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Abstract 
The paper lists the problems hindering the use in business practices of the results of solving direct and inverse 

problems in linear programming. It is shown that overcoming these obstacles lies in the way of using of 

developed by the author and described in this paper method of structural optimization and algorithms for its 

implementation. Here are some examples of solutions by the method of structural optimization of production 

planning problems. 

 

 

1. The problems associated with the 
formulation and solution of linear 
programming problems 

It is known that a significant amount of produc-

tion planning problems can be represented as linear 

mathematical models of two types: primary and 

dual primary linear programming problems. 

It is believed that the solution of major problems 

in linear programming creates the necessary pre-

conditions to improve production efficiency: 

growth in revenues and profits or to reduce produc-

tion costs and process waste during its production. 

The dual linear programming problem is formed 

by the same regulatory framework as the main 

problem, in order to determine the system resource 

evaluation, named by their author, L.V. Kanto-

rovich, permissive factors or objectively deter-

mined evaluations (o.d. evaluations). 

According to L.V. Kantorovich [1, p. 155], and 

modern economists [2], market prices of resources 

used should approach o.d. evaluations, and the cal-

culation of o.d. evaluations for the full range of 

resources at the national level, these valuations are 

in a position to optimize business decisions and 

form the basis of optimal pricing. 

The methods of calculating o. d. valuations were 

proposed by L.V. Kantorovich as far back as 1939, 

but “pure victory” in the method of their calculation 

was gained by the simplex method in 1947 suggest-

ed by J.B. Dantzig [3, p. 79–86].  

Since then and until now the simplex method 

has been the primary method for solving linear 

programming problems, but hopes for its wide-

spread use are not justified. And it’s not in the di-

mension of the tasks of economic planning, but in 

the error of the economic prerequisites for the for-

mation of primary and dual linear programming 

problems, as well as features of the algorithm im-

plementation of the simplex method.  

Let us illustrate this by the example of choosing 

the optimal production plan, which is reproduced in 

a course book by V.L. Tarasov [4, p. 17]: 

Table 1. Baseline data for planning 

Recourses 
Stocks  

of resources 

Resource costs per unit  

of finished product 

Р1 Р2 

Labour 140 7 6 

Raw materials 64 4 1 

Equipment 64 1 4 

Gain on sale of units of finished  

goods in monetary units (m.u.) 
5 6 

 

The basic linear programming problem in this 

example is to determine the volumes of production 

(х1 and х2) of two products (Р1 and Р2) that maxim-

izes profits of an enterprise: 
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and for x1  0 and x2  0. 

Optimal solution to this problem by the simplex 

method [(F(х1, х2) = 124 m.u.] takes place when 

production volume х1 = 8, х2 = 14 and underutiliza-

tion of the second type of the resource amounts to 

18 units. 

In the course book by V.L. Tarasov a widely 

held view that the solution to the dual (for the 

main) linear programming problem consists in de-

termining the unit prices of each of the types of 

resources used y1, y2 and y3 is postulated, where the 

manufacturer’s gain from the sale of resources 

would be equal to the expected profits from the sale 

of finished products. 

A mathematical model of the dual linear pro-

gramming problem in this example is as follows: 
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for y1  0, y2  0, y3 0. 

In solving this dual problem by the simplex 

method the value of resource of o.d. valuations will 

amount to: y1 = 0.636; y2 = 0 and y3 = 0.545.  

According to the manual the objective function 

equal primary and dual problems [F(х1, х2,) = 

G(y1, y2, y3) = 124 m.u.] is the best confirmation of 

optimality and objective solutions to the problems, 

as well as economic values of the simplex method.  

However, there are problems precluding the use 

o.d. valuations of optimal pricing and restricting  

the ability of optimal planning and forecasting of 

economic situations on the basis of the simplex 

method. 

The problem of the first (epistemological) has 

four aspects. 

The first aspect. is the economic interpretation 

of the results of solving the dual linear program-

ming problem. 

So far o.d. valuations obtained by solving the 

dual problem of linear programming lose economic 

sense if the main criteria for optimization of the 

linear programming problem are: “to minimize pro-

duction costs”, “profit maximization”, “waste mini-

mization” or “faulty products”, as well as maximi-

zation and minimizing the values of social criteria.  

In all these cases the values found for the varia-

bles of the dual problem (o.d. valuations) have  

no economic sense, but are suitable for finding 

optimal solutions to the major problems in linear 

programming and, therefore, justify its original 

name, “resolving multipliers”. 

At the same time it is clear that implementing 

resources at such “cost” producers reclaim only the 

expected profit of 124 monetary units, and re-

sources used to obtain it will be given to the buyer 

“in a present that is” free of charge.  

The second aspect. The second aspect of this 

problem can be illustrated by the solution of  

(3)–(4). The economic meaning of o.d. valuations 

(y1, y2, y3), determined by solving this problem, 

could be interpreted as averaged of the two pro-

ducts share of the profits per unit of resources (first, 

second and third kind) and calculated taking into 

account available stocks of these resources. 

However, the obtained solution (y1 = 0.636; 

y2 = 0; y3 = 0.545) gives reason to believe that use 

of the second type of resource is not profitable. 

Since the error of this conclusion is obvious, there 

is a strong belief that o.d. valuation of the first and 

third types of resources are determined with errors. 

This situation is characteristic of the results of 

the simplex method in situations where an optimal 

solution does not provide full use of one or more 

types of resources allocated. And this is almost all 

derived solutions. 

The third aspect of this problem lies in the fact 

that keeper of resource planning quality depends 

not only on the completeness (mean percentage) 

use of available resources, but also on the degree of 

proportionality of the planned residual resources of 

their disposable availability. This proportionality 

ensures the completeness and stability of produc-

tion and consumption of production resources. 

Obviously, the more completely and fully avail-

able recourses will be used the higher the efficiency 

of the results of solving an optimization problem 

will be. 

An indicator of the completeness (proportion) of 

the means of achieving goals can serve as the 

measure of structural changes in the use of S avail-

able resources, which is zero in the case of com-

plete coincidence of the structure of available  

resources and the structure of their intended use: 
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where: di and di,o – the shares of individual types of 

resources in the total availability and projected 

consumption, respectively, i = 1...m. 

When selecting the most efficient method of 

solving one or another linear-programming the 

most effective method for solving a linear pro-

gramming problem can be made on the basis of the 

indicator Epr: 
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where: Σbi – the total amount of available re-

sources, and Σbi,о – the volume of their intended 

use. 

The smaller the value of the exponent Epr the 

better plan to assess the options available resources 

used to implement it. 

Since the value of the indicators S and Epr in 

solving the problem (5)–(2) by the simplex method 

was respectively 0.040 and 0.043 and using the 

method of structural optimization – 0.033 and 

0.036, the practical implementation should take 

version of the plan calculated by the structural op-

timization. 

The fourth aspect of the problem lies in the fact 

that production and hence the value of the objective 

functions in linear programming ultimately deter-

mine the structure and volumes of the resources 

available. Therefore, the magnitude of under-

utilization of productive resources should be con-

sidered as additional costs of production, which do 

not yield the desired result, or loss of production. 

These losses are not currently included in the eval-

uation of solutions of linear programming prob-

lems. At the same time, as in the data in table 2,  

using the simplex method, they can be significant. 

So, to solve the optimization problem for a system 

of constraints (11) the loss of 3.98-fold [(268–

192):(268–248.9)] exceeded the value of similar 

losses when using the method of structural optimi-

zation. Therefore, the linear-programming prob-

lems, involving the maximization of a criterion 

(profit, income, etc.), for a correct evaluation of the 

results of optimization of their value every time 

should be reduced by the total cost of underutilized 

resources, production, and by minimizing the opti-

mization criteria (tank waste, cost, etc.) – should be 

increased. 

Provided that the prices of each type of re-

sources are equal to one monetary unit, the sole 

criterion of optimization, which does not require an 

adjustment may be the criterion of maximizing the 

use of specified constraints (5). 
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In solving the simplex method of (5)–(2), the 

optimal values of the variables are as follows: 

х1 = 8, х2 = 14; the new value of the objective func-

tion that reflects the consumption of limited  

resources was 250 m.u., or 93.3% of the total  

volume (268 m.u.). 

In solving the problem (5)–(2) the method  

of structural optimization of the variables of:  

х1 = 11.519 and х2 = 9.895, while the consumption 

of scarce resources – 247.073 m.u., which repre-

sents 92.2% of their availability. 

These data indicate that the method of structural 

optimization is not only competitive, but also, as 

evidenced by the data in table 2, provides a more 

comprehensive and proportionate use of available 

resources. 

It remains to be further noted that o.d. valuations 

calculated by solving the direct problem of linear 

programming by simplex method with objective 

functions different from p. (5) have the same draw-

backs. 

The problem of the second (economic) has 

three aspects: 

The first aspect is that, despite the apparent ob-

jectivity of o. d. valuations in their calculation by 

the simplex method1, the optimal solution of the 

basic and dual linear programming problems are 

not identical as to economic results. 

As noted, by the solution of problem (5)–(2)  

by the simplex method the objective function  

F(х1, х2)* makes up 250 m.u. The first and third 

types of resources are fully utilized, and the second 

type of resource, only 72%. 

The dual (or inverse) problem (5)–(2) linear 

programming problem becomes: 

   min6464140,, 321321  yyyyyyG  (6) 

with constraints: 
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To solve this problem we use the simplex  

method for estimating the amount of resources: 

                                                      
1 It is believed that the evidence of this is the equality: 

F(х1, х2) = G(y1, y2, y3) = 250 m.u. 
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y1 = 1.682; y2 = 0; y3 = 0.227, and their total score 

G(y1, y2, y3)* = 250 m.u. 

However, the estimates of resources can not  

be called “objective” because a zero assessment  

(y2 = 0) was the used type of resource. Nor can it 

call these estimates “due” because adopted in the 

calculation of F(хj) market prices of resources used 

by all respects are not comparable with the esti-

mates of the same resources, optimizing criterion 

G(yi). 

Estimates, obtained by solving the inverse prob-

lems of linear programming method of structural 

optimization, can not be “objective” and “caused” 

the prices of the resources available, but they are 

closer in structure to the structure of the volumes of 

the resources available and allow us to trace the 

balance consumption. 

So, to solve this problem by (5)–(2) the values  

of the variables were as follows: х1 = 11.519 and  

х2 = 9.895, and F(х1, х2) = 247.1 m.u., as a result of 

decisions by the same method of (6)–(7) the values 

of resource estimates were: y1 = 1.212; y2 = 0.693; 

y3 = 0.759, and the total resource estimate – the 

value of G(y1, y2, y3)* = 262.61 m.u. 

The difference in these estimates of output and 

costs in resources occurred: 

– The amount ∆G1 = (С1* – С1)Х1* = (12.014–

12.0)·11.519 = 0.16 as a result of overestimation 

of the optimal solution standard С1* = 12.014 

compared to its initial value of С1 = 12; 

– The value of the cost of the unused part (resi-

due) of the second type of resource in the 

amount of ∆G2 = (64–55.97)·0.693 = 5.57; 

– The value of the cost of the unused part (resi-

due) of the third type of resource in the amount 

of ∆G3 = (64–51.10)·0.758 = 9.78. 

As a consequence, we have the result:  

 G(y1, y2, y3)* – ∆G1 – ∆G2 – ∆G3 = F(х1, х2)* 

or 262.61 – 0.16 – 5.57 – 9.78 = 247.1 m.u., 

which can not be obtained when using o.d. valua-

tions calculated by the simplex method. 

The second aspect of the problem lies in the fact 

that the use of o.d. valuation as a tool of market 

prices or their adjustment go counter not only  

to economic theory, but also to common sense, 

because: 

– Market prices of resources used are known, as 

a rule, before solving linear programming prob-

lems and can not be changed; 

– The use of dual estimates to determine the  

projected market prices also futile, since their 

values are determined by the availability of  

resources and completeness of certain industries, 

rather than quantity of socially necessary costs 

of production. For this reason, the found o.d. 

valuations of the resource are not comparable, 

even for companies that produce homogeneous 

products. 

To illustrate this let us assume that in this exam-

ple the average market value of the resource units 

are as follows: for the cost of labor used at the  

enterprise in the conditional monetary units – 

3m.u.; for raw materials – 2 m.u.; and for equip-

ment – 3 m.u. 

There are three ways of forming conditions of 

the dual problem in order to get o.d. valuations.  

The first variant involves a determination of o.d. 

valuations resource estimates based on the expected 

(planned) market prices for goods produced in 

monetary units, to ensure that producers receive the 

planned profit for each unit of production. 

Because of the technological costs of production 

(in physical units) and the profit per unit of output 

(in monetary units) given to us, given the price 

received per unit of each type of resource, the mar-

ket value per unit of output Р1 will be 37 m.u.  

(7·3+4·2+1·3+5), and of a unit Р2 – 38 m.u. 

(6·3+1·2+4·3+6). In this case the dual problem  

(3)–(4) becomes: 

   min6464140,, 321321  yyyyyyG  (8) 

with constraints:  
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and o.d. valuations calculated by the simplex meth-

od get the value: (y1 = 5.0; y2 = 0 and y3 = 2.0), 

which has nothing in common with the assumed 

market prices for the used types of recourses. 

According to the second variant o.d. valuations 

are used as indicators specifying initial market pric-

es for used recourses in connection with optimiza-

tion by the simplex method not of a profit but of 

revenue production. 

In this case, not only evaluation of products, but 

also the cost and availability of each type of re-

source use should be presented in monetary terms. 

As a result, the initial main task (1)–(2) becomes: 

   max3837, 2121  xxxxF  (10) 

for a given resource constraints:  
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and for х1 ≥ 0 and х2 ≥ 0: 
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and a dual problem (3)–(4) becomes: 

  min192128420,, 321321  yyyyyyG  (12) 

with constraints: 
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and if y1 ≥ 0, y2 ≥ 0, y3 ≥ 0. 

The solution by simplex method of (10)–(11) 

and (12)–(13) we have: F(х1, х2,) = G(y1, y2, y3,) = 

828; х1 = 8, х2 = 14, аnd y1 = 1.667; y2 = 0, 

y3 = 0.667. 

Obviously, using the obtained values of o.d. 

valuations for the adjustment of the prevailing mar-

ket prices for inputs used (y1* = 3.0·1.667 = 5.0; 

y2* = 2·0 = 0 and y3* = 3.0·0.667 = 2.0), obtained 

prices coincide with the values of o.d. valuations 

obtained in solving problem (8)–(9). Consequently, 

both considered versions of pricing production 

resources do not meet the economic principles of 

market prices – namely, their formation on the basis 

of socially necessary costs of production. 

The third variant provides for the formation of 

o.d. valuations values based on actual production 

costs, i.e. based on production costs. If in restric-

tions (13) profit is excluded from market prices Р1 

and Р2 and the latter equals actual technological 

production costs, i.e. 32 monetary units each, the 

o.d. valuations values calculated by the simplex 

method do not change significantly (they equal: 

y1 = 1.455; y2 = 0 and y3 = 0.485), which proves the 

fallacy of this variant of calculating o.d. valuations 

too.  

Consequently, the only solution to the second 

problem should be regarded as abandonment of the 

values of giving o.d. valuations any economic con-

tent and the postulated prospects for use in optimal 

pricing. 

The third aspect of the problem is that the re-

sults obtained, by using the simplex method, opti-

mal solutions can provide the required phase-out of 

the country of goods and services, and the ineffi-

cient use of certain resources. 

To better illustrate this, we shall add to the orig-

inal example one more manufactured product (P3) 

with a unit of each type of resource consumption 

and profit from the sale of a product unit of 7 m.u. 

As a result, the system (1)–(2) becomes: 

   max765,, 321321  xxxxxxF  (14) 

for a given resource constraints: 
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and for х1 ≥ 0, х2 ≥ 0, х3 ≥ 0. 

The optimal solution of (14)–(15), by the sim-

plex method (х1 = 0, х2 = 0 and х3 = 64) provides 

for the complete abandonment of production, P2, 

and P3, as well as makes full use of only the second 

and third types of limited resources. With this deci-

sion, the first type of resource will be used only in 

the amount of 64 natural units, which is less than 

half (45.7%) of its existence. 

It is important to note that the above optimal so-

lution of (14)–(15) does not change when you 

change the values of the coefficients Сj function 

(14) in a wide range, such as: 

 С1 = 1÷19 С2 = 6 and  С3 = 5 

 С1 = 1  С2 = 7÷28 and  С3 = 7 (16) 

 С1 = 1 С2 = 6 and  С3 = 7 ÷ ∞ 

At the same time if values of factors in the ob-

jective function are the following: С1 = 19, С2 = 6 

and С3 = 5, the system (14)–(15) will have two  

alternative optimal solutions with the same value of 

optimization criteria (F = 448 monetary units). The 

first decision will be the same as the one described 

above, and the second will provide the growth in 

usage of the first type of recourse up to 91.8%, i.e. 

twice.  

The highest disproportion in use and underutili-

zation of the volumes of limited recourses in the 

problem (14)–(15) will take place when factors’ 

values are: С1 = 1, С2 = 29 and С3 = 7. In this solu-

tion we have: х1 = 0, х2 = 16 and х3 = 0; the use of 

the first type of recourses will be only 68.8%, of the 

second one – 25%.  

These examples show that when using the sim-

plex method: 

1. The value of the coefficients of the objective 

function does not always determine the direction 

of finding the optimal solution. Since the opti-

mal solution cannot be changed by varying over 

a wide range of values of the coefficients of the 

objective function and vice versa - at the same 

values of the coefficients of the objective func-

tion may be different in terms of resource usage 

for optimal production. 

Those circumstances are an additional reason for 

the unsuitability of the calculated o.d. valuations 

for the solution of problems of optimal pricing. 

2. As we have shown the optimal production plans 

calculated the simplex method does not guaran-

tee stability, completeness and proportion of 

limited resources. At the same time a solution 

by (14)–(15) the method of structural optimiza-

tion will ensure that the available resources of 

the first species to 100%, the second – at 89%, 

and the third – to 81.4%.  
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3. The found optimal solutions allow the possibil-

ity of a complete ban on the implementation of 

the originally planned production methods. 

For example, any of the optimal solutions of 

(14)–(15), the simplex method for all considered 

values of the coefficients of the objective function 

(16) provides for waiver of use of first and second 

modes of production (х1 = 0, х2 = 0). 

This feature of the simplex method precludes its 

use in optimization problems with nomenclature 

mandatory (necessary range) of products or a set of 

technological methods of production without the 

introduction of mathematical models of linear pro-

gramming additional constraints on the values of 

variables.  

To estimate the computational capabilities of  

the simplex method, we introduce such restrictions  

on the values of variables and assume х1 ≤ 5 and 

х3 ≥ 10. The resulting system (14)–(15) becomes: 

   max765,, 321321  xxxxxxF  (17) 

with resource constraints: 
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and: х1 ≥ 0, х2 ≥ 0, х3 ≥ 0. 

But solving the problem (17)–(18) hasn’t made 

it possible for us to find a value of a variable х1 

different from null. Integrally the found solution to 

the system (18) doesn’t differ from the solution to 

the system (15) and values of the variables are: 

х1 = 0, х2 = 0 and х3 = 64. 

The solving of system (18) by the method of 

structural optimization is the following: х1 = 1.43, 

х2 = 12.37 and х3 = 13.1. 

When restrictions on the values of the variables 

(х1 = 5; х3 = 10), the solutions of (18) of the sim-

plex method and the structural optimization are the 

same: х1 = 5, х2 = 12.25 and х3 = 10. 

Given the above it can be noted that the for-

mation of the production plans from the standpoint 

of obtaining financial benefit employers covering 

their losses from a disproportionate and incomplete 

use of available resources, does not lead to an  

increase in the efficiency of production and wealth 

of the country, and serves as a source of uncon-

trolled growth imbalances of production and con-

sumption of certain industries and as a result of 

inflation and unemployment. 

Generalized notion of the comparative effec-

tiveness of the method of structural optimization 

can yield up the data in table 2. 

The presence of the described problems, and  

data table 2 show that the transition from using the 

simplex method to using the method of structural 

optimization in the development of production 

plans and programs of economic development will 

improve the use of the wealth of the country, as 

well as enhance the objectivity and unambiguity of 

economic decisions.  

The solution of linear programming method of 

structural optimization can be implemented in full 

(more accurate) and simplified (fast) algorithm for 

its implementation. 

Table 2. Evaluation results of the use of productive resources in the allocation of limited resources, by the simplex method (SM) and 

the method of structural optimization (MSO) 

Indicators 

Types of production systems and methods of planning 

System (2) System (11) System (15) System (18) 

SM MSO SМ MSO SМ MSO SМ MSO 

х1 8 11.519 8 10.02 0 7.11 0 5.0 

х2 14 9.895 14 11.67 0 7.11 0 6.64 

х3 – – – – 64 28.44 64 32.44 

d1 0.522 0.522 0.568 0.568 0.522 0.522 0.522 0.522 

d2 0.239 0.239 0.173 0.173 0.239 0.239 0.239 0.239 

d3 0.239 0.239 0.259 0.259 0.239 0.239 0.239 0.239 

d1,о 0.560 0.567 0.597 0.606 0.333 0.486 0.333 0.468 

d2,о 0.184 0.226 0.131 0.149 0.333 0.257 0.333 0.255 

d3,о 0.256 0.207 0.272 0.245 0.333 0.257 0.333 0.277 

Σbi 268 268 740 740 268 268.00 268 268 

Σbi,o 250 247.07 704 693.53 192 248.9 192 231.4 

Σbi,o : Σbi 0.933 0.922 0.951 0.937 0.716 0.929 0.716 0.863 

S 0.040 0.033 0.030 0.027 0.133 0.025 0.133 0.039 

Epr 0.043 0.036 0.032 0.029 0.186 0.027 0.186 0.045 
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Full implementation of the algorithm 
of structural optimization method for 
solving linear programming problems 

Each iteration of the algorithm of structural  

optimization consists of repeating the steps of  

calculations. 

Here are step by step presentation of the algo-

rithm implementation of structural optimization 

with the same example of a linear programming 

problem (5)–(2), namely: 

 max1112 21  xxF  
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for х1 ≥ 0 and х2 ≥ 0. 

Iteration I 

1. In the first iteration we determine and correct 

basic values 
)(k

ijX  for the following iterations. 

Where 
)(k

ijX  – coefficients of consumption 

structure of i-type of limited resource for every 

j-method of their use on k-type iteration: 

 




j

ij

ijk
ij

a

a
X )(  

Then for the resource restrictions (2) the values 

of basic coefficients 
)1(

ijX  will be:  

when  i = 1: 0.538; 0.462; 

 i = 2: 0.800; 0.200; 

 i = 3: 0.200; 0.800. 

2. In the linear programming problems with re-

strictions of “≤” type (maximizing the objective 

function), among the values found on each  

k-iteration for each j we find the minimum value  

( k
ij

i

k
j XX min)(  ), in problems with restrictions 

of “≥” (minimizing the objective function) – the 

maximum value ( )()( max k
ij

i

k
j XX  ). 

In this example the minimal values of 
)(k

jX  will 

be: 2.0)1(
1 X ; .2.0)1(

2 X  

We determine the need for the limited resources 
k
ib  with the found values of 

k
jX  by the formula: 

.)()( k
j

j

ij
k
i Xab   

6.22.062.071
1 b  

0.12.012.041
2 b  

0.12.042.011
3 b  

If the calculated values do not satisfy the given, 

it has to go to the next iteration of the algorithm of 

the structural optimization. 

Iteration II 

1. Adjust the values of the basic coefficients )1(
ijX

obtained in the previous step of calculations. In 

general case we have: 
k
ii

k
ij

k
ij bbXX  )()1(

 

In this example, the basic values of the coeffi-

cients, needed to implement the second iteration, 

that is values 
)2(

ijX  will be: 

when 

i = 1: 28.97 (0.538·140/2.6); 24.88 (0.462·140/2.6); 

i = 2: 51.2  (0.800·64/1); 12.8 (0.200·64/1); 

i = 3: 12.8 (0.200·64/1); 51.2 (0.800·64/1). 

2. 8.12;8.12 )2(
2

)2(
1  XX . 

3. 4.1668.1268.1272
1 b  

648.1218.1242
2 b  

648.1248.1212
3 b  

Calculations should be continued, because they 

did not comply with resource constraints. 

Iteration III 

1. When 

i = 1: 24.374 (28.97·140/166.4); 

 20.933 (24.88·140/166.4);  

i = 2: 51.2 (51.2·64/64); 12.8 (12.8·64/64);  

i = 3: 12.8 (12.8 64/64); 51.2 (51.2·64/64).  

2. ;8.12)3(
1 X   8.12)3(

2 X . 

3. 4.1668.1268.1273
1 b  

648.1218.1243
2 b  

648.1248.1213
3 b  

Calculations should be continued, because they 

did not comply with resource constraints. 

Iteration IV 

1. When 

i = 1: 20.507 (24.374·140/166.4); 

 17.612 (20.933·140/166.4);  

i = 2: 51.2 (51.2·64/64);  12.8 (12.8·64/64); 

i = 3: 12.8 (12.8·64/64); 51.2 (51.2·64/64). 

2. 8.12)4(
1 X ;  8.12)4(

2 X . 

3. 4.1668.1268.1274
1 b  

648.1218.1244
2 b  

648.1248.1214
3 b  

Calculations should be continued, because they 

did not comply with resource constraints. 
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Iteration V 

1. When 

i = 1: 17.253 (20.507·140/166.4); 

 14.817 (17.612·140/166.4); 

i = 2: 51.2 (51.2·64/64); 12.8 (12.8·64/64);  

i = 3: 12.8 (12.8·64/64); 51.2 (51.2·64/64).  

2. 8.12)5(
1 X ;  8.12)5(

2 X . 

3. 4.1668.1268.1275
1 b  

648.1218.1245
2 b  

648.1248.1215
3 b  

Calculations should be continued, because they 

did not comply with resource constraints. 

Iteration VI 

1. When 

i = 1: 14.516 (17.253·140/166.4); 

 12.467 (14.817·140/166.4);  

i = 2: 51.2 (51.2·64/64); 12.8 (12.8·64/64);  

i = 3: 12.8 (12.8·64/64); 51.2 (51.2·64/64).  

2. 
)6(

1X =12.8;  
)6(

2X =12.467. 

3. 402.164467.1268.1276
1 b  

667.63467.1218.1246
2 b  

668.62467.1248.1216
3 b  

Calculations should be continued, because they 

did not comply with resource constraints. 

Iteration VII 

1. When  

i = 1: 12.36 (14.516·140/164.402); 

 10.617 (12.467·140/164.402);  

i = 2: 51.468 (51.2·64/63.667); 

 12.867 (12.8·64/63.667);  

i = 3: 13.072 (12.8·64/62.668); 

 52.288 (51.2·64/62.668).  

2. 36.12)7(
1 X ;  617.10)7(

2 X . 

3. 222.150617.10636.1277
1 b  

057.60617.10136.1247
2 b  

828.54617.10436.1217
3 b  

Calculations should be continued, because they 

did not comply with resource constraints. 

Iteration VIII 

1. When 

i = 1: 11.519 (12.36·140/150.222); 

 9.895 (10.617·140/150.222);  

i = 2: 54.847 (51.468·64/60.057); 

 13.712 (12.867·64/60.057);  

i = 3: 15.259 (13.072·64/54.828); 

 61.035 (52.288·64/54.828).  

2. 519.11)8(
1 X ;  895.9)8(

2 X . 

3. 00.140895.96519.1178
1 b  

971.55895.91519.1148
2 b  

099.51895.94519.1118
3 b  

In total: 247.073 

In this iteration of the calculation process to be 

considered complete since the resource constraints 

are met and the next iteration does not lead to better 

utilization of limited resources. We denote the val-

ues of the variables that determine the optimal solu-

tion for linear programming via 
*
jX . Then we have 

*
1X = 11.519 and *

2X = 9.895. For given values of 

the variables the objective function (5) will be set:  

 F = 11.519·12 + 9.895·11 = 247.073 

and its value fully coincides with the value of the 

quantity of resources used. 

The results of solving other problems in linear 

programming method of structural optimization are 

presented in table 2. 

Notes to the structural optimization algorithm: 

1) If there are restrictions on the minimum val-

ues of variables (for example Xj ≥ M) resources 

required to implement the j – the mode of produc-

tion in a minimal volume of M should be reserved 

(to exclude them from being distributed) to the 

optimization problem, and after finishing optimiza-

tion the calculation of an optimal value of 

jX  

should be made: 

 

jX  = 

)(k
jX  + М (19) 

2) If there are restrictions on the ratio of the cal-

culated values of variables such as: 

 XKX v   (20) 

where: K – any number; 

definition of variables (Xv or X) should be made by 

the formula proceeding from the size of the variable 

that at the first iteration has had smaller value. 

3) If the value of a variable is bounded from 

above (Xj  M), then for values Xj
k > M on k-th 

iteration of the calculation should take Xj
k = M. 

4) When using this algorithm of structural opti-

mization method for solving problems with the 

restrictions type “” or “≤” there may be situations 

in which the results of the calculations do not pro-

vide the execution of one or more of such re-

strictions. In this case we should make a valuation 

of the calculated values of the variables Xj
(k) at the 

last iteration by the multiplying them by a normali-
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zation coefficient. The value of normalization coef-

ficient will be: 

 
)(

max
k
i

i

i b

b
  (21) 

where bi
* – the restriction values in linear pro-

gramming model, which require compliance with 

the conditions: bi
(k)  bi

* аnd when the actual calcu-

lated values are bi
(k) < bi

*. Optimal value in this case 

should be considered, the normalized values of the 

variables: 

  )()( k
j

n
j XX  (22) 

In the case of initial conditions bi
(k)  bi

* and 

calculated values bi
(k) > bi

* the normalization coeffi-

cient  should be calculated with by the formula: 

 
)(

min
k
i

i

i b

b
  (23) 

Important note: only those variables Xj
(k) that 

ensure compliance with the i – unsettled of resource 

constraints should be submitted to normalization. 

Example of calculation of o.d. valuations 
by the method of structural optimization 

Dual (or inverse) linear programming problem 

(5)–(2) is the problem (6)–(7): 

 G = 140y1 + 64y2 + 64y3 → min, 

with constraints: 7y1 + 4y2 + y3 ≥ 12 

 6y1 + y2 + 4y3 ≥ 11 

Iteration 1 

1. The calculation of initial (basic) coefficients’ 

values (Yij
(k)) of the consumption structure of i-th 

type of limited resources when there is j-th type 

of their using are defined according to the for-

mula 
)(k

ijY = 
j

ijij aa / , and at this iteration they 

will possess the value Yij
(1) and account 

for: i = 1: 0.583;  0.333;  0.084 

 i = 2: 0.545;  0.091;  0.364 

2. This problem has the aim of minimization of the 

efficiency function, so at this step of the calcula-

tion we should choose the value of the coeffi-

cient )(kjY
)(max k

ij
i
Y

 
from the found values of 

Yij
(k) for every j. In our example such values are:  

 583.0)1(
1 Y ; 333.0)1(

2 Y  and 364.0)1(
3 Y  

3. The calculation of the need of the limited re-

sources bi
k

 
when there are the found values of 

Yj
(k) according to the formula is )(k

ib = 

)(k
j

j

ij Ya  : 

 777.5364.01333.04583.071
1 b  

 287.5364.04333.01583.061
2 b  

The calculations should be continued because 

the liner limits are not complied. 

Iteration II 

The values Yij
(1) of the basic coefficients are cor-

rected according to the formula 
k
ii

k
ij

k
ij bbYY  )()1(

 

for: 

i = 1: 1.211 (0.583·12/5.777);  

0.692 (0,333·12/5.777);  

0.174 (0.084·12/5.777); 

i = 2: 1.134 (0.545·11/5.287);  

0.189 (0.091·11/5.287);  

0.757 (0.364·11/5.287)  

2. 211.1)2(
1 Y ;  692.0)2(

2 Y ;  757.0)2(
3 Y  

3. 002.12757.01692.04211.172
1 b  

986.10757.04692.01211.162
2 b  

The calculations should be continued, because 

the second constraint is not complied. . 

Iteration III 

The values Yij
(1) of the basic coefficients are  

corrected according to the formula  )1(k
ijY

k
ii

k
ij bbY )(  for: 

i = 1: 1.211 (1.211·12.0/12.002);  

0.692 (0.692·12.0/12.002);  

0.174 (0.174·12.0/12.002);  

i = 2: 1.135 (1.134·11.0/10.986);  

0.189 (0.189·11.0/10.986);  

0.758 (0.757·11.0/10.986).  

2. 211.1)2(
1 Y ,  692.0)2(

2 Y ;  758.0)2(
3 Y  

3. 003.12758.01692.04211.172
1 b  

99.10758.04692.01211.162
2 b  

The normalization of the values of the variables 

should be made for shortening the process of the 

calculation with the help of the formula (21) and 

(22). We have: 

 
)(

max
k
i

i

i b

b
 = 0009.1

99.10

0.11
 ; 

 212.1)(
1 nY ;  693.0)(

2 nY ;  759.0)(
3 nY ; 

 С1* = 12.014;  С2* = 11.0 
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A simplified algorithm for solving linear 
programming method of structural 
optimization 

Using a simplified algorithm includes the fol-

lowing steps: 

1. Calculation of the total intensity of the con-

sumption of scarce resources for each Aj for 

each technological mode (j) of consumption re-

strictions:

 
 

i

ijj aA  (24) 

2. Calculation of the limit values of prototypes 

restrictions Bi for each type of constraints:
 

  
j

jiji AaB  (25) 

3. Calculation of correction coefficients i values 

Aj: 

 
i

i
i
B

b
  (26) 

4. The choice of the limit value adjustment factor 

 *: 

4.1. For linear programming problems with con-

straints “≤”: 

 )(min*
i

i
   (27) 

4.2. For linear programming problems with con-

straints “≥”: 

 )max(*
i

i

   (28) 

5. Calculation of the values of the unknown linear 

programming problem: 

 
* jj AX  (29) 

6. We should determine resource requirements for 

the found solution of a linear programming 

problem: 

 



n

j

ijij bXa
1

 (30) 

7. Determining the value of the objective function: 

   j

n

j

j xCxF 
1

 (31) 

Consider the example of a simplified algorithm 

for structural optimization method (fast algorithm) 

on the example of a linear programming problem 

(5)–(2), namely: 

 F = 12х1 + 11х2 → max 

 7х1 + 6х2 ≤ 140 

 4х1 + х2 ≤ 64 

 х1 + 4х2 ≤ 64 

The implementation of the algorithm 

1. We have:  А1 = 7+4+1 = 12;  А2 = 6+1+4 = 11. 

2. We have:  В1 = 7∙12+6∙11 = 150;  

 В2 = 4∙12+1∙11 = 59;  

 В3 = 1∙12+4∙11 = 56. 

3. We have: 933.0
150

140
1  ; 085.1

59

64
2  ; 

 143.1
56

64
3  . 

4.1. For this problem we have:  * = 0.933. 

5. We have: 196.11933.0121 X ; 

 263.10933.0112 X . 

6. We have: 7∙11.196 + 6∙10.263 = 140.0  

 4∙11.196 + 1∙10.263 = 55.05 

 1∙11.196 + 4∙10.263 = 52.25 

7. We have: F = 12х1 + 11х2 = 12∙11.196 +  

 + 11∙10.263 = 247.245  

An implementation of the solution of linear pro-

gramming (6)–(7): 

 G = 140y1 + 64y2 + 64y3 → min 

 7y1 + 4y2 + y3 ≥ 12 

 6y1 + y2 + 4y3 ≥ 11 

using a simplified method of structural optimization 

algorithm becomes: 

1. We have: А1 = 7+6 = 13;  А2 = 4+1 = 5; 

 А3 = 1+4 = 5. 

2. We have: В1 = 7∙13 + 4∙5 + 1∙5 = 116; 

 В2 = 6∙13 + 1∙5 + 4∙5 = 103 

3. We have: 1034.0
116

12
1  ; 

 1068.0
103

11
2  . 

4. Given the type of restrictions for a given task 

(“≥”), we have:  * = 0.1068. 

5. We have: 388.11068.0131 Y ; 

 534.01068.052 Y ; 

 534.01068.053 Y . 

6. Limit values for the found solution of a linear 

programming problem is:  

7∙1.388 + 4∙0.534 + 1∙0.534 = 12.386 

6∙1.388 + 1∙0.534 + 4∙0.534 = 10.998. 

7. The objective function:  

G = 140∙1.388 + 64∙0.534 + 64∙0.534 = 262.672 
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These examples show that a simplified algo-

rithm for structural optimization method allows to 

obtain sufficiently accurate solutions of any system 

of linear inequalities and linear programming prob-

lems involving optimization of the use of specified 

limits. 

Conclusions 

Summarizing the presentation of the method of 

structural optimization, algorithms and examples of 

its implementation we should note its simplicity, 

versatility, and there is no alternative when looking 

for solutions of systems of linear inequalities. It 

ensures the fullest use of the specified limits.  

Of particular note is that any performance crite-

ria or significance of the technological methods – 

the coefficients of the objective function – used in 

linear programming are counter-productive to effi-

ciency criterion of specified constraints. The objec-

tivity of this postulate is confirmed not only by the 

examples in this, but the very fact of their limita-

tion. Moreover, the growth of national wealth is 

provided only by those entrepreneurs who are prof-

iting from increased production volumes in the 

basic cost of production, but not at the expense of 

their savings and release. 

To assess the practical implementation of this 

principle, when comparing versions of plans drawn 

up by different methods in this paper, a comprehen-

sive indicator of the effectiveness of planning cal-

culations – Epr. The advantage of index Epr is that 

its magnitude is proportional to the magnitude of 

possible losses from incompleteness, and incom-

pleteness of the use of available resources, i.e. those 

factors that represent resource losses in the process 

of economic planning, but still not used in the crite-

ria of quality planning decisions. Therefore, the fact 

that the method of structural optimization can im-

prove (reduce) the value of those indicators in the 

same volumes of the resources of production sug-

gests a high efficiency and the prospects of using 

the method of structural optimization for solving 

linear programming problems of production and in 

the process of economic planning. 

To date, structural optimization method is the 

only instrument capable of ensuring the implemen-

tation of production planning principle of demo-

cratic centralism, i.e. conditions under which the 

optimization of the plans of the individual manufac-

turers will provide the optimal development of so-

cial production in the country. 

The results of using the method of structural op-

timization can also serve as a tool to clarify the 

validity of estimates of the cost-effectiveness of 

innovations. To do this, the calculated values of the 

cost-effectiveness evaluations of innovations will 

reduce the amount of growth of production costs in 

the optimal plan, or increase the assessment of the 

economic effect on the magnitude of their reduc-

tion. 
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