs with the odd harmonic of the orders
± p, ± 3 p, ± 5 p... , the individual cage mash generates MMF containing all harmonics and the
Fourier coefficients of MMF functions of windings can be found on classical way. Angels xa
and xb have following forms [1]:
– inductances stator–stator
2π
3p

a = 1, 2, 3,

xb = ( b − 1)

2π
,
3p

2π
+ φ,
N

a = 1,..., N ,

xb = (b − 1)

2π
+ φ , b = 1,..., N ,
N

xa = ( a − 1)

b = 1, 2, 3 ,

(24)

– inductances rotor–rotor
xa = ( a − 1)

(25)

– inductances rotor–stator
xa = ( a − 1)

2π
,
3p

a = 1, 2, 3, xb = (b − 1)

2π
+φ ,
N

b = 1,..., N .

(26)

Then formulas for self and mutual inductances can be expressed as:
– inductances stator–stator
ss
Lss
ba = ∑∑∑∑ Lν,m,n,k e

jν(b−a) 32πp

e

jm(b−1) 32πp

e jnφ e jkαn ,

(27)

e j (m+n)φ e jkαn ,

(28)

ν m n k

– inductances rotor–rotor
rr
Lrr
ba = ∑∑∑∑ Lν,m,n,k e

jν(b−a) 2Nπ

e

jm(b−1) 2Nπ

ν m n k

– inductances rotor – stator
rs
Lrs
ba = ∑∑∑∑ Lν,m,n,k e

jν[(b−1) 2Nπ −(a−1) 32πp ] jm(b−1) 2π
N

e

e j(ν+m+n)φ e jkαn .

(29)

ν m n k

A pseudo variation of the air gap length is assumed for modulation of linear function of
permeance (14) according to saturation effects. The resultant inductance contains varying coefficients that are also a function of the saturation level represented by the saturation factor (11) [20].

4. Results of numerical tests
The main aim of tests is to illustrate the influence of eccentricity on the harmonic spectra
of inductances.
All calculations in this paper have been done basing on the data of a motor SYJe132s,
manufactured in a Polish factory, with rated data: PN = 2 000 kW, n N = 2 980 rpm, U N = 6 kV,
I N = 227 A, having 42 open slots on the stator and N = 36 semi-close slots on the rotor, stator
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radius R = 0.2625 m, rotor radius r = 0.25965 m, equivalent length of a machine core
lc = 0.6 m, number of stator windings ws = 70.
For saturation illustration the exemplary calculations of the saturation coefficient have
been done by FEM for this motor in Magnet software [20].

Fig. 7. Distribution of magnetic flux

The case with symmetrically situated rotor was taken into account. The distribution of
saturation coefficient for nominal value of magnetizing current was approximated according to
formula (11) [20] kn = 1.23 + 0.06 cos ( 2( x − αn ) ) .
The distribution of the permeance functions Λ 0 ( x,0) = 1 ( δ0 ( x, 0) ) for a motor with
dynamic eccentricity εd = 0.4 and γe = 0 for half of period is shown in Fig. 8.

Fig. 8. Analytical calculation of distribution permeance function for dynamic eccentricity in situation γe = 0 (saturation neglected)

Fig. 9. Permeance function for dynamic eccentricity in situation γe = 0, αn = 0 . Solid line –
distribution obtained base on analytical formula
(saturation considered); dashed line – distribution obtained based on FEM calculation [20]
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Figure 9 presents waveforms of permeance function calculated based on analytical formula
(14) and FEM. Figures 8 and 9 illustrate fact that essential point is taking into account magnetic stresses in iron of stator and rotor joke. For this such simple approach to the problem of
saturation it shall be noted that the compatibility, both qualitative and quantitative, of the analytical waveform of the permeance function with the waveform obtained on the basis of the
field calculations. It is clear that the analytical model predict the saturation with very good
accuracy for case of rotor eccentricity and slotting presence.

Fig. 10a. Linear permeance function coefficients
Λ m ,n for symmetry

Fig. 10b. Linear permeance function coefficients
Λ m ,n for static eccentricity εs = 0.4

Fig. 10c. Linear permeance function coefficients
Λ m ,n for dynamic eccentricity εd = 0.4

Fig. 10d. Linear permeance function coefficients
Λ m ,n for mixed eccentricity εs = εd = 0.2

In Figures 10a, b, c, d the changes of the spectrum of the 2D Fourier series of the linear
permeance function for symmetry, static, dynamic and mixed eccentricity are shown. Computations have been done using the package MATLAB (dimensions of sets M and N were
suitable to mmax = nmax = 1021).
It should be noted that rather high bars for harmonics 42 arise due to opened stator slots. It
can be proved by comparison with a case of eccentricity when slotting is neglected (Fig. 11).
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Fig. 11. Linear permeance function coefficients Λ m ,n
for static eccentricity εs = 0.4 (slotting neglected)

As we can see in the figures above the Fourier coefficients of the permeance function
(Fig. 10) for particular eccentricities are spread in a way which is characteristic for the specific
case. Shall the slotting not be taken into account, than for the symmetry state we would obtain
only one point, for static eccentricity we would obtain only one column and for the dynamic
eccentricity we would obtain only one diagonal (Fig. 11). The introduction of slotting gives
additional characteristic harmonics and qualitatively brings the static and the dynamic eccentricities closer to the general case of the mixed eccentricity – the only difference is that the
characteristic harmonics derived from the eccentricities calculated without slotting appear in
the same places and at the same levels.

Fig. 12a. Fourier spectrum of linear inductances (symmetry)
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Fig. 12b. Fourier spectrum of linear inductances (static eccentricity εs = 0.4)

Fig. 12c. Fourier spectrum of linear inductances (dynamic eccentricity εd = 0.4)
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Fig. 12d. Fourier spectrum of linear inductances (mixed eccentricity εs = εd = 0.2)

The introduction of slotting gives additional characteristic harmonics around the slot harmonics in inductances, what significantly modifies the distribution of the Fourier inductance
coefficients (Figs. 12). In Figs. 12a, b, c, d changes of the Fourier spectrum of inductances for
cases of eccentricity for first phase of the stator with number 1 and first mesh of the rotor cage
with number 1 are exemplary shown (in [dB] – ref. 1·10-8 H, the number of MMF harmonics
which were taken into account – 200).
These Figs. 12a-d present the distribution linear inductance coefficients magnitudes due to
number of harmonics “l ” according to formulas (27-29) for k = 0 (saturation neglected). Saturation effects modulate only this linear inductances according to inverse saturation coefficient (11).

5. Conclusions
In the paper, a specialized algorithm of inductance calculation for cage motors with eccentricity for diagnostics purpose has been extended on effects due to slotting on stator and rotor
sides and saturation effects. The permeance function for such cases has been carefully studied.
A comparison of permeances and inductances characterizing eccentricities has been done by
numerical tests. Results showed that slotting introduce important changes to permeance functions especially not only quantitatively but also qualitatively. The saturation effects introduce
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additional variation of the linear functions of permeance and inductances through the modulation by inverse function of saturation coefficient.
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