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Abstract 
Currently do not take into account the possibility of constructing a separate supply of the product optimal 

designs for suppliers and consumers. This impedes the development of optimized traffic flow in the country. 

The proposed method of structural optimization allows to find a compromise plan for optimal delivery of 

products. 

 

 

Introduction 

The key feature of transport problems is that the 

objects are homogeneous and interchangeable plan 

on how to use. Distribution is only one type of  

resource, of which each unit depending on the loca-

tion of its original location and place of its intended 

use receives a different estimate of the total cost of 

delivery.  

Transport problems are solved using two meth-

ods: the simplex method and the method of poten-

tials. Both methods yield the same optimal solu-

tions that are independent of the will of researchers 

to the interests of either suppliers or consumers.  

When solving real-world transportation prob-

lems such “optimal” solution would be virtually 

impossible to implement because providers and 

recipients of products are well informed about mar-

ket prices, transportation and production, and no 

“optimal” or “expert” methods of delivering their 

products can not force them to adopt economically 

disadvantageous decision.  

The method of structural optimization, used for 

solving transport problems and developed by the 

author of this work, helps to avoid these shortcom-

ings and find a compromise solution.  

When using this method, the phrase “... the best 

structure ...” should be understood as an optimal 

scheme of processes (options for delivery of  

products), which ensures compliance with given  

constraints on supply and demand of products at the 

lowest cost of transportation. An algorithm of the 

structural optimization method and the results of its 

use are illustrated in this paper on the examples of 

problem solving number 85 and number 71 from 

the textbook [1]. 

Exercise number 85. Machining Division has at 

its disposal three machines: M1, M2, M3 which can 

produce four kinds of details: D1, D2, D3, D4. Time 

spent (in minutes) is given in the table 1. 

Table 1. The time these machines need to produce one piece of 

each type details 

Machines 
Details 

D1 D2 D3 D4 

M1 5 2 10 12 

M2 10 8 2 5 

M3 15 1 5 5 

 

The acceptable working hours of machine tools 

(indicator Ai) equals for the tool: А1 – 2500 min, А2 

– 10000 min, А3 – 2400 min. The planned produc-

tion of tools (indicator Bj) equals: В1 – 200 pieces, 

В2 – 800 pieces, В3 – 200 pieces and В4 – 600 piec-

es. The task is to distribute the production of parts 

for machine tools so as not to exceed the time limit 

the use of machinery to ensure the planned volumes 

of production parts are reached, taking the optimi-

zation criterion as the minimum total time of using 

the machine tools.  
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Solution. 

According to the optimization criterion, the 

mathematical model takes the following form: 
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with constraints: 

1) 2500121025 14131211  xxxx  

2) 0001052810 24232221  xxxx  

3) 24005515 34333231  xxxx  

4) 200312111  xxx  (2) 

5) 800322212  xxx  

6) 200332313  xxx  

7) 600342414  xxx  

where: 

aij – amount of time (min) of i tool (supplier) 

for production of one detail of j type (for j 

consumer); 

хij – amount of detail j type (for j consumer), 

produced on i tool (delivered by i supplier).  

After solving the problem with the simplex 

method we have: F(xij) = 5200, when the value of 

variables are: х11 = 200, х23 = 200, х24 = 600 and 

х32 = 800. 

Consider a solution of this problem provided 

that the optimization is carried out in the interests 

of consumers of parts. In this case, the process of 

finding the optimal solution will consist of two 

steps: 

The first step. Set priorities for each j consumer 

(the problem is consumers are details) for the ser-

vices i suppliers (i.e. the processing time of details): 
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Obviously, the greater the Pi(j) (Table 2), the 

higher the priority of the provider details. There-

fore, the criterion of cost optimization for the pro-

duction of details can be given by the following 

function: 

 max)( )(  
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where v = 1 for admissible, under the assumed con-

straints, technological methods of delivery, with 

highest priority. 

Step 2. Determine the optimum distribution of 

volumes (Xij) of details j in each of the machines i 

according to the maximum value of criterion (3) for 

every product. In table 2, the values of these quanti-

ties are marked with “*”. As for the details of D4 

priorities of its production on machine M2 and M3 

are equal, then the output of this part should be 

planned on a machine which is the least utilized in 

the production, which in this example, happens to 

be machine M2. The resulting optimal (from the 

point of consumers of these details) distribution of 

production and supply of details for machine tools 

is given in table 3. 

Table 3. Optimal distribution details to customers 

Machines 
Details 

D1 D2 D3 D4 

M1 200    

M2   200 600 

M3  800   

 

The total minimum processing time of parts 

F(xij) is: 

 min.520030004008001000)( ijxF  

However, the obtained solution represents only 

the interests of one side – details of consumers who 

are interested in reducing production cost. Another 

aspects of this example are the parts suppliers, 

which, in turn, are more interested in the rational 

(economical and uniform) using equipment owned 

by them. Therefore, for producers of the details 

function optimization (4) becomes (5): 
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The distribution of the details to the criteria (5) 

under constraints (2) in this case can also be real-

ized in two steps: 

Step 1. Setting priorities (P(i)j)
1 of i machines2 

during the processing of the details of j type that are 

provided in table 4. 

In table 4 the sign “*” marks the best options of 

distributing of details for production on machines. 

                                                      
1 In this example, the maximum release of details of 

various types on a particular machine, but in general – 

limiting shipments of similar products each supplier. 
2 Assume that the machines available for leasing. 

Table 2. The values of individual priorities (Pi(j)) for j compo-

nents 

Machines 
Details 

D1 D2 D3 D4 

M1 40* 400 20 50 

M2 20 100 100* 120* 

M3 13.3 800* 40 120* 
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Table 4. Priorities for the production of details in each of the 

machines 

Machines 
Details 

D1 D2 D3 D4 

M1 500 1250* 250 208,33 

M2 1000 1250 5000* 2000 

M3 160 2400* 480 480 

 

Step 2. Allocate production of details for the 

machines of given the values found priorities. For 

machines M2 follow to be fixed as production  

details D1 (P2(1) = 1000) and details of D4 

(P2(4) = 2000).  

Given that the production of details D2 is bene-

ficial for the specialization of the two machines  

(M1 and M3), the distribution of production details 

D2 between them should be made proportional to 

the values of the priorities of these machines in the 

production of each of the details. So, if necessary, 

the production of j details on two machines (k and 

l) the distribution of production volumes of details 

should be made according to formulas (6). 
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In this example, the distribution of production 

details D2 between M1 and M3 will be respectively 

274 units [800∙1250/(1250+2400)] and 526 details 

(800 – 274). The distribution of the planned  

production volume details D2 and other details are 

given in table 5. 

Table 5. The optimal production plan for suppliers of details 

Machines 
Details 

D1 D2 D3 D4 

M1  274   

M2 200  200 600 

M3  526   

 

Total minimum time of machine utilization will 

be in this case: 

 
min.647450600
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If you compare the options plans submitted in 

tables 3 and 6, bearing in mind the time of machine 

utilization, it can see that the optimization accord-

ing to criterion (6) really reflects the interests of the 

owner of machines (the manufacturer): the total 

time of machine utilization increased by 1.25 times 

(6474:5200), as a result of increased production on 

M2, i.e. the machine that has the highest time of 

utilization. At the same time increased the volume 

of deliveries of products from the machine M1 from 

200 to 274 parts. 

It is obvious that such a large discrepancy  

between the best possible solutions to this problem 

for suppliers and consumers will be the main details 

of the reason why none of the optimal design of 

delivery details will not be realized. 

However, both parties involved in solving this 

transportation problem and its solution should 

equally consider the interests (priorities) of both 

suppliers and customers of products. Therefore, the 

calculation of the absolute priorities for the general 

options under consideration, the supply of products 

to solve transportation problems by structural opti-

mization should be performed according to formula 

(7): 
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In this case, function optimization (vij) takes 

the form: 
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Note, that this method does not prioritize the 

obvious advantages to any of the players in this 

process. In its final form of an algorithm for solving 

transport problems by the method of structural op-

timization can be given by: 

The first step. Setting priorities (Pij) of techno-

logical solutions to problems using the formula (8), 

given in table 6. 

Table 6. Unconditional priorities of technological options for 

production and delivery of details  

Machines 
Details 

D1 D2 D3 D4 

M1 540 1650 270 258,3 

M2 1020* 1350 5100* 2120* 

M3 193,3 3200* 520 600 

 
The second step. Distribution of the production 

of parts for the machine tools, according to the 

maximum value of Pij (in a decreasing order), 

which are priorities in the table marked with “*”. 

The optimal solution, obtained taking into account 

the absolute priorities, is given in table 7. 

Table 7. Combined optimal production and delivery details 

Machines 
Details 

D1 D2 D3 D4 

M1     

M2 200  200 600 

M3  800   
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The total minimum processing time of details 

F(xij) amount in this case to: 

 min.620030004008002000)( ijxF  

The resulting optimal plan not only reflects the 

needs of the details to minimize the processing 

time, but will also make one machine (M1) redun-

dant. 

Exercise number 71. A manufacturer of build-

ing materials have three warehouses (W1, W2, W3) 

in different parts of the city provides bricks to com-

pany, which constructs apartments in four different 

villages (V1, V2, V3, V4). In warehouses located 

respectively 100, 50 and 80 thousand brick, and 

construction sites needs account for respectively 40, 

70, 30 and 50 thousand bricks. 

The costs of the construction firm to deliver one 

thousand bricks from the warehouses to construc-

tion sites are shown in table 8. The cost of storing 

a thousand pieces of brick in warehouses is 10, 12.5 

and 10 PLN. 

Table 8. Costs (in PLN for 1 thousand pieces) for the various 

technological options for delivery of bricks 

Warehouse 
Villages 

V1 V2 V3 V4 

W1 45 70 75 65 

W2 35 75 40 15 

W3 25 15 50 60 

 

According to the prior arrangements village V1 

should receive no less than 30 thousand pieces of 

bricks from the warehouse W1, village V2 – 35 

thousand pieces from the warehouseW1, and V3 –10 

thousand pieces from the warehouse W2 and no less 

than 10 thousand pieces from warehouseW1. 

Taking into account the submitted data the plan 

of the brick traffic providing with the minimum 

transportation costs and storage costs should be 

drawn. 

One more question to answer is what transporta-

tion and storage costs would be if preliminary ar-

rangements failed. 

Solution. Given the preliminary arrangements 

for mandatory supply of brick from warehouses to 

consumers, brick warehouses which are free to 

distribute stock (Аi*), constitute (in a thousand 

pieces): in warehouse W1 – 25(100 – 30 – 35 – 10); 

in warehouse W2 – 40(50 – 10) and W2 in ware-

house – 80 thousand of pieces of bricks, and the not 

yet met needs (Bj*) in a building sites will be re-

spectively: 10(40 – 30), 35(70 – 35), 10(30 – 10 – 

10) and 50. The overall cost of preliminary agree-

ments reached 4950 thousand PLN (30∙45+35∙70 

+10∙75+10∙40). Taking into consideration the  

preliminary agreements, the transport problem 

takes the form presented in the table 9. 

Table 9. Transportation costs of one thousand bricks and the 

remaining bricks in warehouses (Аi*) and yet not met needs for 

brick in villages (in Bj*) 

Warehouse 
Villages 

Аi* 
V1 V2 V3 V4 

W1 45 70 75 65 25 

W2 35 75 40 15 40 

W3 25 15 50 60 80 

Вj* 10 35 10 50 × 

 

The first step. Setting priorities (Pij) of techno-

logical solutions to this problem according to  

formula (8). The priorities are presented in the table 

10.  

Table 10. The values of the absolute priorities of different 

technological delivery variants for previously not conducted 

deliveries 

Warehouse 
Villages 

V1 V2 V3 V4 

W1 0.778 0.875 0.600 1.154 

W2 1.428 1.000 1.250 6.000* 

W3 3.600* 7.667* 1.800* 2.167 

 

The table 10 the symbol “*” denotes given vari-

ants of maximum distribution. The result of this 

allocation is given in table 11. 

Table 11. The preliminary plan of optimal supply of yet unde-

livered bricks 

Warehouse 
Villages 

V1 V2 V3 V4 

W1     

W2    40 

W3 10 35 10  

 

The second step. Since the distribution in the 

supply of bricks for the maximum values of the 

absolute priorities of the technological methods of 

delivery of bricks produced in the first step of cal-

culations (Table 10), did not provide full size re-

quirements in the supply of bricks to village V4 

(P3;4 = 2.167). The missing bricks in need for this 

village in order of priority can be supplied from 

stock W3. 

Table 12. The optimal supply plan balances the need for bricks 

Warehouses 
Consumers 

Аi* 
V1 V2 V3 V4 

W1     25 

W2    40* 40 

W3 10* 35* 10* 10* 80 

Вj* 10 35 10 50 × 
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For technology options identified in the table 12 

the symbol “*” needs and supplies of brick are 

equal with the possibilities of meeting them. 

If we add to the amounts in table 12 given the 

preliminary arrangements which have already taken 

place, the full amount of the optimal supply of 

bricks takes the form shown in the table 13. 

Table 13. The optimal version of the plan delivery of bricks  

(in thousands) taking into account pre-arrangements 

Warehouses 
Consumers 

Аi* 
V1 V2 V3 V4 

W1 30 35 10  100 

W2   10 40 50* 

W3 10 35 10 10 80 

Вj* 40* 70* 30* 50* × 

 
As follows from the data presented in table 13 

the possibilities of warehouses W1 and W2 have not 

been fully utilized. The remains of bricks in those 

stocks account for 25 and 15 thousand units,  

respectively. And the annual storage costs amount 

to 400 thousand PLN (10∙25+10∙15). The total min-

imum cost of transporting the bricks in the  

optimal version of the plan will be: 

 

PLNthousands7425
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It should be noted that this option is the optimal 

plan which was presented in table 13 coincided 

with the version of the plan calculated with the 

simplex method. 

The additional question of Exercise 71 con-

cerned the transportation and storage costs if the 

preliminary arrangements failed. The answer to this 

question using the structural optimization method 

can be obtained on the basis of complete (without 

the preliminary arrangements) values of the abso-

lute priorities listed in table 14. 

Table 14. The values of the absolute priorities of different 

technological delivery variants for previously without the 

preliminary arrangements 

Warehouses 
Consumers 

V1 V2 V3 V4 

W1 3.11 2.43 1.73 2.31 

W2 2.57 1.60 2.00 6.67 

W3 4.80 10.0 2.20 2.17 

 
Then the optimal delivery plan formed in the or-

der of decreasing absolute priorities, i.e. by (8), 

takes the form presented in table 15. 

Table 15. The optimal program of bricks delivery without prior 

agreement, drawn up by structural optimization method 

Warehouses 
Consumers 

Аi* 
V1 V2 V3 V4 

W1 30 0 30 0 100 

W2 0 0 0 50 50* 

W3 10 70 0 0 80* 

Вj* 40* 70* 30* 50* × 

 

Given this concrete version of the plan, the 

transportation charges will be: 

PLNthousands5650

15702510155075304530)(
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At the same time storage charges of the remain-

ing bricks in the stock W1, i.e. 40 thousand pieces 

will be 400 thousand PLN (40∙10), and the total 

costs of storage and transportation – 6050 thousand 

PLN. 

It should be observed that by solving this prob-

lem by the simplex method (Table 16) the total 

costs of brick storage and transportation would 

amount to only 6000 thousand PLN. 

Table 16. The optimal program of brick delivery without prior 

agreement, drawn up by the simplex method 

Warehouses 
Consumers 

Аi* 
V1 V2 V3 V4 

W1 40 0 20 0 100 

W2 0 0 0 50 50* 

W3 0 70 10 0 80* 

Вj* 40* 70* 30* 50* × 

 

Although in this “optimal solution” the levels of 

brick delivery from W1 and W3 are the same, their 

costs are different. The total cost of transportation 

from the warehouse number 3 will increase by 250 

thousand PLN, and from the warehouse number 1 

on the contrary – will decrease by 300 thousands 

PLN. At the same time average of the costs trans-

portation thousand pieces of bricks from the ware-

house W1 to all the consumers [(45+70+75+65):4] 

are higher than the delivery costs from W3 

[(25+15+50+60):4] by 1.7 times and in this „opti-

mal solution” by 1.846 times!  

It is therefore evident that the solution of this 

problem of the simplex method or potential method 

would be unacceptable to consumers brick ware-

house W1, but because of this “optimal plan” will 

never be realized. 

Conclusions 

While summarizing the presentation of the 

method of structural optimization and examples of 
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its implementation, the simplicity and versatility of 

the method should be highlighted.  

As the examples presented in the paper have 

demonstrated, the method of potentials and the 

simplex method cannot be always successfully 

used.  

Because the transportation of products is con-

nected with costs which are paid by both consumers 

and distributors, then the distribution method 

should satisfy the needs and requirements of both 

parties involved in the transaction.  

The plan, drawn up using the criterion (8) does 

not only satisfy the needs of the parties of a con-

tract, but also better fits the financial conditions of 

the parties. 

The method of structural optimization can  

become an important argument while adopting  

mutually advantageous conditions in transportation 

transactions, but also the basis for determining  

social sanctions for violation of the rules of the 

optimal delivery of products in favor of either sup-

pliers or customers (the effects of monopoly of 

either producers or consumers). 
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