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ABSTRACT
At present a supply chain poses quite a challenge. The paper presents one the methods supporting decision makers in 
a supply chain, namely a Markov chain of kth row. This theory constitutes an important part of the law of probability 
and it is also associated with soft calculation methods e.g. fuzzy sets. It may be applied in numerous fields e.g. physics, 
genetics, meteorology  and technical disciplines. The Markov chain method may be used when assumptions about 
independence of events and random variables cannot be made. Thanks to this method social-economic phenomena 
may be predicted. These characteristics made the author attempt to create a model based on the Markov chains 
of kth row in a supply chain. The focus was on sales planning accounting for safety stocks planning and various 
characteristic of this supply chain.
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1. Introduction
A contemporary economy is based on knowledge. Logistic 

process and systems are more and more sophisticated. This 
complexity makes it more difficult to predict market behaviour. As 
far as simple one-dimensional data we can easily adjust a forecasting 
method. In case of a simple trend this can be Holt’s method, linear 
regression or non-linear regression. When it comes to more 
complex data and its characteristic accounts for seasonality or 
periodicity, we may apply more complex methods such as Winter’s 
or Arim’s methods. In terms of secure objects of the supply chain 
we may additionally make a forecast for each object dependent on 
forecasts and sales in other links of the supply chain[10,11,12].

One of the methods supporting forecasting is the Markov 
chains method of kth row. This theory constitutes an important 
part of the law of probability. “It may be applied in numerous fields 
e.g. physics, genetics, meteorology  and technical disciplines”[1].  
The Markov chains method may be used when assumptions about 
independence of events and random variables cannot be made.  
As it turns out, the model of Markov chain of kth row, stationary 

or non-stationary allows us to solve certain forecast problems 
considering interdependency of various entities in the supply 
chain. Combined with Winter’s forecasting method we obtain a 
prognostic multidimensional model.

2. Theoretical basis of 
forecasting 

Forecasts constitute the basis for making decisions in advance in 
each enterprise. They are used for optimization of results achieved 
by a company. Sometimes forecasts are applied to set certain targets 
for employees and they significantly affect their work. 

Forecasting sales is a very important element in a company. 
It impacts almost every aspect of company’s operation including 
purchasing processes, employment, production, logistics, finance 
and customer service. However when forecasts do not work 
various undesirable phenomena arise [3,4,5,6].

When forecasts exceed performance capacity: 
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• Surplus of goods resulting in a growth in warehousing costs, 
frozen cash, worsening fi nancial liquidity, a necessity of 
lowering prices;

• Cutting down on budgets;
• No money for bonuses;
• Demotivating employees;
• Sales team focusing on the sales of backlog products and not 

on the most profi table products.

When the results are under-estimated: 
• Shortage of product on stock; 
• Delayed deliveries; 
• Problems with meeting deadlines; 
• Provisional budgets are used too quickly;
• Operational discontinuity; 
• Costs of downtime
• Lost possibilities of sales.

It is vitally important to forecast the profi tability of implementation 
of new products. If  in the beginning a wrongly estimated fi nancial 
analysis is prepared, all implementation costs which have been incurred 
by an enterprise may never be covered [7,8,9].

Figure 1 illustrates the role of forecasting sales in particular 
divisions of an enterprise.  

Fig. 1. Role of forecasting sales [own study]

Types of forecasts may be divided into two categories. Th e fi rst 
one is based on the method used. We divide them into two sub-
categories referring to a quantitative and qualitative method. Th e 
other one has 3 sub-categories which are diff erentiated according 
to a timeline. Th ere is a short-term forecast taking up to twelve 
months., a medium-term forecast taking up from a year to three 
years and a long-term forecast lasting more than 3 years. 

Fig. 2. Division of forecasts into qualitative and quantitative 
categories [own study]

Opinions of salespeople constitute a collection of periodically 
collected opinions of salespeople or sales representatives about 
sales in the future period with reference to a particular product, 

geographical or customer range. Based on the above knowledge 
comprehensive forecasts are made consisting of individual 
forecasts. Th e survey of salespeople has a wide range of applications 
particularly when they keep direct touch with fi nal purchasers, in 
B2B markets and short-term forecasts. 

As the case may be, there are advantages and disadvantages of 
surveying opinions of salespeople. On the plus side we may mention 
the fact that they are close to purchasers and the survey makes 
salespeople trust sales amounts and we receive detailed data (various 
cross-sections). On the minus side, salespeople fi nd it time consuming 
and distracting from their main duties. Moreover, their opinions may 
be manipulated in order to underestimate them. Poor knowledge of 
salespeople will have a negative eff ect on corporate marketing plans 
which will aff ect the sales. 

Management opinions are based on periodic collection of 
information from the management. It is simple, quick and related 
to marketing plans however there is no outside objectivity, a 
syndrome of group thinking and blurred accountability. 

Forecasts also involve surveying experts. Th is method consists 
in gathering information from independent experts not employed 
by a company e.g. distributors, dealers, suppliers, consultants etc. 
We diff erentiate three methods of collecting experts’ opinions.  

A discussion group is the fi rst one. Its advantage is that experts 
are gathered in one place and the discussion is led and summed up 
by a qualifi ed person. Moreover, each person must be accepted by 
all participants of the discussion. Its disadvantage lies in the fact 
that participants infl uence each other so outcomes are dependent 
on the personality and tempers as well as abilities to convince the 
others.  

The second one involves individual expertise consisting in 
sending questionnaires a few times to selected experts requesting 
quantitative and qualitative opinions. A good thing about this 
survey is that each expert is communicated with individually. Th ey 
are not aware of who is taking part in the panel. Each round fi nishes 
with a qualitative or quantitative analysis which is the basis for 
collective specifi cation. A consensus is achieved aft er three rounds.  

Th e third method is a Delphi method.  Its advantages comprise 
possibilities of  long-term forecasting, relative objectivity namely 
independence of experts, a possibility of reaching many experts and 
no necessity of gathering experts in one place. However it is subject 
to conditions to be met such as strict and precise determination 
of the subject of the survey, precise selection of experts, clear and 
explicit formulation of questions in the questionnaire and a small 
number of questions. 

Let us now proceed to quantitative methods. We diff erentiate 
three types of quantitative methods. Th e fi rst one is a quantitative 
and extrapolative method, the second one is a cause and eff ect 
method, the third one relies on researching shopping intentions. 

Quantitative methods assume that patterns of changes in 
the future may be used for predicting sales. In this model a time 
variable, past values or forecast of sales variable may be independent 
variables. Time series methods entirely omit determinants of sales 
levels. Based on time series a forecasting model is built. 

A trend is one of the most important causes determining a sales 
level. Th e popularity of goods depends on this. Th en there are periodic 
causes such as constant fl uctuations in the form of an additive model 
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and variable fluctuations in the form of a multiplication model and 
incidental causes. 

Surveying shopping intentions relies on questionnaires based 
on a direct interview with customers carried out on representative 
samples (a face to face interview or over the phone). It may be applied 
to  durable goods such as cars, home and electronic devices as well as 
shopping in the B2B market.  On the plus side of this research there 
is a possibility of reaching source data and possibilities of buying data 
from research companies. On the minus side we have high costs of the 
research, a lot of time and a difficulty in determination of shopping 
intentions. 

3. Markov model of kth row in 
forecasting

Initially Markov processes were applied to physics sciences, 
gradually they were applied to economics. Methods of Markov chain 
are currently used for forecasting a distribution of people’s income, the 
structure of families, an education process, changes to the industrial 
production, a demand for new cars and internal migrations. 

Forecasting with these methods has a lot of advantages such as: 
• a possibility of prediction in the event that causes to a researched 

phenomenon are not known or there are too many of them to 
consider them in the analysis, 

• a possibility of forecasting both measurable and non-measurable 
phenomena,

• a possibility of short-term, medium-term and long-term 
forecasting, 

• a possibility of forecasting structural economic phenomena 
with mutually dependent components in time,

• a possibility of using forecasts made for transforming the 
future according to planned needs. 

The Markov chain is understood as “a complete system of 
random events (states) E1…..En, where we assume probability pn 
(t) that in the experiment (moment) t event E1 occurs provided 
that in the experiment  (moment) t-1 event  E1, has occurred 
and it does not depend on what events occurred in the previous 
experiments (moments).  Parameter t assumes here a value of 
a certain countable at the most set. If we treat parameter t in a 
continuous way, then we talk about the so called Markov processes 
dealt by the theory of stochastic processes.”[2]

Markov chains are called: 
• finite – if the number of states is limited, 
• irreducible – when each state is achievable from another state, 
• periodic with period k – if we can go back to any state within 

the number of step multiplies of number k,
• homogenous – if probabilities pij(t) do not depend on t, i.e.  

pij(t) = pij(i,j =1,…,s),
• absorbing – if there is at least one state for which pij = 1.

The Markov chain combines algebra of matrix with the idea of 
probability. The matrix is a rectangular table of numbers. They are 
laid out in rows and columns. It is characterized by a dimension 
noted down by the number of rows x and the number of columns 
y. It is marked with a capital letter whereas its components with a 

small letter indicating a row and a column where this element is 
located. The mere matrix does not have a numerical value and is 
only a convenient way of presenting a table consisting of figures. 

The Markov chain assumes that the probability is unchanged, 
but the system that is being modelled may change its state by 
means of established variables representing the probability of 
transition. 

Markov chains in forecasting structures are commonly used 
because of their advantages. Firstly, forecast achieved through 
this method are compatible which means that the sum of 
participation equals 1. Secondly, forecasting does not require the 
knowledge of exogenous variables in the forecast period. In order 
to evaluate a level of such phenomenon in particular groups it is 
enough to make a forecast for each groups participation. 

The structure of the phenomenon in the analysed model is 
described by K-dimensional vector Dt=[D1t D2t … DKt] whose 
components meet the following conditions:

(1)

Vector Dt is associated with an unconditional distribution 
of Markov chain. This chain is stationary and irreducible. It is 
represented by a square K-dimensional state-transition matrix 
P. Its elements pij are non-negative and ad up in rows to 1. 
They meet the conditions:  

(2)

Dynamics of unconditional distribution is described by this 
autoregressive equation: 

Dt=Dt-1P (3)

This equation is the basis for making forecast for subsequent 
periods. In a sample of T observations the forecast for h periods in 
advance is made as follows: 

DT+h=DTPh (4)

The autoregressive equation applies to estimation of state-
transition matrix P as data concerning empirical equivalents dt of 
vectors Dt is available. In such a case it assumes the form of: 

dt=dt-1P+εt (5)

Where εt is a vector of random components meeting conditions 
of E(εt)=0, E(εt’ εt)=Ω, E(εs’ εt)=0 for s≠t. The model of vector 
auto-regression VAR(1) of the form (5) is a non-stationary model 
t as the greatest eigenvalue of matrix P equals 1 as for the absolute 
value. 

Considering the conditions for the purposes of estimation 
it is enough to analyse a model consisting of K-1 variables: 
d*t = [d1t  d2t  …  dK – 1 t] and appropriate (K – 1)-dimensional 
matrix P*: 

P*= (6)
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A modified model is illustrated with the equation: 
dt

*=PK+d*
t-1P*+ε*

t (7)

where PK = [p1K  p2K  …  pK – 1 K] and ε*
t = [ε1t  ε 2t  …  ε K – 1 t]. 

In the above model there are unknown parameters like vector PK 
and matrix P* but now all the values of matrix P* lie inside the 
unit circle. This way we achieve an evaluation of the output matrix 
of transition P. The method of least squares and a conditional, 
generalized least squares estimator are most commonly used 
methods of estimating parameters of model (7). 

Winters’ Model – of exponential smoothing is applied to time 
series, comprising a development trend, seasonal fluctuations and 
incidental fluctuations. This version of the model has additive and 
multiplicative forms.  

The additive version is described by the following equation [2]: 

(8)

(9)

(10)

The multiplicative version: 

(11)

(12)

(13)

where : 
Ft-1(t-1)- an equivalent of a smoothed value obtained from a 

simple model of exponential smoothing (evaluation of the mean 
value)

St-1(t-1)  - a smoothed value of a trend growth at moment t-1
Ct-1(t-1) – evaluation of the seasonality ratio at moment t-1
y t-1 – a value of a variable in time series at moment t-1
r – the number of moment comprising a seasonal cycle (the 

number of cycle phases) 1 ≤ r ≤ n
α, β, γ – parameters of the values model  of division [0, 1]

Forecast y*t at moment t is determined as follows:
• in an additive model for: 

(14)

• in a multiplicative model: 
(15)

where : 
r+1≤T≤n – the number of moments from the time series 

which we use to make a forecast y* t
To build a Winters’ model we need initial values Fr+1, Sr+1 i C1,.., Cr
Accepting proposals :
• Fr+1=yr+1;
• Sr+1=0;
• for ith word in a cycle, i = 1, r : 

 

for the additive version

For the multiplicative version of the model:
The basic problem concerning Winters is defined: 
Find the three (α*,β*, γ*) for which: 

s (α*,β*, γ*) = min s(α,β, γ)
α∈[0,1]
β∈[0,1]
γ∈[0,1]

(16)

where: 
y*t (α, β, γ ), in (16) described by (14) for the additive model or 

described by (15) for the multiplicative model [13].
This problem may be solved in the same way as two previous ones 

by means of one of standard methods of non-linear optimization 
[13]. It may also be checked by a goal modification function for 
an equivalent problem of linear programming [14]. Also in case 
of the Winters’ model a problem with selecting a value of cycle r 
arises. It should result from the time series because we select models 
with this respect. If there is a seasonality, Winters’ model should be 
a good tool of forecasting. It there is no seasonality, these models 
should not be applied. 

4. Conclusion
This paper presents mathematical models supporting transport 

management in a logistic chain. 
One of the methods supporting forecasting applied in the paper 

is Markov chain of kth row. This theory is an important part in the 
law of probability. The Markov model of kth row, whether stationary 
or non-stationary, allows us to solve certain problems of forecasting 
accounting for interdependencies of various entities in a supply 
chain. The paper presents the author’s method combining the result 
of forecasting supported by Markov chain and Winters’ model. The 
specificity of a supply chain decided about such a combination. Sales 
in such a chain is characterized by: a development trend, seasonal 
fluctuations and incidental fluctuations. Appropriate planning of sales 
enables us to take measures in transport planning. Transport planning 
indirectly through planning sales by means of the elaborated model. 
If the series does not show development tendency and fluctuations 
result from random factors Brown’s model should be applied. 



M. TOPOLSKI

51Volume 10 • Issue 4 • November 2017

Bibliography 
[1] ACEDAŃSKI, J.: Obciążenie prognoz struktury uzyskanych 

przy pomocy Łańcuchów Markowa, FOLIA OECONOMICA  
253, 2011r.

[2] FISZEDER, P.: Zastosowanie modeli GARCH w analizie 
ryzyka rynkowego, grant UMK nr 419, 2004r.

[3] ANCZEL, D.: Statystyka w zarządzaniu, PWN, Warszawa 
2000r.

[4] CYBULSKI, K.: Zarządzanie działem sprzedaży firmy, PWN, 
Warszawa 2004r.

[5] KACZMARCZYK, S.: Badania marketingowe, PWE, wyd. 
III, Warszawa 2002r. 

[6] NEHREBECKA, N.: Wykorzystanie łańcuchów Markowa do 
prognozowania zmian w strukturze polskich przedsiębiorstw, 
Gospodarka Narodowa, Warszawa 2011r.

[7] RÓSZKIEWICZ, M.: Metody ilościowe w badaniach market-
ingowych, PWN, Warszawa 2002r. 

[8] STRZYŻEWSKA, M., RÓSZKIEWICZ, M.: Analizy market-
ingowe, Diffin, Warszawa 2002r.

[9] SIUDAK, A.: Nauki o finansach, Uniwersytet Ekonomiczny 
we Wrocławiu, Wrocław 2013r.

[10] TOPOLSKA, K.: Mathematical model of evaluation of 
telematics system reliability in internal Transport on the 
production line, Archives of Transport System Telematics 2016

[11] TOPOLSKA, K.: The use of cluster analysis and the theory 
of mathematical records in the process of planning the 
production-warehouse flow, Research in Logistics & 
Production 2016

[12] TOPOLSKA, K.: Zastosowanie inteligentnych systemów 
do analizy zagrożeń komunikacyjnych Czasopismo: [1231-
5478] Logistyka 2014

[13] ZANGWILL, W. I.: Programowanie nieliniowe. WNT, War-
szawa 1974.

[14] Zbyrowski, R.: „Prognozowanie przyszłego popytu”, Uniwer-
sytet Wrocławski, Wrocław 2011r.


