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ABSTRACT
This article presents a method of multilevel hierarchical analysis for managing transportation systems – Intelligent 
Transport Systems (ITS). The task of multilevel planning it is essential to connect various links of the system. To make 
decisions a model of hierarchical structure has been applied as quite frequently actions in one point of the system 
affect results and actions taken in its other constituent. The article presents a method of estimation of the system 
parameters for the task of prediction. In the article the author is trying to prove that to select appropriate parameters 
to the model a weak correlation of independent features at simultaneous high correlation of these features with a 
dependent variable is necessary. All parameters necessary to solve decision problems must be random. A proposed 
model represents a compromise between estimation of the model in each group of routes separately and for all units 
of observations without taking into consideration grouping of routes.
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1. Introduction 
This article outlines issues related to planning complex transport 

processes. In many systems, including the transport ones, the task of 
decision making very often means dealing with complex problems 
of NP type. There exist many algorithms and models applied is 
solving of such problems. The following may be specified here:

• artificial neuron networks,
• heuristics,
• methods of theory of possibility,
• fuzzy sets,
• genetic algorithms [2,3,4].

These, however, are methods demanding implementation in 
computer systems. The article presents a method of decision making 
using the model of multidimensional hierarchical regression. This 
model is based on statistical models deriving from the theory of 
probability [5]. The method presented in this study is the author’s 
original. It uses fusion of classifier dividing a set of data into various 
essential clusters with the function of multiple regression. This 

method enables determination of dependency inside the clusters 
and impact of the clusters on each other and variables between 
the clusters. Thus it is possible to create a hierarchy of factors 
most strongly affecting a given dependent variable. A particularly 
important application of mathematical methods in transport 
planning may be found in shipment where to plan routes various 
factors necessary for this planning are analysed [1,6].

2. Data clustering in estimation 
of creation of clusters of 
similar features 

In order to understand data clustering we will start from 
basic definitions of the theory of sets which will be systematically 
translated into the ground of analysis [7]. The first definition: 

„A two-argument relation R is any set of which the constituents 
are only well-ordered pairs. We say that x is in relation to R with 
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y or between the elements x ,y there occurs a relation R, which 
in both cases we may record as xRy. An example of the relation 
is space between objects. Such a variant of a relation is however 
hardly fascinating as (except for several single cases) all pairs of 
subjects are in consistent relation. However, if we add a term close 
to the system we may notice that the objects not necessarily all of 
them may be in relations of close distance. [7]

This last property may be a bit doubtful as we may easily imagine 
a situation in which the objects A1 and An are actually very distant, 
however as a result of single comparisons between Aj and Ak, j, k 
= 2, 3, . . . , n − 1 the relation of vicinity between A1 and An is 
preserved “.

 The second definition: 
„The relation R in a set of elements X is a relation of equilibrium 

if it is reflexive, symmetric and transitive. Relation of equivalence, 
or in other words a relation of equilibrium, groups elements 
similar to each other or even identical.” [7]

The third definition: 
„Let’s make R shall be a relation of equivalence in a non-void 

set X. Class of abstraction of the element a ∈ X we call a set (a)R = 
{x ∈ X : xRa} being a shared part of all the elements comprised in 
the set X. An equivalent of abstraction class is data clustering. It is 
worth underlying that the relation of equivalence determines in a 
very severe manner similarity between objects. Therefore a split into 
uniform groups is very clear. A strength consists in determination 
of imperfection of a type of ideal manner of scheduling (ranging) 
the objects at the same time keeping a high degree of generality. 
However the model becomes erroneous in situations of inaccurate 
data” .[7]

The fourth definition: 
„Let’s assume that B is a family of subsets of a non-void set X. 

Let’s assume that this family is a partition of the set X, if it consists 
of non-void sets Bi ∈ B, disjoint pairs and that its sum is the whole 
set X, which means that it meets the subsequent requirements:

B ≠ø
∪Bi = X

Bi∈ Bj = ø, 

We call sets of this kind blocks of partition. We will mark 
the very partition with Bk, where k means a number of blocks of 
partition. So we may conclude out of this that undistinguishable 
elements create homogenous classes called blocks. Whereas these 
ones are disjoint and in general they exhaust the whole set of 
objects.” 

Knowledge in this respect regarding affiliation of an object to 
a given block is sufficient to characterise such an object. Actually 
however identical observations do not exist in a network. For this 
reason we may talk about a notion of weak structural equivalence. 
It represents a level of similarity between the objects based on 
differences in profiles of relations.

To simplify, let’s assume that a relation may be recorded in a 
binary manner (0 means lack of relations, whereas 1 means its 
occurrence). Then we may assume a number of zero or one in 
relevant places as a number of similarities between the objects. In 
practice, the Euclidean distance is used:

(1)

It is also called social distance, as it contains a potential 
asymmetry of single relations. Thus we go from branches of 
unmeasurable relations to the Euclidean distances. If two objects 
are identical then their social distances are equalled to zero. At 
the same time if we assume a certain area of tolerance α, we will 
consider two units equivalent, when the distance dij between them 
does not exceed the level α. The subsequent stage of data clustering 
is sorting out elements in such a manner as to make them build 
uniform and possibly disjoint classes (blocks). Homogeneity of 
the blocks may be recognised by variances of parts (zeros or ones) 
occurring in it. Having performed optimal combinatorics, initial 
matrix is reduced to the matrix dependent on a number of blocks. 
Then we need to verify how much the reduction affected a change 
or loss of initial information.  

Working with use of data clustering we have to understand very 
well what is data clustering. A definition of clustering belongs to 
one of the most crucial problems with which its users had to cope. 
On the one hand, lack of clear indications to determine a range of 
clustering on the other lack of justification for the decision which 
tests should be taken into consideration under clustering. Rules 
used at present differ due to a purpose or area which motivates 
researchers. Piotr Zimolzak writing about clustering relies on the 
words of Cormack, according to his opinion this issue should not 
be too formalised: “Fuzzy definitions of clusters will allow many 
from among multidimensional amoebas) (...) Without any formal 
definition everything may be questionable and admissible. He is 
of the opinion that the essential purpose of data clustering should 
be description of the data in a manner more simple than it occurs 
in the original, without application of an excessive mathematical 
apparatus.” It is still not clear how the cluster is recognised on a 
plane, however it is probable that the cognition process comes 
down to an estimation of relative distances between points. This is 
why in practice an indirect method consisting in transformation 
of raw matrix of data with observations in lines and variables in 
columns is more frequently used. Many methods of classification 
requires raw matrix of data to be transformed in a symmetric 
matrix of differences. It is the basis for cluster analysis as the 
matrix of correlation is the basis for factor analysis. 

Distance or gap is a particular case of similarity between objects 
which assumes that observations may be treated as a certain physical 
object in multidimensional space and that it possesses a reference 
point towards which we may determine location of observations. 
Usually we are used to apply the Euclidean metrics i.e. the distance 
between points may be expressed with the formula:

(2)

It is an exceptional case of so called Minkowski’s distance with 
the parameter 
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Whereas for m=1 we will receive the so called city metrics 

(4)

Choosing the metrics we need to consider its basic properties. 
Based on the example, the above metrics have this property that 
they treat all the distances equivalently. Additionally, the metrics 
do not take into consideration any information on variety of a 
given property. As an example, let’s assume that we carry out 
measurement of the observation with regard to the variables X and 
Y. They are measured in the same units where X has a much higher 
variance than the variable Y. So it is obvious that nominally the same 
Euclidean distance after its projecting onto the axis X shall be less 
significant that after its projecting onto the axis Y. An undesirable 
property of Minkowski metrics is “favouring” dimensions, variables 
of the scale noticeably higher than other variables are measured. 
In this situation the solution for both cases (difference of scale and 
differentiation) seems to be a widely understood standardisation 
regarding also normalisation or weighing indicators. Another 
threat is a linear correlation of indicators.

If we measure a distance between points with use of three variables, 
between which there exists a strong positive correlation, then the 
obtained difference will be multiplied as a result of overlapping of 
identical factor. This effect may be removed in a variety of ways, out 
of which most often application of the Mahalanobis distance is used. 
It is expressed as follows:

(5)

In the present case x and y mean p- dimensional of the vector 
of observations, whereas ∑ is the matrix of co-variance between p 
variables. We may also notice a similar record which also occurs in 
the exponent of density of multidimensional normal distribution 
(interchangeably for the vector y there occurs the vector of 
expected values):

(6)

Due to application of this distance (6) we assume, that probability 
partitions in each class have a form close to multidimensional normal 
curves.

From mathematical point of view the task of cluster analysis 
is quite a primitive optimisation method. Assuming that each 
observation may belong exclusively to one cluster. A finite number 
of objects carries with it a finite number of possible partitions so at 
a properly defined function of purpose, an optimal solution occurs 
always at a finite number of steps. Unfortunately, complexity of 
calculation tasks exceeds present calculation processing capacity. To 
realise the complexity of the task, it is enough to give equations for a 
number of all possible groups of an n-element set. Where it is known 
that they are expressed with n- Bell numbers. For their description, a 
recurrence equation with initial conditions is usually applied.

(7)

(8)

Terms of the above sequence grow very quickly. For a set of 
100 observations, a number of real sets amounts to 4, 7510115. Most 
often, however, we may eliminate certain solutions as we may be 
interested only in the partitions on given numbers of clusters. 
Then a number of partitions of an n-element set into k subsets is 
indicated. They are expressed by so called Sterling numbers of the 
second kind which are also recorded with use of recurrence entry:

S(0,0)=1 (9)

S(1,0)=0 (10)

S(1,1)=1 (11)

(12)

(13)

For example: S(5,2)=15, S(10,3)=9330, but for S, in this case 
there exists only 6,61067 of possible partitions of a 100-element set 
into 5 clusters. Despite the fact that his is almost twice smaller 
number than Bn we observe along with the growth of the size 
(multiplicity) of the set, a combinatorial explosion. 

An analysis of multiple regression applied in the analysed 
transport task makes it possible to build a model indicating to what 
extent and in which direction a group of variables so called predicators 
explains a total cost of transport. Thanks to this method, based on 
non-standardised factors beta it is possible to determine which of the 
factors affects most and which least the cost of transport. 

Regression – a statistical method enabling examination of 
the relations between sizes of data and prediction based on these 
relations of unknown values of one size based on known values of 
others. Formally regression is any statistical method which facilitates 
estimation of conditional expected value of random variable called 
explanatory variable, for given values of another variable or a vector 
of random variables (so called explanatory variables)

Model of classic regression is the equation:

(14)

Where:
i=1,2,…,n.

In the equation of regression, Yi is the value of an explanatory 
variable for the observation i, Xij (j= 1,2,…p) are the values p of 
explanatory variables for the observation i, εi is a random error of 
the observation i, a, β0 , βj are unknown parameters of the model. 
If there is one (p= 1) variable explaining the model it is called 
a simple regression. If there are more than one (p> 1) then the 
variable which determines our model is a multiple regression.

In the regression model there lacks a measurement error in the 
variables Xj Y. Other assumptions relate to partition of the remains 
of the regression εi , which we record as:
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εi ~ NID ( 0, σ2) (15)

where: 
εi has a normal partition and not dependent with the average 

equal 0, E (εi) = 0 a fixed variance within the range Xi , σ
2 (εi)= σ2

In empirical applications of the model of regression, the 
assumptions presented above will never be met precisely, therefore 
they will have to be verified so as to consider consequences.

The method of K - means belongs to a partition method of data 
clustering. Partition methods are based on dividing the whole group 
of elements in compliance with a general rule of maximising variances 
between single sets at simultaneous minimising of variances inside 
given groups. The idea of the method of K - means developed in the 
1950’ies by T. Dalenius, who presented a partition of population into 
K groups, so as to decrease an internal size of collective variance. 
The authorship of the method of K -means, is however ascribed to 
J. McQueen. He considered effectiveness of this method from the 
point of view of random selection of objects to distinctive groups. 
The described method is an optimisation-literary method. The 
essence of this set of methods consists in this that a certain function 
of quality of split of elements is optimised. Operation of the method 
of K – means may be recorded in points. An initial point will be a 
preliminary partition of a set into K clusters, categorically adding an 
element to these groups. One aims at such location of the elements 
in the groups so as to achieve a maximal conformity in their 
surroundings, but maintaining maximal difference between the sets. 
The algorithm is used until the moment of obtaining such partition 
of elements which facilitates achievement of most essential effects 
of variance analysis. The difficulty encountered by a researcher 
in a given method is agreement of a preliminary partition into a 
number of clusters. This classification may be performed at random 
or based on estimation of experts which results from knowledge of 
the subject of examination or from intuition. At the same time we 
may also use other taxonomic methods.

General concept of this system consists in improvement of a given 
classification of objects from the point of view of an appropriately 
defined criterion of the optimum of partition. We assume that , where 
n is a number of elements.

Options of the methods of K - means may be presented as 
follows: Let’s make  p objects marked (which 
means . Initially, an input matrix of means of the 
weigh of the group is determined 

(16)

where: m – a number of variables
For a given group a mean is calculated. An initial distance 

is determined of an unassigned unit from centre of gravity of 
individual sets and it is included to a group located nearest. Then 
a value of initial error of partition of elements between K groups 
is indicated 

(17)

where:  – the Euclidean distance between i-these object and 
nearest l- centre of gravity: 

(18)

A set of the Euclidean distances is calculated among individual 
elements of the set and then among centroids. For an initial 
element changes of the error of partition occurring as a result of 
assigning it subsequently to each presently occurring groups is 
determined:

(19)

where: nk- size k – of this group, dlk– distance of the first object 
from the centre of gravity k – of this group, nk1- size of the group 
possessing the first object, d1k1- distance of the initial object from 
the nearest centre of gravity.

If the minimal value of the expression  for 1≠1 is negative 
then the first element is assigned to the group for which  = 
min. Then the calculations are repeated so centres of gravity of the 
group B are calculated anew taking into account transformation of 
the object and the actual value of the error of partition is indicated. 

If, however, a minimal value of the above presented expression 
is identical or equals zero, we do not make any changes. Actions 
described above are repeated for each individual element. If we don’t 
see any movements of objects from the group to another environment 
so each element is in the surrounding in which it should be, then the 
proceeding finishes in the first variant of partition. Otherwise the 
next trial has to be started until the moment when the number does 
not exceed any size. 

The method of K - means may be also modified for the needs of a 
user. The observed objects X1, X2 ,..., Xn are subjects p marked which 
means X1=(Xil, ..., Xip), where i = 1, ...,N. As the number K of clusters is 
determined in advance, we are looking for the best partition J(k)={G1, 
G2, ..., Gk}, that would be a partition of the group {1,...,N} on K disjoint 
subcomponents. We select the best partition from among all that is 
the one for which internal group differentiation will be smaller and 
variability among the groups will be highest and then we mark such 
partition by J*(k), it is a partition in which cross-group differentiation 
in relation to internal group differentiation is highest.

The assumed criterion of cross-set differentiation is:

(20)

where:
 - centre of gravity of the proposed partition J(k)

 - centre of gravity i of this group
||X|| - means the Euclidean norm of the vector

The proposed criterion of internal group differentiation is:

(21)

Then J*(k) will be such a partition into k groups that:
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(22)

and also:

(23)

The function of requirements is expressed by a total sum of 
distances inside the group calculated from the centre of the set 
of which the co-ordinates are calculated as arithmetical means of 
features of the elements assigned to a given group [8]. 

Application of multi-level modelling is efficient when grouping 
of units affects dependencies of features which describe them. 
To be able to verify this, a factor of internal group correlation is 
calculated as the model of hierarchical regression does not contain 
an explanatory variable. We say then that we deal with a zero or 
void model and it is defined as follows:

(24)

Yij – value of the explained variable for i- respondent of j- 
group 

γ00 – mean value of the variable Y
U0j – a random element at a group level 
Rij – a random element at an individual level

Calculation of the internal group correlation co-efficient is as 
follows:

(25)

ρ – group correlation co-efficient

Regression multilevel model is associated with the system of 
equations which described explained variables at subsequent levels 
of hierarchy. 

(26)

(27)

(28)

The equations after substitution and sorting out:

(29)

γ00 – global mean
γ01, γ10, γ11 – regression co-efficient
Xij – value of the variable of individual level 
Zj – value of the variable of group level 

 – fixed part of the equation
 – random part of the e quation

Equation of the hierarchical regression with random free term 
and also random regression co-efficients and with P variables of 
the first level (X) and also Q variables of the second level we record 
as follows: 

(30)

Assumptions:
1. ,
2. ,
3. ,
4. - have multidimensional normal partitions 
5. explanatory variables are not random ones and ∈ R
6. model in relation to parameters is linear 

Let’s look at estimation of parameters of the model which has 
been carried out by use of the method of the highest credibility 
which looks as follows (31):

(31)

 – estimator of parameter γ
 – standard deviation of estimator of parameter γ.

3. Conclusion
The article presents a method of multilevel hierarchical analysis 

for managing transportation systems – Intelligent Transportation 
Systems ITS. ITS systems are built of very complex classifiers. 
Often the decisions are affected not just by one feature, but a group 
of certain features. If there are many of such features, the control 
problem becomes NP complete. One of the solutions is grouping of 
the system features in clusters for which data clustering may be used. 
So not a single feature, but a certain set of features affect specific 
control. It is so called multidimensional reduction of a problem to 
a smaller number of dimensions. Moreover in ITS systems there 
are certain chain dependencies between the objects. So certain 
behaviours of the system at a certain level affect groups of behaviours 
at a subsequent level. The example is relations between subsequent 
crossroads in a city cycle. To solve this kind of a problem the author 
has applied a model of hierarchical structure. To select appropriate 
parameters to the model a weak correlation of independent features 
at simultaneous high correlation of these features with a dependent 
variable. Independent variables are certain behaviours of the system 
and a dependent variable represents a certain decision based on 
independent features. It is important that all parameters necessary 
to solve decision problems were random. The proposed model 
represents a compromise between estimation of the model in each 
group of routes separately and for all units of observations without 
taking into account grouping of routes. 
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