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Abstract

The paper outlines a method to determine the sedimentation efficiency in modernized
tanks with incorporated lamella packets. The method takes into account the prop-
erties of the suspension (density, viscosity, solid phase distribution) and tank design
parameters – flow intensity and settling surface. Several types of grain size distribu-
tions are considered: the log-normal distribution and generalised gamma distribution.

The sedimentation efficiency is investigated in relation to the ratio of tank filling
with lamella packets. The lamella ring width in a round Dorr clarifier is taken as
an example. The analysis is performed by way of computer simulations. The ap-
plied calculation procedure was extensively verified in laboratory tests, pilot tests and
industrial-scale tests (Kowalski 2000) and the obtained results were regarded as satis-
factory. The error involved in calculations of the sedimentation efficiency is less than
0.05 when the efficiency value exceeds 0.8.

Key words: sedimentation efficiency, lamella tank, traditional tank with lamella
modules

Nomenclature

D – diameter of the round tank,
d – equivalent particle size (diameter),
dg – critical grain size,
d0; p; n – parameters in the generalised gamma distribution of the

particles size (scale parameter, shape parameters),
F; F1; F2 – settling surface area,
f .d/ – probability function of grain diameter,
f .v/ – probability function of settling velocity,
m; ¦ – parameters of the log-normal distribution of particles size,
pw – specific surface of the lamella packet,
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Q – suspension flow rate,

q – surface loading,

s – width of lamella rings,

T.d/ – Tromp’s grade efficiency function,

v; vg – settling velocities of particles of size d, dg ,

Þ – inclination angle,

0.a/ – Euler’s gamma function,

0.a; b/ – incomplete gamma function,

� – sedimentation efficiency,

¼0 – coefficient of dynamic viscosity,

²; ²0 – density of solid phase and liquid phase,

8.a/ – distribution function in log-normal distribution N.0:1/,

8�1.a/ – fractile of normal distribution N.0:1/.

1. Introduction

Water clarification processes in sedimentation tanks are widespread in the metal-
lurgical and mining industry and in the municipal sector (water purification and
waste treatment). The main drawback, however, is the high investment cost of the
tanks, which often precludes their expansion and reconstruction. Costs involved
in construction of sedimentation tanks can be vastly reduced through the applic-
ation of lamella packets. The operating principle of sedimentation tanks stems
from the Boycott’s effect, well-known in physics (Boycott 1920). While working
in the analytical laboratory of the Medical School University of College Hospital
in London, Boycott observed that blood in slightly inclined tubes would settle at
a much faster pace than in tubes arranged vertically.

Fig. 2. shows the general principle of Boycott’s effect. Its discovery was a major
step for the theoretical studies and practical applications of sedimentation pro-
cesses. At first this effect was explained by Brownian movements and the “shallow
sedimentation” theory. Boycott’s effect is extensively studied in many research
areas, including sanitary engineering (Olszewski 1975), metallurgy (Gęga 1976),
mining and minerals processing (Marciniak-Kowalska 2003, Nipl 1979) and in
chemical and process chemistry (Haba et al 1980, Haba et al 1978, Haba 1979,
Haba, Pasiński 1979, Kowalski 1991a, b).

The most accurate mathematical models of sedimentation processes stemmed
from the mechanics of suspensions (Kowalski 1992a, 2000). Now sedimentation
processes are explained by the theory of sedimentation put forward by Hazen
(1904) who emphasised the importance of the settling surface instead of the tank
depth.
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Fig. 1. Press cutting from “Nature” relating to Boycott’s effect

Fig. 2. Visualisation of Boycott’s effect (Sala Inc.)
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Fig. 3. Lamella process systems

Three available lamella sedimentation systems are shown schematically in
Fig. 3. The counter-current system, where the suspension flows in the direction
opposite to that of the sliding particles, is now most widely applied

The cross-current flow system comes next in the ranking list. In the cross-current
configuration the suspension flows horizontally and the sediment passes along the
inclined plates in the direction normal to that of the suspension movement. This
arrangement seems most attractive as, unlike the counter-current systems, an in-
crease of the settling surface is not restricted by design considerations. The parallel
flow system where the suspension flows downwards, in the same direction as the
settling particles, seems the least popular and its applications are but a few be-
cause the clarified suspension and thickened sediment will mix while leaving the
sedimentation area. On the other hand, a parallel flow system performs really well
as a sludge thickener (Kowalski 1992a).

The counter-current system is widely applied in modernised Dorr clarifiers.
In the process of modernisation, a portion of the tank space is filled with lamella
packets, thereby ensuring an enhanced sedimentation efficiency or more favour-
able process parameters. Fig. 4 shows a Dorr clarifier 40 m in diameter complete
with a ring-shaped layer of lamella packets.

In a circular Dorr clarifier the overflow pipe is positioned in the tank centre.
The suspension (i.e. the feed) flows out at a low velocity (0.5–3 m/s) to the overflow
basin. The bottom in a settling tank is slightly inclined (5–8Ž/, converging to the
tank centre.

The key features of lamella tank design are summarised as follows:

1. Lamella packets are placed in the clarification zone, where solid particles
can settle freely.

2. In order to induce the flow of the whole suspension through the lamella
packets, the lamella layer is separated from the remaining tank space by
a vertical baffle extending over the suspension level and supported on fix-
ing elements securing the lamella packets in place. The suspension flows
counter-current with respect to the direction of particles settling.
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Fig. 4. Dorr clarifier with a lamella ring

3. A ring-shaped layer of lamella packets in circular Dorr clarifiers extends
from the overflow edge towards the tank centre and (optionally) also towards
the tank wall if the overflow basin is at some distance from the wall. The
tank might be filled with lamella packets partly only (in tanks where the
drift fender drive is peripheral) or almost completely, apart from the space
occupied by the overflow chamber (in tanks where the drift fender drive is
located in the central position). The nearly complete tank filling with lamella
packets ought to be treated as a singular (boundary) case.

4. In rectangular tanks the lamella layer is also rectangular in shape, excluding
the space occupied by the drift fender drive. The lamella layer stretches
from the overflow edge towards the zone where the suspension is admitted.
The tank can be partly or completely filled with lamella packets.

5. Within the tank space occupied by lamella packets are three distinct sedi-
mentation zones: the zone where no lamella packets are present, contained
between the suspension inflow and the vertical baffle (present in partly-filled
tanks), the zone underneath the lamella layer and the zone made up of sev-
eral elementary spaces in the lamella tubes.

A selected design of a Dorr clarifier with lamella packets is depicted in Fig. 5.
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Fig. 5. Dorr clarifier with a lamella ring: 1 – supporting structure, 2 – lamella packets; overflow
level

2. Determination of Sedimentation Efficiency

The sedimentation efficiency is an indicator and measure of the ability of the set-
tling tank to clarify the suspension. The approach to determine the sedimentation
efficiency in modernised tanks with lamella packets is based on the generalisation
of Hazen’s sedimentation theory (Hazen 1904, Kowalski 1992), which states that
Hazen’s equation of sedimentation is applicable for tanks with inclined bottom
and for lamella conduits:

v.dg / D
Q

F
; (1)

as long as the settling surface is noted correctly (Kowalski 1992b). Accordingly,
the increase of the settling surface in a modernised tank with lamella packets is
expressed as:

F D F1 C F2; (2)

where F1 – settling surface in the central part (where no lamella packets are
present), F2 – settling surface in the conduits making up the lamella ring expressed
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as a product of the ring fixing surface and the specific surface of the lamella
packets, i.e. the ratio of the settling surface increase to the surface area occupied
by the packets:

F D F1 C F2 ð pw: (3)

In the majority of conventional lamella packets the coefficient pw falls between
4 and 7. Fig. 6 shows the plot of the settling surface increase in the function of
the relative ring width, depending on the specific surface of the lamella fill.

Fig. 6. Multiplication factor of settling surface increase vs the relative ring width for various
specific surfaces of the lamella fill

Let us consider a Dorr clarifier of the diameter D D 2R and imagine a baffle
in the shape of a cylinder coaxial to it (Fig. 7). Between the external wall of the
tank and the baffle surface there is a ring of liquid suspension of width s. The
ring is limited from above by the liquid level (horizontal plane) and from below
– by the tank bottom

Let ! denote the ratio of the ring width s to the tank radius R. When the
space between the wall and the baffle is filled with lamella packets of the specific
surface pw, the multiplication factor of settling surface increase is defined by the
ratio of total settling surface k in the central zone and in the interior of the lamella
ring to the settling surface in the tank without any lamella packets:

k.$/ D
³.R � s/2 C

ð

³ R2 � ³.R � s/2
Ł

ð pw

³ R2 D 1 C .pw � 1/.2! � !2/: (4)
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Fig. 7. Axial cross-section of the Dorr clarifier with a lamella ring (1)

Fig. 6 shows the plot of the multiplication factor of the settling surface increase
k.!/ with respect to the relative ring width ! D s/R for the typical values of specific
surfaces of the lamella packets. Two extreme cases are included, too (see Fig. 6):
when no lamella packets are present (conventional tanks when ! = 0) and when
the tank is filled completely (!=1).

The grain size in polydispersive suspensions is treated as a random variable and
its distribution is assumed to follow a unimodal pattern, such as the log-normal
distribution with the density function:

f .d/ D
1

p
2³¦

exp

"

�
1
2

�

ln d � m

¦

�2
#

; (5)

or the generalised gamma distribution (of the parameters d0, p, n/ with the density
function:

f .dI d0; p; n/ D
n

d00.p/

�

d

d0

�pn�1

ð exp
�

�
�

d

d0

�n½

; (6)

or the Rosin-Rammler-Benett distribution – a variation of the generalised gamma
distribution:

f .dI d0; p; n/ D
n

d0

�

d

d0

�n�1

ð exp
�

�
�

d

d0

�n½

: (7)

Further calculation procedures stem from Camp’s theory (Camp 1946) of sed-
imentation, which states that grains settling on the tank bottom might be categor-
ised in two groups: those larger and those smaller than the critical grain size.
The efficiency of sedimentation of polydispersive grains appears to be the sum of
masses of all grains/particles larger than the critical grain size and the mass of
some portion of smaller particles, proportional to the quotient of their settling
velocity and the settling velocity of critical grains. Assuming the grain size distri-
bution to be a random variable with the density function f .d/, the sedimentation
efficiency is expressed as
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� D

1
Z

dg

f .d/dd C

dg
Z

0

v.d < dg /

v.d D dg /
ð f .d/dd: (8)

After transformations, we obtain:

� D

1
Z

dg

f .d/dd C

dg
Z

0

f .d/d2dd D I1 C I2; (9)

or a more compact formula utilising Tromp’s grade efficiency function T.d/

(Marciniak-Kowalska 2003):

� D

1
Z

0

T.d/ f .d/dd: (10)

To obtain the sedimentation efficiency for the known density functions of grain
size it is required that two integrals be duly computed: I1, I2. The analytical
solutions are available for all three considered grain size distributions.

As regards the log-normal distribution, the following substitution can be made:

a D
ln d � m

¦
(11)

and I1 is transformed into the integral identical with the distribution function in
the log-normal distribution 8.a/

I1 D
1

p
2³

Z

ln dg �m

¦

�/
exp

�

�
1
2

a2
�

da D 8

�

ln dg � m

¦

�

: (12)

Substituting (Eq. 11) and b D a � 2¦ given by the formula:

2m C 2a¦ �
1
2

a2 D
1
2

.a � 2¦/2 C 2
�

m C ¦ 2
�

; (13)

yields the integral I2:

I2 D exp
h

2
�

m C ¦ 2
�i

ð
1

p
2³

ln dg �m

¦
�2¦

Z

�/

exp
�

�
1
2

b2
�

db: (14)

It is a product of a constant dependent on the distribution parameters m and
¦ , and the integral identical to the log-normal distribution function 8.b/:
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I2 D exp
h

2
�

m C ¦ 2
�i

ð 8

�

ln dg � m

¦
� 2¦

�

: (15)

For the log-normal distribution we finally obtain the formula for sedimentation
efficiency, taking into account the parameters of grain size distribution: m and ¦ .

�.dg I m; ¦ / D 1 � 8

�

ln dg � m

¦

�

C

C exp
n

2
h

¦ 2 �
�

ln dg � m
Ð

io

ð 8

�

ln dg � m

¦
� 2¦

�

:

(16)

For the generalised gamma distribution the integrals I1 and I2 are computed
by substituting a=(d/d0/n. Accordingly, we obtain:

I1 D
1

0.p/

.dg =d0/
Z

0

a p�1e�add D
0

h

p;
�

dg

d0

�ni

0.p/
; (17)

I2 D
d2

0

0.p/

.dg =d0/
Z

0

a pC2=nC1e�ada D d2
0 ð

0
h

p C 2
n
;
�

dg

d0

�ni

0.p/
: (18)

The sedimentation efficiency is thus expressed as:

�.dg I d0; p; n/ D 1 �
0

h

p;
�

dg

d0

�ni

0.p/
C

�

d0

dg

�2

ð
0

h

p C 2
n
;
�

dg

d0

�ni

0.p/
; (19)

where

0.a; b/ – incomplete gamma function, given by the formula:

0.a; b/ D
1

0.a/

b
Z

0

xa�1 ð e�tdt : (20)

In the case of Rosin-Rammler-Bennett distribution the calculation procedure
is similar to that applied for the generalised gamma distribution and the shape
parameter is p D 1.

The sedimentation efficiency is expressed as:

� D 1 � exp
�

�
�

d

d0

�n½

C
�

d0

dg

�2

ð 0

�

1 C
2
n

;

�

dg

d0

�n½

; (21)

and 0.a, b/ is the incomplete Euler’s gamma function given as (Eq. 20). Fig. 8
might prove useful in computation and interpretation of integrals present in
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(Eq. 9). The positions of the areas I1 and I2 are indicated against the grain
size distribution density function and the critical grain size dg associated with flow
intensity Q and settling surface F.

Fig. 8. Positions of areas I1 and I2 with respect to the critical grain size dg

Formulas employed to determine the sedimentation efficiency were then veri-
fied in laboratory tests, pilot tests and in industrial-scale tests (Kowalski 2000)
and the obtained results were considered satisfactory. The error involved in cal-
culations of the sedimentation efficiency is less than 0.05 when the efficiency value
exceeds 0.8.

2.1. Calculation of Grain Size Distribution Parameters

Parameters of grain size distribution (m, ¦ in the log-normal distribution and
d0, p, n in the generalised gamma distribution) are obtained by grain size meas-
urements. The methods utilising the sedimentation balance are recommended
(Kowalski 1991c), where the measurements reproduce the real-life processes in
the sedimentation tanks. The adequate descriptions of the sedimentation pro-
cesses are based on the approach and methods developed by Oden (1916), Hazen
(1904) and Camp (1946), and the parameter values are obtained using the linear
regression (Kowalski 2004). In some cases the parameters of the distribution func-
tion of the settling velocity are more adequate for that purpose. These parameters
are indexed with v to distinguish them from grain size parameters measurable by
granulometric analyses. The key reasoning is as follows: in sedimentation methods
we actually measure the distribution of particles’ settling velocity. However, the
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temperature of the suspension during the measurements may not be identical to
the suspension temperature during the actual sedimentation process (where the
results are to be utilised) and the settling velocity data have to be converted into
temperature-invariant particle size data. Now the settling velocity distribution can
be reproduced in the specified conditions of the sedimentation process.

Accordingly, the probability density function of particle size fd.d; m; ¦ / has to
be duly transformed to yield the function of probability density of settling velo-
city fv.v; mv, ¦v/, where the relationship v D v.d/ between the particle’s settling
velocity and its diameter is governed by the Stokes formula (Stokes 1851).

Basing on the theory of transformations of random variable functions (Stacy
1962), we are able to prove that if a random variable X follows the log-normal
distribution of the parameters x1, x2, then the random variable Y D aXb will also
follow the same distribution pattern though the parameters will be: y1 D bx1 C ln a

and y2 D bx2. Let m and ¦ be the parameters in the log-normal distribution of the
particles’ size with the density function fd.d; m, ¦ /. Accordingly, the parameters
mv and ¦v of the log-normal distribution of the settling velocity with the density
function fv.v; mv, ¦v/ are derived from the formula:

mv D 2m C ln
.² � ²0/g

18¼0
; ¦v D 2¦: (22)

As regards the generalised gamma distribution, we are able to prove that if the
random variable X follows the generalised gamma distribution of the parameters
x1, x2, x3, then the random variable Y D aXb will follow the same distribution
pattern, but with the parameters y1 D ax b

1, y2 D x2, y3 D x3=b.
Let d0, p and n be the parameters in the generalised gamma distribution of the

particles’ size with the density function fd.d, d0, p, n/. Accordingly, the parameters
vv, pv, nv of the generalised gamma distribution of the settling velocity with the
density function fv.v, v0, pv, nv/ are derived from the formula:

v0 D
.² � ²0/ g

18¼0
ð d2

0 ; pv D p; nv D
n

2
: (23)

The density function in the generalised gamma distribution of the particles’
settling velocity is given as:

fv.vI v0; pv; nv/ D
nv

v00.pv/
ð

�

v

v0

�pvnv�1

ð exp
�

�
�

v

v0

�nv
½

: (24)

3. Computer Simulations

Typical values of suspensions and lamella packets parameters were assumed in
calculations: the density of solid phase ² = 2650 kg/m3, density of liquid phase
²0= 1000 kg/m3, coefficient of dynamic viscosity ¼0= 0.001 kg/m/s. The particle
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size distribution is assumed to be log-normal with the parameters m D �10; 816
and ¦ = 0.6. Applying the formulas (22) – (24), we get the parameters of the
log-normal distribution of the particles’ settling velocity mv= –7.99, ¦v=1.2.

It is assumed that the tank is filled with lamella packets of the envised type
and their minimal specific surface pw D 6. Besides, an assumption is made that
the distribution of the flow velocity of the suspension in the lamella conduits is
rectangular.

Fig. 9. Sedimentation efficiency vs the relative lamella ring width for various surface loads
before the lamella packets were inserted

Results obtained for a round tank are shown graphically in Fig. 9. The calcula-
tion procedure was repeated for several values of the relative ring width 2s/D and
for various surface loads computed before the lamella packets were inserted: q0

= 0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2 m/h. Certain boundary cases were considered
also: 2s/D=0 (in a conventional tank, without the lamella packets) and 2s/D= 1
(a tank wholly filled with lamella packets).

A thorough analysis of results reveals that even the rings with small relat-
ive width (2s=D D 0:1 � 0:2) enable a significant increase of the sedimentation
efficiency, particularly when the surface loads prior to lamella ring application
are high. In practice it means that in tanks where the sedimentation efficiency is
rather low, the application of even narrow rings (0.1–0.15) will vastly improve the
sedimentation efficiency. Further increase of the relative width ring in excess of
2s=D D 0:2 will produce a relatively smaller improvement of sedimentation effi-
ciency. It appears that the boundary ring width is approximately 2s=D D 0:5, thus
still wider rings seem unnecessary.



384 W. P. Kowalski

In tanks where the sedimentation efficiency is high at low surface loads, the
application of lamella packets improves the sedimentation efficiency though ap-
parently in inverse proportion to the tank performance without the packets. It
seems a common sense observation: no improvements are necessary if the tank
performs well. In this case, however, the lamella packets might also enhance the
operating capacity of the tank. This problem arises when the amounts of suspen-
sion to be handled are larger, as the surface loads increase and the tank perform-
ance will deteriorate. To prevent that happening, lamella packets are employed so
that the settling surface in the tank is increased. It is readily apparent (see Fig. 9)
that application of the ring 2s=D D 0:2 brings about an almost twofold increase
of the settling surface and hence allows the treatment of double the amount of
the suspension, while the operating efficiency of the tank remains the same. An
alternative method of doubling the settling surface would require that another
identical tank be constructed. The estimated costs of tank construction would be
6 or 7-times higher than the modernisation costs (application of lamella packets).

4. Conclusions

The proposed method of determining the sedimentation efficiency based on the
generalisation of Hazen’s sedimentation theory (Gęga 1976) and Camp’s theory
(Camp 1946) stems from the mechanics of suspensions and, as such, affords suf-
ficient accuracy and excellent conformity with the experimental data.

The method enables calculations of sedimentation efficiency in tanks partly
or wholly filled with lamella packets, as well as in conventional tanks without
lamella packets. The properties of clarified suspensions (density, viscosity) and
the distribution of solid phase particles are taken into account. The method might
be employed in calculations required for modernisation of the existing tanks. The
application of lamella packets vastly improves the tank performance or enhances
the sedimentation efficiency, or both.

The method was verified in laboratory tests, pilot tests and industrial-scale
tests (Kowalski 2000) and the obtained results were regarded as satisfactory. The
error involved in calculations of the sedimentation efficiency is less than 0.05 when
the efficiency value exceeds 0.8.
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