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Abstract  
 
The study concerns computation of the gravity potential difference between 
the Kronsztadt86 datum and the global vertical datum. This method is 
based on the use of ellipsoidal heights from satellite observations, normal 
heights obtained from the conducted leveling campaign and 
quasigeoid/ellipsoid separations computed based on the EGM2008 model. 
The obtained results indicate that there are substantial differences in the 
estimated value of the parameter ∆W, computed from three different 
satellite networks: POLREF, EUVN-DA and ASG-EUPOS. The parameter 
was determined with sufficient accuracy and the applied systematic error 
model has low efficiency. The computations reveal that the best value of 
∆W for the territory of Poland is 0.43 m2s-2. 
 
Keywords: vertical datum unification, geopotential differences, gravity 
potential   

  
1. Introduction  
 
The study, understanding and modelling of all global changes requires suitable 
geodetic datum with an accuracy level higher than the values of the studied 
phenomena, which is coherent and reliable over the entire terrestrial globe (the same 
accuracy everywhere) and stable over a long period of time (the same accuracy level 
each time). The International Terrestrial Reference System (ITRS) guarantees global 
uniform geometric datum with millimetre accuracy (Petit & Luzum, 2010). At the 
same time, there is no equivalent, in terms of accuracy, of physical vertical datum 
with such high precision. 
 Work on the definition and creation of global vertical datum is underway in the  
“Vertical Datum Standardisation” working group which directly depends on the GGOS 
Theme 1 and is supported by the IAG Commissions 1 (Reference Frames) and 2 
(Gravity Field), as well as by the International Gravity Field Service (IGFS). The main 
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purpose of the working group is to provide a reliable geopotential value W0 to be 
introduced as the conventional reference level for the realization of a Unified Global 
Height System (Sanchez, 2012). 
 If the global value of W0 is determined, then the problem of transformation of local 
vertical datums into the global datum will arise. The parameter ∆W is necessary for 
this purpose (Fig. 1.). This subject was raised in a number of papers, among others, 
by Hayden et al. (2013), Hoa (2013), Kotsakis (2011). 
 The aim of this paper is to determine the parameter ∆W for the Kronsztadt86 
vertical datum. The value recommended by the IERS Conventions 2010 was adopted 
as the global value of W0, which is the value of 62 636 856.00 m2 s-2. 
 
2. Theoretical basis of the method 
 
Every vertical reference system is defined by the datum surface and height. The 
physical vertical system is defined by the gravity potential W0 of the level surface and 
geopotential height CP, which is converted to orthometric or normal height. In theory, 
there is a known relationship 0=−− NHh  between physical heights H, ellipsoidal 
heights h and the geoid-ellipsoid separation N. 
 The unification of local vertical datums comes down to the determination of the 
potential difference ∆W  
 

 
between the potential W0 of the global vertical datum and the potential LW0  of the 
local vertical datum. 

 
 

Fig. 1. The principle of vertical datum unification 
 

 The difference ∆W can be determined, among others, from GNNS satellite 
observations, precise leveling and a geoid model. This approach will be presented in 
this paper. 
 Fig. 1. shows that the geometric quantity l corresponds to the potential difference 
∆W and can be computed from  
 

 
for orthometric or normall heights. 

LWWW 00 −=∆  (1) 

ζ−−≈−−≈ nHhNHhl  (2) 
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 It is known from gravity potential theory that there is the relationship 
      

between ∆W, l and gravity acceleration g, where γ is the normal acceleration on the 
ellipsoid. For this linear relationship to be true, all the quantities must be small. 
 A simplification by using γ instead of g, assuming that ∆g = g - γ  does not exceed 
500 mGal, gives an error below 1 mm, which can be ignored in most geodetic 
applications. 
 Taking into account the formula (3), it can be written 

      

 
The relationship (4) should satisfy certain conditions. The quasigeoid/ellipsoid 
separation ζ present in Eq. (2) should include a zero-degree term ζ0, which results 
from the difference between the actual mass of the Earth (GM) and the mass of the 
reference ellipsoid (GMe) and from the difference between the potential of the 
reference ellipsoid and the potential W0 on the geoid (Heiskanen & Moritz, 1967, p. 
101). The zero-degree term ζ0 entails a priori selection of the value of the reference 
potential W0. The geometric heights h and the quasigeoid/ellipsoid 
separations ζ should relate to the same reference ellipsoid.  
 The tidal effect causing the Earth’s crust deformation and gravity field changes 
due to the solid tide as well as other contemporary height changes should be 
uniformly taken into account in the observed heights. 
 If the quantities h, Hn and ζ are obtained from observations, the quantity l can also 
be treated as an “observation” and then the observation equation for any point 
(benchmark) assumes the form 

       

 
 For n observations, the unknown parameter ∆W from a system of equations of the 
type (5) is determined by the least squares method. 

 
3. Data  

 
3.1. Ellipsoidal heights 

 
The POLREF network is a densification of the EUREF-POL network and consists of 
360 points measured during three campaigns in 1994 - 1995 and computed by the 
Department of Planetary Geodesy, Space Research Center of the Polish Academy of 
Sciences in the EUREF-89 coordinate system (Zieliński et al., 1997). The stations in 
the POLREF network were connected to the Polish precise levelling network in 
Kronszadt86 datum. It is estimated that the mean error of the normal height of the 
POLREF network does not exceed ± 1.3 cm, the mean error of ellipsoidal heights is ± 
1.0–1.5 cm, which gives a mean error of the geometric quasigeoid/ellipsoid 
separation ζgps/niw in the order of ± 2 cm. The ellipsoidal heights h of the POLREF 

γ⋅≈⋅≈∆ lγlW  (3) 

lW =∆
γ
1  (4) 

ii
i

vlW +=∆
γ
1  (5) 
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network were computed as non-tidal heights and the heights Hn from the leveling are 
also in the non-tidal system (Wyrzykowski, 1988). 
 The EUVN97 network consists of 11 points in Poland (Pażus, 2002). The final 
solution was computed in ITRF-96 coordinate system and then transformed into 
EUREF-89. The estimated standard deviations of adjusted points are at the level of ± 
1 – ± 2 mm (IGWiAG, 2000). 
 The EUVN-DA network is a densification of the EUVN97 network and consists in 
Poland of 52 points measured in the campaign in 1999. The points of the EUVN-DA 
network were located at the benchmarks of the precise leveling network, which 
ensured the precise determination of their normal heights in the Kronsztadt86 vertical 
datum. The adjustment was performed in ITRF-96 epoch 1997.4 and transformed 
into ETRF-89 (Pażus, 2002).  
 The ASG-EUPOS network, established for surveying practice, has been operating 
fully since 2008. The network is based on 98 reference stations situated in Poland 
and 22 foreign stations. The ASG-EUPOS network provides a signal for both the 
positioning of geodetic control points and for land, air and marine navigation. The 
complete set of coordinates of the domestic reference stations of the ASG-EUPOS 
system used in this paper are in ETRF-2000 coordinate system and was downloaded 
from the website www.asgeupos.pl. The ellipsoidal heights of the network points 
were determined with an accuracy of 1 cm. The normal heights of these points were 
determined in the Kronsztadt86 datum by tying them to the domestic precise leveling 
network. 
 
3.2. Leveling heights  
 
The vertical datum called Kronsztadt86, is the result of the adjustment of the third 
leveling campaign measured in 1974-1982. The network consists of 15 827 sections, 
371 lines and 135 loops. The total length of the leveling lines is 17 015 km. The 
leveling lines were measured by automatic levels: Opton Ni 1 and Zeiss Ni002. The 
following corrections were implemented to the raw data: rod scale corrections, rod 
temperature corrections, tidal corrections and normal Molodensky corrections. The 
final adjustment of the entire network was carried out in several versions. In 1985, 
the accepted solution was obtained as a least squares approach with station 
constraints. The heights of 23 benchmarks with their estimated accuracy (from the 
new UPLN solution) were incorporated into the adjustment. After the adjustment, the 
standard deviation of height difference was kmmm844.0±  and the standard 
deviation of adjusted height changes between ± 6.5 mm and ± 11 mm (Wyrzykowski, 
1988). 
 
3.3. Quasigeoid model   
 
EGM2008 is a spherical harmonic model of the Earth's gravitational potential, 
developed by a least squares combination of the ITG-GRACE03S gravitational model 
and its associated error covariance matrix, with the gravitational information obtained 
from a global set of area-mean free-air gravity anomalies defined on a 5 arc-minute 
equiangular grid (Pavlis et al., 2012). This grid was formed by merging terrestrial, 
altimetry-derived and airborne gravity data. Over areas where only lower resolution 
gravity data was available, the spectral content was supplemented with gravitational 
information implied by the topography. EGM2008 is complete to degree and order 
2159, and contains additional coefficients up to degree 2190 and order 2159. Over 
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areas covered with high quality gravity data, the discrepancies between EGM2008 
geoid undulations and independent GPS/leveling values are in the order of ± 3 to ± 
10 cm. EGM2008 vertical deflections over  Poland, for example, are within ± 0.6 to ± 
0.7 arc-seconds of independent astrogeodetic values. These results indicate that 
EGM2008 performs comparably with contemporary detailed regional geoid models. 
The model in the non-tidal version was used for computations. 
 
4. Computations and obtained results 
 
The quasigeoid heights were computed from the general formula: 

   

 
where Cnm, Snm are fully normalized spherical harmonic coefficients of degree n and 
order m, nmax is the maximum degree of the geopotential model, GM is the product of 
the Newtonian gravitational constant and mass of the geopotential model, r, φ, λ are 
spherical coordinates, a is the equatorial radius of the earth and Pnm are the fully 
normalized associated Legendre functions. 
 Height anomalies were computed from the EGM2008 model at the points of the 
POLREF, EUVN-DA and ASG-EUPOS networks using the GEOCOL program 
(Tscherning et al., 1999). 
 The term ζ0 is the zero-degree term due to the difference between the mass of the 
Earth used in the IERS Conventions and of the GRS80 ellipsoid. It is computed 
according to the well-known formula: 

      

 
where the parameters GM0 and U0 correspond to the normal gravity field on the 
surface of the normal ellipsoid. For the GRS80 ellipsoid, we have GM0 = 
398,600.5000 x 109 m3s-2 and U0 = 62636860.85 m2s-2. The Earth’s parameter GM 
used in quasigeoid computation from geopotential models and the constant gravity 
potential W0 on the quasigeoid were set to the following values according to the IERS 
Conventions: GM = 398,600.4415 x 109 m3s-2, W0 = 6,2636,856.00 m2s-2. The mean 
Earth radius R and the mean normal gravity γ on the reference ellipsoid were taken 
equally to 6,371,008.771 m and 9.798 ms-2, respectively (GRS80 values). Based on 
the above conventional choices, the zero-degree term from Eq. (7) yielded the value 
ζ0 = -0.442 m, which was added to the quasigeoid heights obtained from the 
corresponding spherical harmonic coefficient series expansions of all geopotential 
models.  
 Next, the computation of the value of the term l for the individual satellite networks 
was started according to Eq. (2).  
 The ellipsoidal heights h of the satellite networks present in Eq. (2) are in the 
ETRF89 and ETRF-2000 datum and the non-tidal system. Since the normal heights 
Hn of the leveling network are heights in the non-tidal system, the height anomalies 
ξ    were also computed in the non-tidal system from the EGM08 model. 
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 The terms li were computed from Eq. (2) for the POLREF, EUVN-DA and ASG-
EUPOS networks and their statistical characteristics are given in Table 1. The spatial 
distribution of the values of li for the successive networks are given in Fig. 2. 
 

Table 1. Numerical values of the term li in cm 

 POLREF EUVN-DA ASG-EUPOS 
mean  10.0 7.6 4.3 
SD 3.6 2.8 2.4 
min 1.2 1.9 0.00 
max 27.0 17.5 12.3 

 
 The linear displacement between equipotential surfaces (Fig. 1.) should be fairly 
identical and disturbed only by unavoidable random errors and possibly by 
systematic errors. The obtained results show that the mean linear displacement 
between the surfaces computed from the successive networks varies widely from 10 
cm to 4 cm. Changes in standard deviation (3.6 – 2.4 cm) which, in this case, are the 
measure of the consistency and “smoothness” of these surfaces and are much 
smaller. 
 

   
a)                                    b)                                           c) 

Fig. 2. Spatial distribution of the term li for the (a) POLREF, (b) EUVN-DA  
and (c) ASG-EUPOS network 

 
 The values of li do not show constant displacement, but spatial inclinations (plane) 
or even more complex relationships are visible (Fig. 2.). This results from the 
existence of systematic effects and spatially correlated errors in the height data h, Hn 
and ζ, due to which the estimation of the parameter ∆W according to Eq. (5) gives a 
result affected by a systematic factors.  
 Several types of systematic errors affect the estimation of the parameter ∆W. 
These errors include geometric distortions in leveling networks, long- and medium-
term errors in quasigeoid models, inconsistencies between ellipsoidal and physical 
heights resulting from the use of different ellipsoids and different approaches and in 
the treatment of tides in used data. 
 The elimination of these systematic factors from data is necessary for the correct 
determination of the parameter ∆W. This task can be performed earlier by introducing 
proper corrections to height data or parallel with the estimation of ∆W by the least 
squares method using an extended observation equation: 
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in which additional parameters (nuisance) were introduced: x and the vector of 
coefficients  ai dependent on the spatial point (benchmark) position. 
 Examples of parametric models, which were used to describe systematic factors in 
a mixed set of geometric, orthometric heights and geoid-ellipsoid separations, can be 
found in the paper (Fotopoulos, 2003). 
 This paper uses only two models from (ibdi.), namely, a simple model without 
additional parameters, Eq. (5), and a model where the trend is modeled by a plane, 
i.e. : 

     

 
where the plane inclination in the N–S direction is represented by the parameter x1 
and in the W–E direction by the parameter x2. The coordinates ϕ0 and λ0 are the 
coordinates of the center of the area. An example of a trend computed for the 
POLREF network is shown in Fig. 3. 
 

 
Fig. 3. Trend in centimeters computed from the formula (9) for the POLREF network 

 
 The figure shows that the plane representing the trend is inclined in the N–W 
direction at around 1 cm/100 km. 
 The parameter ∆W was computed using data from three satellite networks in two 
variants. In the first variant, the non-existence of systematic errors was assumed: 
model #1, Eq. (5) and in the variant 2 the presence of systematic errors was taken 
into account: model #2, Eq. (9). The obtained results are given in Table 2. 
 
 

Table 2. Parameter ∆W and it mean error computed for three different satellite networks 

 POLREF EUVN-DA ASG-EUPOS 
 ∆W m0 m∆W ∆W m0 m∆W ∆W m0 m∆W 

model #1 0.974 0.036 0.019 0.747 0.028 0.035 0.426 0.024 0.023 
model #2 0.986 0.027 0.014 0.747 0.024 0.030 0.425 0.022 0.021 
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5. Conclusions  
 
The ∆W parameter values calculated in this paper for three networks based on 
ellipsoidal heights from satellite observations, quasigeoid separations computed 
based on the EGM2008 model and normal heights obtained from the conducted 
leveling campaign are significantly different from 0.4 to 1.0 m2s-2. These differences 
are probably caused by crucial improvements in satellite observations. The first 
satellite observations on the POLREF network points were conducted in 1994 - 1995, 
whereas the observations on the ASG-EUPOS network points are contemporary. 
Furthermore, POLREF and EUVN-DA networks have ellipsoidal heights in the 
EUREF89 reference frame and ASG-EUPOS has ellipsoidal heights in the ETRF-
2000 frame. 
 The aforementioned reasons indicate that currently the best estimation of the ∆W 
parameter for the territory of Poland is the value of 0.43 m2s-2. A similar ∆W value 
equal to 0.36 m2s-2 was obtained by Burša (Burša et al., 2002). The slight difference 
is probably caused by the fact that the authors of this study estimated ∆W value for 
the network consisting of 16 points only, and used older model EGM96 to calculate 
the separation of the geoid from the ellipsoid. 
 Attempting to remove systematic errors using the model described by equation (9) 
does not give any good results. Other systematic errors models given in the work 
(Fotopoulos, 2003) are not applicable in this case. 
 Estimated error of calculated ∆W parameter is of the order of 0.02 m2s-2 (2 mm) in 
the case of POLREF and ASG-EUPOS and 0.03 m2s-2 (3 mm) in the case of EUVN-
DA. 
 It is necessary to conduct further work, which will consist, among others, in the 
determination of ∆W by other methods and the use of other systematic error models. 
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