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The state of knowledge in the field of conversion of energy of mechanical vibrations 
into electrical energy using nonlinear electromagnetic generators is presented. The 
principle of operation of the considered converters is based on the Faraday law. The 
electromotive force is induced by the relative movement of the coil or permanent 
magnets under impact of externally applied vibrations. In order to diminish the 
disadvantages of conventional generators, namely the narrow frequency bandwidth, in 
recent years the nonlinear systems were introduced that exhibit the nonlinear resonance 
phenomenon. Broadening the frequency bandwidth, in which the power generated by 
the system is relatively high, is realized via introduction of nonlinear force into system 
kinematics. Designing such systems becomes a big challenge. Based on thorough 
survey of recent publications as well as on own expertise in the field, the work 
compares a few concepts of nonlinear electromechanical minigenerators in term of their 
functional characteristics and design problems. Sample calculations of frequency 
characteristics using time- and frequency-domain models are presented. 
 
KEYWORDS: energy harvesting, nonlinear resonance, bistability, electromagnetic 
induction 
 

1. INTRODUCTION 
 
 Harvesting energy from sources available in the environment, has recently 
attracted considerable attention [1, 2]. This fact is related with continuously 
increasing number of wireless systems requiring complete autonomy of power 
supply as well as with the need to increase the share of renewable systems in 
generation of electric power. One of the most widespread are the systems 
harvesting energy from mechanical vibrations [1] as the sources of vibrations 
are present in almost every environment. The most commonly considered type 
of vibration energy harvesters are the inertial ones which use a few kinds of 
physical phenomena for conversion of vibrations into electricity, namely: 
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electromagnetic, piezoelectric, magnetoelectric and electrostatic [1, 2]. This 
work focuses on the electromagnetic generators which are characterised by the 
highest power density per unit volume and relatively high currents and the 
output voltages of nearly 1 V [2]. The main disadvantage of such systems 
relates with the need to design the mechanical system of the harvester so as its 
structural resonance frequency matches frequency of the external vibrations. A 
configuration of the kinematics of such the system is presented in Fig. 1. The 
vibrations are applied to the moving base which moves with respect to the 
reference point along y axis. The relative motion z(t) of mass m is limited by 
stiffness k and damping d of the spring element that connects vibrating mover 
with permanent–magnets with the base. As the permanent–magnets move with 
respect to the coil fixed to the base the back–emf  is induced in the winding. 
The equations of electromechanical balance for the considered systems are in 
form [2] 
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where, F(t) is the total applied force, Lc and Rc the coil inductance and 
resistance, respectively, RL the load resistance and i(t) the electric current 
through the coil winding.  
 The theoretical point of maximum generated electrical power is reached 
when the frequency of the excitation force matches the structural resonance 
frequency given by 
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Fig. 1. Kinematics of linear electromagnetic vibration energy harvester 
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Figure 2 displays typical frequency characteristics of the linear harmonic 
oscillator for two magnitudes of the excitation frequency. Theoretically in this 
type of harvesters the resonance frequency depends only on the mechanical 
structure of the system that determines the stiffness k. In practice, beside the 
externally applied excitation force Fext(t) the total force F(t) contains the 
electromagnetic force Fe(i) produced by the action of the magnetic flux on 
current. The latter affects the stiffness of the system. As a consequence, even 
though the kinematics does not contain any nonlinear components, the system 
characteristics expose weak nonlinear effects [8]. 
 

 
 

Fig. 2. Frequency characteristics of linear harmonic oscillator for two magnitudes  
of the external force  

The majority of sources of mechanical vibrations have the non–stationary 
frequency–rich spectra [1, 2, 3]. The only ways to tune the harvester with 
respect to the signal is to change the number of turns in the coil and the load 
resistance, but both are the same extremely impractical, if not impossible 
methods [3]. The latter was the motivation to focus attention on nonlinear 
systems, where the frequency bandwidth is wider than in the linear systems. 

 
2. NONLINEAR ELECTROMECHANICAL MINIGENERATORS 

 
2.1. Concepts and structures 
 

The nonlinear electromechanical minigenerators excited with permanent 
magnets develop the internal force Fmag that makes impact on the overall 
stiffness of the system. This force is brought by action of the magnets on the 
ferromagnetic core [4] or by action of the magnets on another magnets [5]. This 
effect can also be accomplished by utilisation of pure mechanical effects such as 
those produced by the guided beams [6].  

In this work we focus the attention of systems where the nonlinearity is 
brought by the electromagnetic force. Figure 3 displays the kinematics of the 
nonlinear harvester, where the spring constant is augmented by the nonlinear 
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stiffness kmag(z) dependent on the displacement. In such case the equations of 
electromechanical balance are in form 
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where  is the flux linkage of the coil. Equation (3b) is a more general case 
which takes account for systems where the nonlinearity is brought by action of 
the magnets on the ferromagnetic core [4]. The relationships are nonlinear not 
only due to kmag(z) = Fmag/z, but also to (i,z). If the second case is considered, 
namely when the nonlinearity is a result of force between magnets without the 
presence of ferromagnetic core, the flux linkage  is decoupled from current, 

then cLconst
i



  which greatly simplifies the designing process. When 

neglecting the impact of electromagnetic force due to current coupled with , 
damping d, and assuming that z(t) is a single–harmonic function of time, 
equation (3a) has the following nonlinear eigenvalue 
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where 
~

rf  is the time–averaged frequency, and Z the magnitude of displacement.  
The resonance frequency that the system would exhibit neglecting the 

nonlinear effects is that given by (2) and is called the natural frequency fn. From 
(4) it is clear that the frequency has to be found iterating between solution of (3) 
and equation (4). In many cases the force can be approximated by the 
polynomial [7] 

3
21)( zkzkzFs           (5) 

making possible to apply the existing theory of the nonlinear oscillator based on 
the Duffing equation [7].  
 

 
 

Fig. 3. Kinematics of nonlinear vibration energy harvester 
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Usually the magnetic system that is responsible for relationship (5) can be 
reconfigured such that coefficients a and b can be positive or negative. With 
respect to system kinematics the nonlinear stiffness causes the hardening 
(kmag(z) > 0) or the softening action (kmag(z) < 0). Figure 4a depicts the 
theoretical frequency characteristics for both cases. The complexity of the 
frequency characteristics is beyond the dependence of the resonance point on 
the magnitude of the external force. The force (5) is a non–monotonic function 
of displacement which causes complex behavior of the frequency 
characteristics. When the force reaches the knee point, the characteristic 
experiences a jump o value. The jump appears at different points when 
increasing or decreasing frequency. Another consequence of this phenomenon is 
thus the hysteresis of the characteristics as explained by arrows in Fig. 4.  
 

 
 

Fig. 4. Frequency characteristics of nonlinear oscillators: a) for hardening and softening magnetic 
stiffness, b) for softening magnetic stiffness and the two different magnitudes of external forces  

 
In the beginning of the XXI century some configurations of nonlinear 

harvesters were presented. One of the proposed systems had a single 
permanent– magnet connected to a stretching membrane that brought nonlinear 
stiffness into system kinematics [8]. Work [9] presents the results of 
mathematical modeling of a nonlinear electromechanical generator, composed 
of the two permanent–magnets connected to the base and the two moving in a 
tube with a coil wound on the surface. The model used a single equation of 
motion where the results of the 2d finite element computations of the magnetic 
force were used. The impact of the load resistance was investigated. The 
maximum determined power was equal to 6 mW. Works [10] and [11] present a 
low–frequency harvester. The construction uses a moving coil and stationary 
magnets. The nonlinearity is brought by nonlinear spring made of a special 
polymer. Works [6] and [12] present another solution, in which the nonlinearity 
is brought by the guided beam. There also examples of hybrid generation 
systems such as that in [7, 13] where the nonlinear beam made of a piezoelectric 
material increases the amount of the generated power. Another group are 

a)                              b)                              
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systems combining the nonlinear stiffness of mechanical and magnetic origins 
simultaneously [14]. Widening the frequency bandwidth is due to the system 
bistability caused by the magnetic forces and mechanical stretching. Works [5, 
15] presents such the system designed for the operating frequency equal to  
35 Hz that has the frequency bandwidth wider by some 5 Hz with respect to 
linear system. Configuration of such the harvester is depicted in Fig. 5. 

 
 

Fig. 5. Nonlinear vibration energy harvester with bistability caused by magnetic force [5] 
 

A generator with stationary coil and the ferromagnetic core was presented in 
[16, 17]. By means of coupled analysis using partial finite element 
computations and the dynamic equation of motion it was demonstrated that the 
frequency bandwidth can be as much as 30 Hz wide. It is also shown that at 
higher frequencies the system exhibits chaotic motion. A modified version of 
such the generator is presented in [18]. Another example of the system with 
nonlinearity brought by the magnetic forces is presented in [19]. The considered 
systems consists of a singly supported cantilever beam with permanent–magnet 
attached to the end. The coil is attached to the base. The generator uses 
additional "magnet–on–magnet" system to bring the nonlinearity. The vibrating 
beam is covered with the piezoelectric material to increase the efficiency of 
harvesting. The system of this type constructed by the authors [4, 20, 21] is 
shown in Fig. 6. 
 

 
 

Fig. 6. Electromagnetic minigenerator with cored coil [20] 
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2.2. Design problems 
 

Designing the harvesters with nonlinear resonance phenomenon should be 
started from providing appropriate variation of the potential energy which 
depends on both mechanical and magnetic stiffness [22]. If bistable systems are 
considered, then it should be noticed that an appropriate balance between the 
mechanical and magnetic energy should be provided [7, 23]. To ensure 
transition between the local stability points (see Fig. 7), an appropriate design of 
the magnetic system should be carried out [24, 25, 26].  
 

 a)           b) 

  
 

Fig. 7. Potential energy vs displacement for: a) monostable system, b) bistable system 
 

The characteristic in Fig. 7a has a single point of local stability where the 
moving part of the harvester stops at static conditions and starts its operation 
from. For the generators with the ferromagnetic cores shown in Fig. 6 the 
potential energy has two stable minima and one unstable point. By appropriate 
design of the magnetic system the potential energy can be reverted giving one 
stable and two unstable points [21]. This task can be accomplished using the 
finite element analysis of the magnetic field distribution [4, 20]. 
 Beside the local stability one should take account of the global stability so as 
the system generates electric power that is proportional to power of the 
excitation force and does not hang in local equilibrium points. This task, first of 
all, requires application of structural analysis [21] in order to determine the 
equivalent mechanical stiffness. Then, based on equations (3) the analysis of 
global stability should be carried out using the computational methods for 
nonlinear systems such as the Lyapunov methods [16, 17]. This regards 
especially systems with bistability which expose tendency to oscillate around or 
even hang in the stable equilibrium points. The chaos phenomenon defined by 
sensivity of system to initial conditions and lack of stable trajectory, can be 
detected using the method of Lyapunov exponents [16]. The presence of chaos 
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is generally a determinant of instability regarding the long–term prediction of 
performance for nonlinear systems. For the short–time predictions, the systems 
exposing chaotic behaviour can, however generate the electric power which is 
proportional to the power of the excitation force [17]. In order to determine the 
correct conditions of operation every system should be considered individually 
taking account of not only the system itself but also a type of signal 
representing the vibrations. 

 
3. CALCULATION OF FREQUENCY CHARACTERISTICS 

 
The frequency characteristics of the system response to the excitation force 

are the main descriptors of performance for the energy harvesters. In 
determination of these characteristics both the time– and frequency–domain 
models are used. The former are based on solution of the ode systems defined 
by equations (3) using the methods of numerical integration. The frequency–
domain models are formulated using the Galerkin harmonic balance approach or 
the complex envelope function approach [27]. The time–domain analysis 
provides higher accuracy of predictions, although involves severe numerical 
costs. The frequency–domain models are far more computationally efficient, but 
provide lower accuracy of predictions especially for the systems exposing 
significant chaos and bistability. Often they, however provide the accuracy that 
is sufficient for basic design purposes. The advantage of the frequency–domain 
models is the possibility to illustrate the jump and hysteresis phenomena. To 
compare the performance of both models the analysis was carried out for the 
system illustrated in Fig. 6 having the variation of the magnetic stiffness as 
shown in Fig. 8. The results were obtained using the 2d magnetostatic analysis.  
 

     a)        b) 
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Fig. 8. Characteristics of magnetic system: a) magnetic stiffness vs. displacement,  
b) potential energy vs. displacement. The characteristics are even functions of displacement 
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As seen in figure the systems is magnetically unstable at 0 point and exposes 
two stable equilibria at 5 mm. The remaining parameters are (see equations 
(3)): m = 0.023 kg, d = 10–5 Ns/m. The system is analysed at open–circuit 
conditions, thus equation (3b) is not considered. Figures 9–10 present the 
frequency characteristics calculated using both approaches for k = 825 N/m and 
k = 425 N/m, respectively. The time–domain analysis was carried out using the 
continuous sweep of the frequency from 0 to 50 Hz. The computations were 
carried out using Matlab ode23s function. The equations of the frequency–
domain model were derived using the complex envelope method and solved 
using the fixed–point technique. The shaded area in Figs. 9–10 is enclosed 
between the upper and lower envelope of the obtained waveforms.  
 

a)             b) 

    
 

Fig. 9. Comparison of characteristics determined using time– and frequency–domain models  
for system with small chaos: a) frequency charatceristics, b) spectrogram of displacement  

for the time–domain analysis 
 

a)             b) 

   
 

Fig. 10. Comparison of characteristics determined using time– and frequency–domain models for 
system with significant chaos: a) frequency charatceristics, b) spectrogram of displacement for the 

time–domain analysis 
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The information on the harmonic spectrum of the waveforms is presented in 
spectrograms in Figs. 9b–10b. As it can be seen the system with smaller k 
exposes chaos at small frequencies. After jump of displacement both systems 
are no longer proportional. For the system with higher k the predicted frequency 
of a jump diverges by some 2.5 Hz, though for higher magnitudes these are 
qualitatively different. The differences become clear from Fig. 9b as after jump 
the change of frequency cannot be handled by the single–harmonic frequency–
domain model. For the chaotic system the fixed–point iterations are divergent 
and the frequency–domain model does not provide any solution (see Fig. 10a).  

 
4. CONCLUSIONS 

 
In this work we presented the most important problems involving application 

of nonlinear electromechanical minigenerators as the systems harvesting electric 
power from mechanical vibrations. The attention was focused on the systems 
using ferromagnetic core elements as means to bring nonlinearity. The basic 
computational methods used for predictions of the performances of the 
considered systems were compared showing their advantages and drawbacks. 
Currently, using the presented methods the authors work on designing an 
improved system which is to be presented shortly. 
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