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Abstract. The paper presents an analysis of the impact of the mass matrix on the changes in 

temperature during the computer simulation (using the method of finite elements) of the 

heat conduction process. The temperature variations of the phenomenon was taken into 

consideration, which is required during the solidification simulation of binary alloys. It was 

shown that the smallest oscillation occurs in the lumped matrices in the initial stage of the 

simulation. The results for lumped and diagonal matrix are mostly equal. 
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1. Introduction 

The heat flux is described by Fourier's first law: 

 q Tλ= − ∇  (1)  

where: q - heat flux, λ - the thermal conductivity, ∇ - the gradient, T - the temperature 

The heat flow is described by the Fourier's equation: 

 ( ) c

t

Τ
λ Τ ρ

∂
∇ ⋅ ∇ =

∂
 (2) 

where T - the temperature, t - the time, λ - the thermal conductivity, ρ  specific 

heat, c - thermal conductivity [1, 2]. 

By using the finite element method, the equation (2) changes into the system of 

algebraic equations. As a result of the necessary transformations, the ordinary  

differential equation containing a derivative with respect to time is obtained: 

 
•

ΚΤ+ΜΤ = b  (3) 
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where K is the conductance matrix, M is the mass matrix (also referred to as  

a capacity matrix), T the vector of temperature, and b is a vector of the node source 

(so -called vector of the boundary conditions). 

2. Boundary conditions 

The problem of the heat conduction belongs to the initially-boundary issues. 

Initial conditions are used to impart certain values at the initial moment. Four types 

of boundary conditions that are associated with a complex heat exchange are dis-

tinguished [1]. 

The first kind of the boundary condition (Dirichlet): on the boundary Γ of the 

area Ω is the temperature (Tz) 

 :
z

T TΓ =  (4)  

The boundary condition of the second kind (Neumann): on the boundary Γ of 

the area Ω is the heat flux (qz) 

  :
z

q = qΓ  (5) 

The third type of boundary condition (Newton): on the boundary Γ of the area Ω 

the heat exchange with the environment occurs: 

 : ( - )
ot

q a T TΓ =   (6) 

where α is the coefficient of heat exchange with the environment, T is the tempera-

ture of the body on the boundary Γ and Tot is the ambient temperature, q is the heat 

flux entering (T < Tot) into the area Ω or the effluent (T > Tot) from the area Ω. 

The fourth type of boundary condition (continuity condition): on the boundary Γ 

separating the areas Ω 1 and Ω 2 flow of heat occurs. There are two cases for this 

boundary condition:  

• ideal contact 

 

(1) (2)

(1) (2)

( ) ( )
:

T T

T T

λ λ ⋅ ∇ = ⋅ ∇
Γ  

= 

n n

  (7) 

where n is the normal vector to the Γ  boundary, 

• no perfect contact (contact through an additional layer) 
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where 
p
λ  is the coefficient of thermal conductivity of the material of the separa-

tion layer, δ  is the thickness of this layer, n  is the normal vector. 

3. The analytical solution 

For the analysis of the accuracy of numerical simulations, the analytical solution 

was used in order to compare the coagulation curves. The analytical solution of the 

heat conduction equation describing changes in temperature in the control region in 

the interval [0, L] has the following form [3]:    

 
( ) ( ) ( )2
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( ) 0

x

x t x t x t
c c V x

x t x
λ ρ ρ
∂ Τ ∂Τ ∂Τ

− − =
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, [ ]0,Lx∈    (9) 

For the purpose of the tasks, the initial condition
0

( , 0)x tΤ Τ= =  and the boundary 

conditions were assumed: ( 0, )
z

x tΤ = = Τ on the initial boundary, ( , ) 0q x L t= =

on the opposite boundary. 

Assuming that the thermophysical quantities λ , ρ , c  are identical in every point 

of the area and fixed in the whole calculations cycle, the analytical solution has the 

following form: 

  ( )0

0
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−
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−
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After considering the initial and boundary conditions, the following formula was 

obtained: 

 
0 0

( , ) ( )( )
4

i z

i

x
T x t erfc T T T

at
= − +   (11) 

where a  is the coefficient of temperature compensation [4]. 

4. Results 

In the computer simulations, three forms of mass matrix (full, diagonal, 

lumped) [5] were used in order to verify their impact on numerical calculations. 
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Changes in temperature in the 2D mesh shown in Figure 1 were examined and 

compared. 

 

 

Fig. 1. Contemplated mesh of triangular finite elements 

The first kind of boundary condition of temperature Tz = 0 K was introduced  

into the 3rd boundary. The second kind of boundary condition of heat flux  

qz = 0 W/m
2
 was introduced into the 1st boundary. The initial temperature was  

T0 = 400 K, 

The following material properties and parameters of the calculation were used: 

ρ = 7500 kg/m
3
, c = 620 J/(kg·K), λ = 40 W/(m·K), ∆t = 0.05 s, the number of  

calculation steps = 1000, control length L = 10 cm. 

Due to the specific nature of the 2D area, numerical results can be compared 

with analytical results obtained for functions of one variable. 

The following mass matrices form was used in the numerical calculation [6, 7]: 
 

• full: 

a/12

2 1 1

1 2 1

1 1 2

 
 
 
  

                                                    

• diagonal: 

a/12

1 0 0

0 4 0

0 0 1

 
 
 
  

                                                    

• lumped:  

a/3

1 0 0

0 1 0

0 0 1

 
 
 
  

                                                     

where a is the area of the considered finite element.  
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In this study, differences in temperature changes to a time step depending upon 

the matrix have been observed. 

The graphs present the results of the analytical solution and original program in 

which the following matrices were considered: full, diagonal and lumped. Each of 

the charts shows four different cases of the cooling curves for selected nodes in the 

mesh of finite elements. 
 

 

Fig. 2. Temperature dependency on the time for node 3 

The cooling curve for  node 3 in the initial phase shows small oscillations for 

a full matrix (Fig. 2). The lumped matrix, diagonal and analytical solution do not 

cause oscillations in the initial phase. Lumped matrix and the diagonal matrix 

achieved similar results to the analytical solution. From about the 400
th
 step, the 

numbers of temporary matrices and analytics solution are coincided. 

 

 

Fig. 3. Temperature dependency on the time for node 6 
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The cooling curve for node 6 (Fig. 3) of the full matrix shows higher oscillation 

than for node 3 and there are small temperature fluctuations. The numerical calcu-

lations for a diagonal matrix show a multi-stage temperature rise in the initial 

phase. The lumped matrix provides similar results with the analytical solution in 

the initial phase of time steps. Calculations for subsequent time steps of the matri-

ces and analytical solutions are coincided. 

 

 

Fig. 4. Temperature dependency on the time for node 9 

The cooling curve for node 9 (Fig. 4)  for the full matrix shows even greater  

oscillation and temperature fluctuations in the initial phase than in the case of node 

6. The temperature jump can be observed in the diagonal matrix. In the initial 

phase, the lumped matrix coincides with the analytical solution. The lumped matrix 

shows the least oscillating results. The analytical solution of the time step is equal 

to 632 coincides with the full and diagonal matrices. 

 

 

Fig. 5. Temperature dependency on the time for node 12 
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The cooling curve for node 12 causes oscillation of the full matrix (Fig. 5).  

In the initial phase, the diagonal and the lumped matrices coincide with the analyti-

cal solution. Around the 300
th
 time step shows the differences in temperature [1 or 

2 degree(s)] between the matrices and the analytical solution. 

 

 

Fig. 6. Temperature dependency on the time for node 15 

The cooling curve of the node 15 (Fig. 6) for the full matrix causes oscillations 

and jumps in nearly all of the time steps. Around  the 500
th
 time step the lumped 

matrix, diagonal matrix, and analysis solution are coincided. In the subsequent time 

steps, matrices are divergent from each other and from the analytical solution. 

5. Conclusions 

On the basis of the calculations, it can be concluded that the lumped matrix is 

the most suitable for numerical calculation because it causes the lowest oscillations 

and the obtained results are the most similar to the analytical solution. The con-

ducted calculations show that the full matrix is the one which causes the greatest 

oscillation during numerical and temperature fluctuations. The diagonal matrix  

obtained intermediate results between the full and the lumped matrix. Accordingly, 

the lumped matrix is the most appropriate matrix for the numerical calculation. 

This analysis will be helpful in selecting the appropriate form of a matrix in 

numerical modeling of more complex issues, such as coagulation, cracking and 

formation of contraction cracks [8-10]. 
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